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We present a method for the location of transition states in complicated physical systems. Our
algorithm is a variation of the well-established nudged elastic band method and leads to significant
improvements in efficiency and accuracy. We assess the applicability of our method by testing it on
several systems of practical interest representing a variety of physical situations. At the molecular
level, we apply the method to tautomerization processes in nucleic acid bases and the double proton
transfer in nucleic acid base pairs. For bulk systems, we considered the concerted exchange
mechanism in Si, which is a complicated pathway for defect-free diffusion in the diamond lattice.
For surface systems, we considered ad-dimer diffusion mechanismg&l@@)SiVe incorporated the
climbing image extension of the nudged elastic band method and compared it against the original
approach on two-dimensional model potential energy surfaces. Based on favorable comparisons
with related methods and the general implementation of our method, we believe that this is well
suited for efficient estimates of activation barriers with sophisticated electronic structure codes.
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I. INTRODUCTION cesses. The NEB method locates a transition path that mini-
. . . izes the contour integral of the total energy and lies in the
An important problem in condensed matter physics anc]n . €9 9y

: : . . " neighborhood of an initial guess. Although this method only
theoretical chemistry is the understanding of transition pro- )
: . e ... locates local paths, sampling of these paths, for example
cesses such as chemical reactions or diffusion events. Wlthltrr]]ro h parallel temperin rovides useful information on
the Born—Oppenheimer approximation, the atoms compris- ugh p pering, provi usetut | :

ing the system of interest move along a continuous path bet-he possible transition patfisThe NEB method has been

tween two metastable states. The system is more likely tHsed with severahb initio and empirical electronic strgcture
move along the paths with the lowest intermediate free enS00€S. Recent enhancements of the method have improved
ergy maximum, and especially the one that minimizes thdn€ accuracy of the saddle point eét'fﬁ@d the conver-
total action along the path. A path of practical interest, whichdence of the transition path in special situatibns.

does not correspond to the path of lowest free energy, is the [N this paper we discuss a variation of the original NEB
path with the lowest intermediate maximum that minimizesmethod and the climbing image NEEI-NEB),” that con-

the contour integral of the total energy; this is the so-called/erges quickly to the proximity of the saddle point. Because
minimum energy patliMEP). The maximum along this path Of the efficiency compared to standard NEB and CI-NEB, we
is a first-order saddle point in the potential energy surfacebelieve our approach will be useful in the study of compli-
The location of this saddle point is an important quantity incated transition processes with more accurate and computa-
the study of transition processes; in fact, many approximatgonally demanding electronic structure methods than has
methods only use local information around this saddle poinbeen possible up to now.

and the two end points of the transition to predict observ- We have selected representative examples to demon-
ables such as reaction rates. Following the pioneering worktrate the wide applicability of the new method. These in-
of Elber and Karplusand Pratf, a variety of methods have clude hydrogen transfers in small biomolecules, an exchange
been developed and are currently in use for the location ofrocess in bulk Si,and a diffusion process on the Qi00)
transition paths as well as a method for harvestipgamical  surface!® Finally we have tested the method on typical
pathways’ Arguably, the most efficient method for finding model potentials including the Mer—Brown potential. The

an approximate MEP is the nudged elastic baMEB)  paper is organized as follows: We present the method in Sec.
method‘,"é which has been used extensively in a broad rang| and we demonstrate it on a typical model potential. In Sec.
of chemical reactions, proton transfer, and diffusion pro-j;; we present selected applications of the method to prob-
lems that are typical of state-of-the-art applications in physi-
dElectronic mail: maragakis@cmt.harvard.edu cal chemistry, condensed matter physics, and surface science.
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(a)

FIG. 1. (Color) Successive steps of the adaptive search of the saddle point in a simple model potential in two dimensions, for which the saddle point is exactly
known. The closed circles stand for the fixed end-point images at each iteration step, and the open circles show the final location of the movidgimages. T
arrow indicates the exact location of the saddle point.

In Sec. IV we incorporate the CI-NEB approach and com-configuration space around a local minimum. Further, most

pare it with our method on two model potentials. of them depend on the Hessian or some approximation of it
and thus exhibit poor scaling properties with the size of the
Il. METHOD system.

