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Abstract

A continuum constitutive model for PbTihas been obtained from an effective Hamiltonian which was constructed
from ab initio calculations. This model contains the nonlinearities necessary for switching from the ground-state tetra-
gonal phase to the metastable rhombohedral and orthorhombic phases. The constitutive model was incorporated into
a finite element formulation in order to study the large length-scale electro-mechanical response of this piezoelectric
material. We use this approach to study the hysteresis of single-crystal P&3 gfunction of applied electric field and
temperature and we analyze the microscopic mechanisms responsible for polarization switching. The model successfully

reproduces the qualitative features of a high-strain actuator recently proposed and tested experife208iB/Acta
Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Ferroelectric materials are becoming increas-
ingly important both in the microelectronics indus-
try and the emerging field of microelectromechani-
cal systems (MEMS). A ferroelectric material
exhibits a spontaneous polarization in a direction
that can be switched by the application of an exter-
nal electric field or stress [1]. This phenomenon
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is a manifestation of the strong coupling between
mechanical strain and electric field, and nonlin-
earity in the constitutive response of these
materials. The linear coupling corresponds to the
piezoelectric effect and the quadratic coupling cor-
responds to the electrostrictive effect. In
microelectronics, the switchability of ferroelectrics
is exploited in the design of nonvolatile ferroe-
lectric random-access memories (NVFRAM’s) [2],
which can retain stored data without the need for
external power. In MEMS applications, the
electrostrictive/piezoelectric nature of ferroelectr-
ics is utilized in the design of highly accurate
microscopic sensors and actuators [3,4].

In both of these areas, as Hwang and McMeek-
ing [5] pointed out, there is growing need for the
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development of accurate models for the nonlinear
response of ferroelectrics subjected to arbitrary
applied electric field and stress. Although the nom-
inal operating stresses of ferroelectric devices may
be low, in practice large stresses and strains, out-
side of the linear regime, are often encountered as
a result of domain reorientation during switching
[5] and in the vicinity of device edges and defects
[6]. Due to the lack of predictive nonlinear models,
current actuator design is limited to the linear
regime, which constitutes only a small fraction of
the entire range available to ferroelectric
materials [5].

In the past, simulations of piezoel ectric materials
have been primarily limited to small strains and
electric fields where a linear model of material
response is adequate [7,8]. Most recent work on
the development of nonlinear constitutive models
for ferroelectrics has focused on electrostrictive
materials such as lead magnesium niobate
Pb(Mgy,sNb,;5)O; (PMN) [9,10,11,12]. The models
are phenomenological in nature; they are formu-
lated to capture the quadratic dependence of strain
on electric displacement and the saturation of pola-
rization at large electric field, but they neglect hys-
teresis.

For piezoelectric materials severa different
approaches have been proposed. A phenomeno-
logical power-law model relating deviatoric stress
to deviatoric strain was proposed by Cao and
Evans[6]. The use of adeviatoric model was based
on the observation that the volume change behaved
linearly with applied load, indicating that the non-
linear behavior was tied to the deviatoric compo-
nents of the stress and strain. The power-law form
was fitted to the experimental results for several
different materials. This model aso neglects hys-
teretic effects. A micromechanical model for pie-
zoelectric ferroelectrics was proposed by Hwang
and McMeeking [5] and Chen and Lynch [13] for
lead lanthanum zirconate titanate
Po,_La(ZryTi,)1-x4Os (PLZT). In this approach,
a polycrystalline sample is represented as a collec-
tion of uniformly polarized crystallites with ran-
dom crystallographic orientation. For perovskite
ferroelectrics with tetragonal symmetry, like PLZT
and PbTiOs, there are six possible states of polariz-
ation. One of these is selected randomly for each

of the crystallites. A linear model is used to charac-
terize the response of the crystallite about its polar-
ized state and a phenomenological criterion is used
to trigger switching to other possible states. A
similar micromechanical approach based on the
internal variable theory has been advanced by
Chen et d. [14].

At a more fundamental level, atomistic ab initio
calculations based on density-functional-theory
(DFT) have been very successful in obtaining a
wide range of properties of ferroelectric materials
[15] including domain wall energies, elastic con-
stants and dielectric and piezoelectric coefficients.
The advantage of the DFT methods is that they
yield an unbiased model for material-specific
properties through access to accurate microscopic
energetics with no empirical input.

In this paper we attempt to draw upon the
strengths of both the continuum approaches which
alow for the modeling of macroscopic systems and
the atomistic models which retain microscopic
information. We focus on lead titanate PbTiO;, an
end-member of the technologically important fam-
ily of ferroelectric materials Pb(Zr, Ti,_,)O; (PZT).
To this end, we incorporate the ab initio model
developed by Waghmare and Rabe [16] to simulate
the ferroelectric phase transition in PbTiO; within
the complex-crystal finite element formulation that
we have recently developed [17]. We use this
approach to simulate the nonlinear hysteretic
response of PbTiO; at the macroscopic scale and
to study the microscopic mechanisms responsible
for polarization switching. We also study the
behavior of a high-strain actuator under large
external electric field and mechanical pressure.

2. An effective Hamiltonian for PbTiO4

The piezoelectric material PbTiO; has a non-
centrosymmetric tetragonal crystal structure, with
a spontaneous polarization along the c-axis ([001]
direction). The simplest hysteresis experiment
involves reversing the direction of spontaneous
polarization with an application of electric field.
Similarly, application of stress can switch the pola-
rization direction to [100] or [010]. The resulting
six polarization states have the same point group
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symmetry with different crystallographic orien-
tations. They are most easily described as strained
and internally distorted forms of the cubic perovsk-
ite structure (see Fig. 1), i.e. the structure of parae-
lectric PbTiO5 occurring at elevated temperatures.

In order to model the behavior of PbTiO; within
afinite element method [17] it is necessary to have
a quantitatively accurate description of the ener-
getics as a function of strain and electric field. An
effective Hamiltonian that describes six equivalent
states of PbTiO; and switching among them is
bound to be highly nonlinear. Noting that the six
states occur in three pairs and that two states in
each pair have polarization with opposite direc-
tions, it is clear that the energetics are also a func-
tion of polarization and that the nonlinearity is
primarily in the dependence of the energy on polar-
ization.

In modern theory, polarization is defined with
respect to a reference nonpolar state and is a func-
tion of parameters that relate a crystal to the refer-
ence state [18,19]. In the present context, the para-
electric state of PbTiO; is a natural choice for the
reference nonpolar structure, with the internal
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atomic displacements and the macroscopic strain
being the appropriate parameters. Thus, the effec-
tive Hamiltonian can be expressed naturaly as a
Taylor expansion in strain and internal atomic dis-
placements with respect to the cubic paraglectric
structure. To keep the form of the effective Hamil-
tonian simple, but sufficient to span the neighbor-
hood of these states and the energy barriers separ-
ating them, we express it as a Taylor expansion in
the Lagrangian finite strain e [20], the electric field
E, and € which is alinear combination of atomic
displacements that relate the piezoelectric states to
the lowest-energy distortions of the cubic structure
[16]. The atomic positions within the cubic unit
cell for €= (0,0,¢,) are given in Table 1. Atomic
positions for & in other directions are obtained by
appropriate symmetry transformations (for details
see Ref. [16]). With the parameters defined above,
the tetragona ground state oriented along the z-
axis is given by: £€=(0,0,0.086), e,.=¢e,,=—0.0168
and e,,=0.0706.

An explicit form of the effective Hamiltonian is
obtained by requiring it to be invariant under cubic
symmetry and making use of the symmetry proper-

@ @
o
- °
€ ® O
® 90 degrees .O i
| s | *
@ @
P

180 degrees p O

@ @
O /
@ O

Fig. 1. Perovskite crystal structure of PbTiOz: Atoms at the corner of the unit cell are Pb (gray), ones at the center of faces are O
(white) and the one at the center of the cell is Ti (black). Above T=760 K, the structure has cubic symmetry corresponding to
paraelectric phase and at low temperature, it becomes non-centrosymmetric tetragonal corresponding to the ferroel ectric (piezoel ectric)
phase. The transition between the two phases is of first-order and is characterized by a nonzero order parameter, polarization P, in
the ferroelectric phase. Application of external stress or electric field can cause 90 or 180 degree switching of the tetragona phase

to symmetry-related states.
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Table 1
Normalized coordinates of the atoms within the cubic unit cell
for the case £€=(0,0,¢,)

Atom Coordinates

Pb (0, 0, 0.5560¢,)

Ti (0.5, 0.5, 0.5-0.5375¢,)
0[011] (0, 0.5, 0.5-0.3414%,)
0O[101] (0.5, 0, 0.5-0.3414¢)
0[110] (0.5, 0.5, —0.4109¢,)

ties of e and & The energy density E, is thus
given by:

1 1
ex(€E.E) = éCnEeﬁ + §C12 z €i€;
i i #j

+Cu Y &+ S + ol e

i ] i i

1 ~

+ glzaé? + 2% 2 g;&i&; + hol€f @)
i i # ]