. e A subcategory of the interpolation methods are varia-
According to the classification of Jensénmodern tions of the simple elastic band method in which the trajec-

methods for transition state location can be separated intor of the svstem is described by a set of images connectin
two main categories: those based on interpolating betweel?"Y y y 9 9

two local minima and others that only use local information. W0 local minima; these methods are reviewed in Ref. 5.
In the former category, a specific process is usually studiedFach image has a mass and two springs connecting it to its
thus the end points of the transition are predetermined. MetH2€ighboring images. On a flat energy landscape the springs
ods of the latter category usually start from a given localwould equipartition the images along the trajectory. On many
minimum and follow the normal modes of the system up to afansition processes the springs need careful tuning: if they
saddle point. A method of this type is sometimes more effiare too soft the images slide down the energy hills failing to
cient in determining a saddle point but there is no guarantegéample the saddle point, whereas if they are too hard they
that the saddle point corresponds to a given transition. Thesater significantly the path that the system would choose. An
methods are best suited for more thorough studies of thenportant advancement in this class of methods is the
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This works by locally inverting the potential of the highest
energy point along the current path estimate. This approach
eliminates the need for fine sampling to obtain an accurate
estimate of the saddle point and keeps the number of path
relaxation steps at the same order as the NEB.

We propose a variation of the NEB method, which we
call the adaptive nudged elastic band appro@&NEBA),
designed to improve the efficiency and accuracy of the origi-
nal NEB method. Instead of choosing a large number of
images to bracket the saddle point with high accuracy, we
adaptively increase the resolution in the neighborhood of the
saddle point. Specifically, we start with three movable im-
ages connecting two local minima and use the NEB method
as a starting point. After the method converges to some given
accuracy(i.e., the forces perpendicular to the path are rela-
tively small, but not necessarily as small as we would like
them to be in the saddle point regjonve consider the en-
ergy of the three movable and the two end-point images and
choose the two images adjacent to the one that has the high-
est energy as our new starting points for the NEB method.
We then repeat the above-mentioned procedure; this usually
leads to a bracketing of the region that contains the saddle
0 oAl : ' point. Each iteration roughly corresponds to using a full

e 10 . 20 3 NEB method with double the number of images, thus after

scaled image index . . . .

four iterations we have the equivalent of 33 ima¢&k mov-

FIG. 2. Location of the saddle point in the proton transfer process in theable imagesin a NEB method, while we only needed to
cytosine quclgic acid 'base. At the tpp we show the initial keto state, thga|gx 12 images. In Fig. 1 we demonstrate the convergence
saddle point intermediate, and the final state. At the bottom we show the . . . . h
energy profile for the gradual levels of relaxation of the adaptive algorithm,pr()per.m':'S Of_ the met_hofj in a prototypical an-d|mgnS|onaI
together with the NEB energy path profile. We list the number of total Potential. This potential is model I, of Appendix A.1 in Ref.
energy and force evaluations for each step in the label of the graph. 5; it mimics a reaction involving three atoms confined to

motion along a line with the coordinates being the distance

between two pairs of atoms. In Fig. 1 we show the final state
nudged elastic ban@NEB) method, which flattens the en- Of each NEB iteration during the ANEBA search. If we count
ergy landscape along the current path by removing the forcéhe number of images used, we see that this simple example
components due to the internal degrees of freedom anfints to a gain in efficiency of about a factor of 2.6, but in
which avoids the disturbance of the energy landscape intraPractice the gain can be higher for various reasons: the ac-
duced due to the springs by removing the off-path springcuracy for the first few iterations need not be high, while at
forces. However, due to the projections involved, it is not athe same time the convergence of later iterations is more
simple matter to determine an accurate Lagrangian for theniform and efficient due to the localized nature of the prob-
discretized system and thus the use of powerful minimizatioriem.
methods is inhibited. On the other hand, a minimization  Although this simple version of the method works quite
based on plain Newtonian dynamics works well: The methodvell for some cases, it may fail on a complicated energy land
proves stable with respect to the extra parameters introducestape. The simplest failure mode occurs when the maximum
by the springs and in many typical cases the path gives anergy is one of the two end points at a given level of recur-
reasonably good estimate of the MEP wittb0 steps per sion. In this case we step back one level of recursion and
image along the patfthis rises to a few hundreds of steps if obtain a finer sampling on the problematic sides of the en-
one uses more stringent convergence critetia order to  ergy landscape. Note that, despite the fact that in all the
achieve the necessary density of images around the transiti@xamples that we tested the method seemed to perform very
state, the initial path is sampled with many images, typicallywell, there is no general guarantee that in its present form it
~20-30, although it is not uncommon to go up to 50 imageswill not fail. Conceivably, one could extend the adaptive
The total number of force evaluations depends on the systesctheme to the full path: One only needs to minimize the
and on the required accuracy; typical cases require of theemaining sections to a level that guarantees there is no
order of a few thousand force evaluations. While this is perhigher saddle point lying in between.
fectly acceptable when using fast qualitative methods for de- The above-described algorithm has been interfaced with
scribing the system, it requires large amounts of supercomseveral total energy codes, such as CHARNMWASP?!®
puter time when used in conjunction with accurateinito  and SCC-DFTB* For the examples that we present in the
methods. The climbing image nudged elastic bEOENEB)  following section we have interfaced ANEBA with the self-
method is an improvement of the original algorithm in consistent charge density-functional based tight-binding
which one of the images climbs up to the exact saddle pointSCC-DFTB method for calculating total energies and
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FIG. 3. (Color) Location of the saddle point in the double proton transfer process in the AT nucleic acid base pair. At the top we show the initial, intermediate
saddle point and final configurations. The inset shows a detailed view of the saddle point region.