+ hyf&* + ho(&: + & + &) + halg°

z 1
s_ = E——¢= 2
+ h4|§| ag§l:§|E| 87178 ?En

where C; are elastic constants, f is the stress
needed to compensate for the standard Local Den-
sity Approximation (LDA) error in the lattice con-
stant, g, are the couplings between strain and
atomic displacements, h, is the harmonic force
constant for &, h, through h, are anharmonic coef-
ficients, Z is the mode effective charge, &, is the
lattice parameter and &~ is the dielectric constant.
All indices appearing in Eq. (1) run from 1 to 3.
The expansion in Eq. (1) is the projection of the
model developed in Ref. [16] onto the subspace of
uniform atomic displacements mapped by & with
appropriate terms added to allow for interaction
with the applied electric field. The nonlinearity in
energy is evident in the anharmonic terms in the
variable §. The polarization is given by:

Z 1
Pi= 08 + 4 &~ DE, &

where () is the volume of the cubic unit cell.
Due to the finite temperature ferroelectric phase
transition in PbTiO; (also linked to strong
anharmonicity), its dielectric and piezoelectric
response is strongly temperature dependent. The
present approach can be readily generalized to
finite temperature (T) through a free energy expan-
sion. Due to symmetry, the form of the expansion
remains the same, with the parameters being tem-
perature dependent. In the present work, we use
the phenomenological arguments of Landau's
mean field theory [21] to absorb the temperature
dependence in the hy parameter aone,

ho(T) = ho(l—{)), ©)

with ho(0)=h,, used in the ground state energy
expansion. The parameter T, is obtained by fitting
the temperature dependence of the polarization
obtained from Monte Carlo simulations [16]; its
value is T,=1028 K.

The remaining parameters appearing in this
model have all been obtained from total energy and
linear-response calculations based on DFT. The
computed values are given in Table 2 for the fol-
lowing unit convention: ; and &; are dimensionless
and E; is measured in eV/A. Additional parameters
are a,=3.969 A, Z=10.0151 e and £~=8.24. This
approach involves no empirica input and alows
systematic testing through overdetermination of
these parameters.

3. Finite element method implementation

The effective Hamiltonian presented in the pre-
vious section characterizes the response of an infi-
nite crystal subjected to uniform loading. To study
the response of more complex nonhomogeneous
systems, we have implemented the model within
the 3D finite element method (FEM) formulation
for complex crystals, which has recently been
developed by the authors [17]. This is a standard
Lagrangian finite-strain FEM formulation with the
exception that the constitutive relation characteriz-
ing the material response is obtained from atom-
istic models. In the present case, the effective
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Table 2

2993

Parameters appearing in the effective Hamiltonian. Units are in eV/A3 for all parameters

Cu 1.886 % ~0.1094 ho ~04808  h, —2.652x10°
Ci 0.8238 % ~0.8026 h, 4205 h, 1.540x10°
Cus 2195 O ~0.2590 h, 68.42 f 7.166x102
Hamiltonian of Eg. (1) which was obtained from

first-principles calculations serves as that model. I = [eudV-=W, )

Since the formulation is designed with complex
crystals in mind, each element has degrees of free-
dom associated with it corresponding to the pos-
itions of the interna unit-cell atoms. The total
energy is minimized with respect to these degrees
of freedom as well as the nodal degrees of free-
dom. For PbTiO; there are four atoms per unit cell
free to relax (the fifth atom serves as the origin of
the coordinate system) which produces 12
additional degrees of freedom per finite element.
However, using the reduced description in terms
of the variable &, only three additional degrees of
freedom need to be explicitly treated.

The use of the above model in a FEM formu-
lation is facilitated by an appropriate variational
principle. In addition to mechanical boundary con-
ditions [17], electric boundary conditions need to
be imposed in a simulation of a piezoelectric
material. While the genera electric boundary con-
ditions can be specified with a scalar potential and
charges at the boundary, in this work we restrict
our attention to the special case of closed-circuit
boundary conditions. The closed-circuit boundary
conditions are imposed by requiring that the
macroscopic electric field in the sample be con-
stant. In an experiment, this corresponds to having
electrodes at the boundary which supply free car-
riers at the surface to compensate for the depolariz-
ing fields. Free charge carriers are assumed to com-
pensate for variations in the polarization field in
the bulk of the piezoelectric. The variationa prin-
ciple for this case is given by,

o o
9&; 0g;

where I1 is the total potential energy of the system.
For closed-circuit conditions,

=0 and

= =0, (4)

E

\'

where V is the system volume and W is the work
of the external tractions.

In afinite element simulation, the above energy
function is minimized with respect to € for each
element and the total energy of the full sample is
subsequently minimized with respect to strain (for
details see Ref. [17]). In the current formulation,
al minimizations were carried out using a conju-
gate gradient (CG) algorithm. Minimization with
respect to § used a standard CG-solver and minim-
ization with respect to e used a preconditioned CG-
solver to accelerate convergence. In this case, the
simplest form of preconditioning was used,
referred to as diagonal scaling preconditioning
[22], in which the force gradient is normalized by
the diagona elements of the second-derivative
matrix (the Hessian) of the total energy. Since the
effective Hamiltonian is highly nonlinear, it has a
large number of local minima in both e and &-
space. In asimulation, energy minimization is per-
formed to the local minimum nearest to the pre-
vious configuration.

4. Polarization switching under uniform
loading

We first illustrate the application of our
approach to polarization switching (hysteresis) in
PbTiO;. This phenomenon is the basis for use of
ferroelectric materials in NVFRAM’s. Due to the
tetragonal symmetry of the PbTiO; crystal, there
are six possible orientation states of polarization
which have the same energy and are related to each
other by symmetry operations such as rotation and
reflection. There are two mechanisms for switching
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between these states (see Fig. 1): rotations through
90° and inversion (equivalent to a 180° rotation).
Switching can be induced by application of an
external electric field or stress. The energetics of
these mechanisms, such as the energy barriers
along paths connecting any two states, fall out of
the model discussed above.

To understand the switching mechanisms, we
first simulate a single-crystal PbTiO; sample con-
stituting a single polarized domain. The crystal is
unconstrained mechanically (beyond prevention of
rigid-body motion) and is subjected to closed-cir-
cuit electric boundary conditions (E=constant). In
Fig. 2, we show the change in polarization in
response to a saw-tooth electric field with an
amplitude of 200 MV/m which is applied paralléel
to the c-axis (the direction of spontaneous
polarization). Clearly, the polarization response is
strongly nonlinear and history dependent. A strong
enough electric field applied against the direction
of polarization switches its sign. The magnitude of
the switching field is strongly temperature depen-
dent (156 MV/m at 0 K and 91 MV/m at 300 K).
Its magnitude reduces as the temperature
approaches the ferroelectric phase transition from
below and is zero on the other side of this tran-
sition, where the polarization vanishes due to the
symmetry of the high-temperature phase. The pola-
rization at zero applied electric field is the spon-
taneous polarization which our model predicts to
be 0.87 C/m? at zero temperature (0.73 C/m? at
room temperature), in good agreement with the
experimental value of 0.5-1.0 C/m? [23].

To our knowledge there are no experimental
results available for switching in single crystal
PbTiO;. Switching fields known from experiments
in PZT systems are an order of magnitude smaller
than the ones we find [24]. In part, this is due to
the fact that in the simulation switching is homo-
geneous, while in the physical sample switching
occurs with a nucleation event. Similar results
were obtained by Landauer et a. [25] who esti-
mated the coercive switching field for homo-
geneous switching in BaTiO; based on Devonshire
theory. The predicted field was found to be roughly
20 MV/m which, as in our case, is two orders of
magnitude larger than experimental values. An
additional reason for the discrepancy with experi-
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Fig. 2. Polarization and strain response for 180° switching in
single-crystal PbTiO; due to a saw-tooth electric field E applied
anti-parallel to the direction of polarization.

mental results for PZT is that the PZT system is
very close to the phase transition with respect to
composition (i.e. near the morphotropical phase
boundary). Such proximity should substantialy
reduce the switching field and stress just as we find
in the case of temperature dependence. The 180°
switching described above is accompanied by
homogeneous straining of the unit cell of the
PbTiO; crystal. In Fig. 2 we aso show the strain
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component e,, as a function of the applied electric
field. The butterfly shape diagrams are qualitatively
similar to the ones seen in experiment in other
related materials such as PLZT [5].

To probe the microscopic mechanism respon-
sible for switching, we use the élastic band method
[26] to explore the transition path the system may
follow and the associated energy barrier(s)2. In Fig.
3, we display the degrees of freedom & and e as
functions of the transition coordinate. It is clear
that the transition path starts with a tetragonal
phase, passes through an orthorhombic phase at the
quarter point and reaches another tetragona phase,
oriented perpendicular to the initia phase, at the
halfway point. In the second half, it passes through
another orthorhombic phase to reach the tetragonal
phase oriented 180° with respect to the initial
phase. Thus, the 180° switching of polarization
(polarization reversal) consists of two 90°
rotations. The transition path in Fig. 3 was com-
puted for the case of no applied electric field at O
K. At the switching field (E,=156 MV/m), we find
an essentially identical transition path with the
exception that there is a dight offset due to the
presence of the electric field.

In Fig. 4, we show the energy along the tran-
sition path at zero electric field (at the switching
field, the barrier for switching vanishes, of course).
The transition path discussed above has energy
barriers (AE=7.8 meV per unit cell or 0.125
meV/A3) at the quarter and three-quarters points of
the path, corresponding to the orthorhombic
phases. We also probed the energetics of the path
when tetragonal symmetry is enforced. This path
passes through a high energy barrier (AE=105 meV
per unit cell) at the halfway point corresponding
to the cubic phase. Thus, our results show that the
barrier for switching via 90° rotation is 13.5 times
smaller than that for the straight 180° switching.

These results may be compared to the switching
barriers used in the work of Hwang and McMeek-
ing [5] for PLZT. In that case, a phenomenological
model was used and the switching barriers were

2 |t is important to note that the transition path identified by
the elastic band method does not account for the kinetics of the
switching process and thus may not be the one actualy taken
by the physical system.
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Fig. 3. &-value (proportiona to polarization) and strain vari-
ation across a 180° switch in single-crystal PbTiO; obtained by
an elastic band calculation.

obtained by fitting the model predictions to experi-
ment. The authors find that 90° switching is the
dominant mechanism with a barrier of about
5x10~* meV/A3. The barrier for 180° switching is
set arbitrarily high in order to discourage that
mechanism. Our first-principles results clearly
reinforce the conclusion regarding the relative
magnitudes of 90° and 180° switching barriers.
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Fig. 4. Energy per unit cell across a 180° switch in single-
crystal PbTiO; obtained by an elastic band calculation. The
solid line is the relaxed elastic band transition path. The dashed
line is the transition path when tetragonal symmetry is enforced
during the switch. The letters correspond to different phases
aong the transition path (T=Tetragonal, O=Orthorhombic,
C=Cubic).

However, quantitatively, the barrier heights are
very different. Asin theresults of the coercive field
discussed earlier, this discrepancy is partly due to
the difference between materials and partly due to
the fact that the experimental system most likely
switches nonuniformly through domain nucleation
and domain wal motion. The barrier height
obtained in Ref. [5] is thus an effective barrier that
captures the complex experimental behavior.

When tetragonal symmetry is enforced during
the switch, the resulting switching fields are found
to be much higher (460 MV/m at 0 K and 280
MV/m at 300 K). This is surprising since appli-
cation of a uniform electric field in the direction
of polarization would not be expected to break the
crystal symmetry. In practice, maintaining tetra-
gonal symmetry across the switch resultsin a meta-
stable path across a saddle ridge in energy space.
This was established by studying the eigenvalues
of the Hessian across the transition path. It was
found that the Hessian loses positive definiteness,
indicating that the symmetric transition path is
metastable.

The process of 90° switching which was found

to be important in polarization reversal can also be
induced by applying an electric field perpendicular
to the polarization direction or by applying an
external stress paralel to the direction of polariz-
ation. A small electric field applied perpendicular
to the polarization direction resultsin an initial lin-
ear response of polarization parallel to thefield. As
the field isincreased, the response becomes nonlin-
ear and there is a discontinuous jump resulting in
zero polarization along the c-axis and a nonzero
polarization equal to the spontaneous polarization
parale to the field. The direction of polarization
has been rotated by 90°. The switching field is
found to be 52 MV/m, a factor of three smaller
than that for 180° switching. It is very interesting
that the same energy landscape (determined by the
effective Hamiltonian) underlying the two switch-
ing processes gives rather different values for the
switching fields. The reason for thisis that the per-
pendicular applied field breaks tetragona sym-
metry and thus favors the intermediate orthorhom-
bic phases, whereas the paralel field preserves this
symmetry. 90° switching due to applied stress is
qualitatively different. Unlike the electric field, the
applied stress does not bresk the tetragonal sym-
metry of the crystal. Hence, the polarization
response in the perpendicular direction is zero until
there is a switch to a 90° rotated state at large
applied stress. The switching stress is about 0.9
GPa. Experimental switching stresses for related
materials are significantly smaller (about an order
of magnitude less). The reasons for the discrepancy
are the same as those mentioned for the coercive
field and the switching barrier.

5. Simulations of single-crystal actuators

A second important application of ferroelectric
materials is actuation. In this section, we simulate
the behavior of alarge-strain ferroelectric actuator
proposed by Shu and Bhattacharya [27]. The basic
idea of their proposa is illustrated in Fig. 5. A
stress is applied along the the z-axis to a single
crystal ferroelectric with a (100) orientation,
switching the polarization into the xy plane. The
actuator is then controlled by an electric field
applied along the z-axis. For a sufficiently large
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Fig. 5. Schematic diagram of the proposed high strain actuator of Shu and Bhattacharya [27]. A normal stress o, is applied to a
ferroelectric sample, and an applied electric field is used to switch between a configuration with polarization in the xy plane, and
polarization in the z direction. The figure aso includes dimensions used in a qualitative model developed later to explain the length
scale of the effect due to surface pinning observed in the simulations.

applied field, the polarization of the sample aigns
with the electric field. This switch of polarization
is accompanied by a large strain as the long axis
of the tetragonal unit cell moves out of the xy plane
to aign itself with the z-axis. When the electric
field is reduced, polarization switches back to the
xy plane, and the original configuration is recover-
ed.

Using our simulation method with closed-circuit
boundary conditions (E does not vary spatially) we
explore how the system behaves for different
applied stresses when the electric field is cycled.
We aso consider how friction between the plates
through which the external stress is applied, and
the surface of the ferroelectric sample, affects the
behavior. The simulations are carried out in three
dimensions. We compare our results with the
experimental work of Burcsu et a. [4], which
investigates the actuator design proposed in Ref.
[27]. Though they used a different material
(BaTiOs), we will still be able to compare the
qualitative features of our simulation with their
experiments.

We consider the behavior of asingle-crystal slab

of PbTiO; in the setup illustrated in Fig. 5, under
acycled electric field. We assume first that the sur-
faces of the sample are unconstrained. Our simu-
lated piezoelectric sample is a cube with six finite
elements. Since there is no friction between the
plates and the sample, the strain field is uniform
and there is no reason to use a larger mesh. We
checked explicitly that the results do not depend
significantly on the aspect ratio of the sample or
on the number of finite elements. Fig. 6 shows the
polarization and strain vs. electric field for different
applied stresslevels. All the simulations begin with
the external electric field set to zero and the exter-
nal stress applied to the paraglectric phase which
forces the sample into the tetragonal phase with
polarization in the xy plane. In a given simulation,
the polarization of all the finite elements is either
randomly distributed among the +x and —x direc-
tions, or among the +y and —y directions: there is
no mixture of x and y directions due to the associa-
ted cost in elastic energy. The electric field is then
incrementally increased. At a sufficiently large
electric field, the polarization of the sample aligns
with the +z direction. After reaching its maximum
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Fig. 6. Strain and polarization vs. electric field curves for three different applied stress values: (a) 0,=100 MPa, (b) 6,=300 MPa
and (c) 0,=500 MPa. There is no friction between the plates and the PbTiO; sample. The notation of the phases is the same as in

Fig. 3.

magnitude, the electric field begins decreasing, and
the subsequent behavior depends on the magnitude
of the applied stress. Two different behaviors are
apparent. In Fig. 6(a), which corresponds to the
lowest applied stress (6,=100 MPa), the distinctive
parallelogram curve for the polarization P, and the
butterfly curve for the strain e,,, aready seen in
Fig. 2, are obtained. Here the polarization switches
between the +z and —z directions. For the systems
subject to larger stresses in Fig. 6(b) and (c), the
large strain actuation is achieved. In these cases,
the stress is sufficiently large so that a stable con-
figuration with polarization in the xy plane is avail-
able for the system to fall into when polarization
aligned with the z-axis becomes unstable.

The simulated strain vs. electric field curves can
be compared with the experimental results of
Burcsu et al. [4] for BaTiOs. The general shape of
Fig. 6(b) is similar to that of the experimental
curve. There is some decay in the experimenta

curve due to degradation of the sample during elec-
tric field cycling which is absent in the simulation
where such effects are not included. In the experi-
ment, for an applied stress of 3.6 MPa, the switch-
ing field is about 1 MV/m and the actuation strain
is 0.008. The simulation uses the effective Hamil-
tonian for PbTiO;, while the experiment concerns
the behavior of BaTiOjg; this explains the differ-
ence in the scale of the strain axis. The difference
in scale of the electric field and stress values is
primarily due to the fact that in the simulation,
switching is homogeneous, while in experiment it
occurs by nucleation and expansion of domain
walls between regions of different polarization.

In the simulations discussed thus far, there has
been no friction between the sample surface and
the plates. Friction is part of the experimental sys-
tem and perhaps plays an important role. Burcsu
et a. suggested that friction between the plates and
the sample may have contributed to the inability
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of their actuators to achieve the maximum possible
strain [4]. We explore the effect of friction by
applying perfect stick boundary conditions to the
surfaces. At the beginning of a simulation, after
applying the external stress to force the polariz-
ation into the xy plane, the surface where the stress
is applied is pinned so that it can no longer move
in the x or y direction as the electric field is cycled.
Fig. 7 shows the simulated strain vs. electric field
curve for this case at a stress of 300 MPa, com-
pared with the curve for the unconstrained case
which also appears in Fig. 6(b). With the surface
pinned, switching cannot occur near the surface,
so the change in strain when the sample switches
between polarization states is smaller than when
the surface is free. The switching field from the
configuration with polarization in the xy plane to
polarization in the z direction is nearly the samein
both cases. However, the elastic penalty due to the
alignment of the middle of the pinned sample with
the electric field, causes it to switch back to the
configuration with polarization in the xy plane earl-
ier than the unconstrained sample as the electric
field is decreasing.

An important detail is that in the simulation used
to produce Fig. 7 the height-to-base aspect ratio of

0.06
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| L R
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Fig. 7. Strain vs. electric field curve when the surfaces of the
sample are not permitted to move in the xy plane (solid line
with symbols) compared with the unconstrained case (dashed
line). The external stress is set to 300 MPa.

the sample is large: the height of the sample in the
z direction is twice the base dimension in the xy
plane. If the height is increased further relative to
the base dimension, surface effects become
increasingly unimportant, and the results approach
those of the case when the surface is free (see Fig.
6). If the height is decreased relative to the base
dimension, then switching becomes increasingly
difficult. When the height is equal to the base
dimension, there is no switching from the initia
configuration over the range of electric fields con-
sidered in Fig. 6.

In order to explore this issue further and to
obtain a better understanding of the polarization
patterns that form when the surfaces are pinned,
we show in Fig. 8 the polarization of the individual
finite elements in the absence of an electric field
and with the electric field at its maximum value,
120 MV/m. When the electric field is zero, Fig.
8(a), the polarization of the individua finite
elements is in the +x and —x directions. At the
maximum value of the field, Fig. 8(b), the polariz-
ation in the regions adjacent to the plates is close
to being in the xy plane; moving towards the
interior of the sample the polarization rotates
smoothly to align with the external electric field.
The asymmetry in the z direction is a result of the
different boundary conditions applied on the top
and bottom surfaces; the bottom surface was held
completely fixed, while the top was fixed in the x
and y directions, but alowed to move in the z
direction. In the middle, the sample bows in since
the central switched region has the narrower
dimension of the tetragona unit cel in the xy
plane, while the region near the plates has the
longer dimension of the tetragonal unit cell in the
xy plane. The change in length in the z direction,
which is the basis of the actuation, is also visible.
The length scale of the effect due to the surface
pinning, which we denote by Ah, is on the order
of the base dimension.

To understand what determines the length scale
Ah, we construct a simple expression for the
energy at a fixed electric field for a sample with a
central switched region as in Fig. 8(b). The length
scale Ah is determined by minimizing this energy.
Fig. 5 shows a schematic of the sample, and the
quantities that will be used to analyze the ener-
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Fig. 8. The polarization of the individual finite elements projected onto the xz plane (&) in the absence of an electric field, and (b)
with an electric field of 120 MV/m aong the z-axis. The regular spacing in the z direction is related to the tetragona element shape

in the 3D meshing and not to a physical property.

getics. The central switched region aligned with the
electric field lowers the energy of the system. If
the sample has total height h and a square base of
area b?, then the energy due to the dipole moments
of the piezoelectric interacting with the externa
electric field is approximately —pyEb?(h—2Ah),
where p, is the dipole moment per unit volume in
the tetragonal phase, and E is the external electric
field. In the region that has switched, we neglect
elastic energy since it will be close to the tetra-
gonal phase. Over the distance Ah the horizontal
cross section of the piezoelectric narrows from its
value at the plates to that of the central (switched)
region. This creates competition between two kinds
of elastic deformation. Here we treat the sample as
a homogeneous elastic body. The elastic energy
due to stretch in the region, U,, favors small Ah,
whereas the elastic energy due to shearing, U,
favors large Ah. We estimate U,~Ce?b?Ah and

U,~Cyb*Ah, where € and y are the normal and
shear strains, respectively, and C is the elastic con-
stant®. We can estimate e=~Ab/b and y=Ab/Ah,
where Ab is half the difference between the length
of the surface which is in contact with the plates
and the narrower (switched) bulk region (see Fig.

3 This approximation neglects the multiple-well energy sur-
face of a piezoelectric. A multiple well energy surface can be
approximated by using the elastic constants, the distance in
strain space between the tetragonal wells, and the order of mag-
nitude of the barrier between the tetragonal wells obtained from
elastic band calculations. Even if the range of strains is large
enough to sample two tetragonal wells (one at the plates and
another at a distance Ah from the plates), when integrated over
the entire sample our simple elastic approximation and the mul-
tiple well model are different at most by an order of magnitude,
an error acceptable given the qualitative nature of our model.
For the same reason we also neglect the difference between the
shear and normal elastic moduli.
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5). Considering the sample as a whole, the total
potential energy is

U=Ce20?Ah + CPb2Ah—poEbAh—2Ah)  (6)
~AW,

where AW is the work done by the system. We
estimate that the work for the sample to expand
against the plates (actuate) as 2b%co(Aby/b)(h—

2Ah), where o, is the external normal stress and
Ab, is the value of Ab when the surfaces are
pinned. The sample also does work if it slides
againgt the plates, which we label AW,. The work
of dliding depends explicitly on Ab but not on Ah.
Using the reduced variables

B = Ab/b, { = Ah/b, and n = h/b, we can write
the total energy,

SUaBO~CHE + pEm-2 (M
+ ool —20)-WiP)

Eq. (7) can be considered an approximation of the
energy functional used in the simulation. Minimiz-
ing Eq. (7) with respect to { gives,

1

C 2
¢ [C + (ZDOE—ZﬁOO'O)/ﬁZ] . ©

We compare the relative orders of magnitude of
the quantities in Eq. (8) to determine the important
terms. For PbTiO; the élastic constants are on the
order of 10> GPa and the polarization density in
the tetragonal phase is on the order of 1 C/m? (see
Fig. 2 and Ref. [16]). For the simulations described
above, B = B,=10"1, E=108 V/m, and 0,~10°
Pa. Taking al these together, we find
PoE/ 3?~10 GPa, while the work term proportional
to o, is an order of magnitude smaller. The
denominator in Eg. (8) is thus dominated by the
elastic constant and we expect {=1, which is what
is observed in the simulations. Note that the elastic
constants, polarization density, and 3, are the only
material properties that enter into this simple
model; details about the complicated energy land-
scape of PhTiO; are not important.

We can aso apply this model to the experi-
mental system, where the sample is not pinned to
the plates. In the experiments the sample is a thin
single-crystal plate, with h=0.2b. Actuation strains
of 70% of the theoretical limit are achieved [4],

which suggests that Ah<<0.2 h, so the experimental
system isin the regime {<1. According to Eq. (8)
this requires B2<(pE—Po0o)/C. In the experi-
ments E=108 V/m and oc,=~10° Pa. For BaTiOs,,
po=10"1 C/m?, By=10"2, and C~10"* N/m? [28].
These values imply that <1073, indicating that
B<B, which means that the entire sample is com-
pletely switched to align with the z-axis. Thus as
the electric field cycles, the sample as a whole con-
tracts and expands and its surfaces dide back and
forth against the plates.

The complete switching predicted by the model
is curious since in the experiments, the actuation
strain is 30% less than the theoretical maximum.
The qualitative treatment of the energy in Eq. (6)
leaves out important aspects of the experimental
system such as cracking and the dynamics of
switching as the electric field changes; however,
the analysis suggests that friction alone cannot
explain the 30% deficit in the actuation of the
experimental system. This conclusion is supported
by the experimental curve presented in Ref. [4]. If
friction were an important limiting factor in the
strain, after the polarization aligns with the electric
field, one might expect the strain to increase as the
electric field does. This does not appear to be hap-
pening in any substantial way over the first cycle
in the experiment.

6. Conclusions

We implemented the ab initio model of PbTiO;
of Ref. [16] within a finite element formulation to
simulate macroscopic switching response. We
presented a variational principle with appropriate
electric boundary conditions for closed-circuit con-
ditions.

First, the model was used to simulate polariz-
ation switching under uniform mechanical and
electrical loading. The switching mechanism was
studied using the elastic band method to estimate
transition paths and barriers. The results suggest
that 180° switching may be effected through two
consecutive 90° switches. The reason for this is
that the energy barrier for the 90° switch is more
than an order of magnitude smaller than the barrier
for a direct 180° switch. This result quantitatively
validates the assumption made in the phenomeno-
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logical models used in earlier FEM work on piezo-
electrics [5].

Values were obtained for the critical switching
fields for 90° and 180° switching and the critical
stress for stress-induced 90° switching. The
switching fields and stresses predicted by our
model are much larger than experimental values
for related materials. The fact that, unlike the
materials used in experiments, PbTiO; is far from
its phase transition can partly explain the discrep-
ancy. It is also well-known from experiments that
inhomogeneities in the sample, due to domain
walls and grain boundaries, can play an important
role in the piezoel ectric response of a material. The
analysis in the present work does not include any
sample inhomogeneities which is a simplification
of the problem and indicates the need for more
accurate treatment in the future.

Finally, we applied our method to investigate the
high-strain actuator proposed by Shu and Bhattach-
arya [27]. We quadlitatively reproduced the experi-
mental strain vs. electric field curve for this actu-
ator [4], and explored how changes in applied
stress affect the behavior of the system. We aso
explored, via simulation and a simple model, how
friction between the plates and the sample affects
the polarization field and switching behavior of the
actuator. From our theoretical analysis we sug-
gested that in the experimental system the ferroe-
lectric crystal dlides back and forth against the
plates during cycling of the electric field, despite
the friction between the plates and crystal. How-
ever, we noted aspects of our theoretical model that
require further work.

Future work will focus on extending our model.
The main advantage of our simulation method is
that it is based on first-principles calculations with
no adjustable parameters. In that sense the simula-
tions are predictive and any shortcomings are a
result of physical aspects of the problem that have
been left out. The main effects left out are sample
inhomogeneities and the kinetics of switching.
Inhomogeneities may be accounted for by appli-
cation of the full nonlocal formalism of the quas-
icontinuum method [29]. Kinetics can only be
treated in a phenomenological manner at this stage,
perhaps by using an approach similar to the domain
evolution method of Loge and Suo [30].
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