forces* This method has been successfully applied to a/arying the location of a single hydrogen leads to different
range of physical systems spanning semiconductor materiattable configurations of the nucleic acid. Typically, there ex-
and biologically relevant molecules and is sufficiently fastist several stable configurations within 10 kcal/mol of the
enough to be used in large-scale calculations. ground state. To obtain an estimate for the tautomerization

Ill. APPLICATIONS rates we need to obtain th_e barrier of the transition. It_ turns
out that for the molecules in the gas phase these barriers are
very high (typically higher than 40 kcal/mgl so that the

We test the method in the simplest molecular setting, théransition rates are negligibly small and the tautomers are
study of the tautomerization process of nucleic acid basewsery stable without the presence of a catalyst such as water.

A. Nucleic acid bases tautomerization
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In Fig. 2 we present the cytosine tautomerization path
convergence for ANEBA. The NEB method calculation was O ®

relaxed until the maximal force perpendicular to the path was
8 , :

smaller than 0.1 eV/A; a total of 86 iterations were needed,

corresponding to 2668 total-energy and forces evaluations ' '
At that point the image with the highest energy had a maxi-
mal force of 0.64 eV/A. This happens because the true saddls
point lies between the two images with the highest energy.
Out of all the nucleic acid tautomerization processes this is o1 |
magnified in the cytosine case. One can obtain a better estig
mate of the true saddle point by interpolating the NEB path. z
The ANEBA very quickly converges to the correct saddle @ /
. . [Im} B / \ T
point region. We have used a cutoff of 21 moves per level for N / \ ot
all but the last level of the algorithm. The final saddle point § // N7 S \\
image has a maximal force of 0.1 eV/A, and is located in a & / O—Olevel 1 (11x3) \\
- i i - / O—{level2 (9x3
total of 257 total-energy and forces calculations, an improve- 5 L / i ( o 3; \ i
ment by an order of magnitude compared to the NEB calcu- / A—Alevel 4 (8x3) \
lation / <—<llevel 5 (7x3) \\
: ) ) . / —— neb (14 x 31) \
We next present a calculation of the adenine-thymine / \
base pair double proton transfer as an example of a more 0 : - 2‘0 ; 4'0 : elo\

complicated transition path. When the nucleic acid bases pai
in their common Watson—Crick conformations, spontaneous
tautomerization may occur by a double proton transfer beFIG. 4. Location of the saddle point in the concerted exchange mechanism
tween two opposite bases, a process that may lead f8" diffusion‘ in bulk Si. At the top we show snapshots of _tr_]e structure at_
mutations® Nowa_ldays this mechar_lism is not c_onsidered tq(sjzlrcle((;treghpac&lirlnt;along the path. The atoms exchanging position are shown in
be one of the major pathways leading to errors in the genetic

code.

In Fig. 3 we show the convergence characteristics of the@toms and leading to the exchange of the two atoms. Because
ANEBA method. For this example this path proves to beof the strained configurations involved in this process, it has
slowly converging. The original guess of a linear interpola-been used for a critical evaluation of several classical poten-
tion path between initial and final state, which corresponds tdials for bulk Si'’ It has also been studied using a thermo-
a coherent double proton exchange, quickly changes to aslynamic integration method and Monte Carlo simulations,
almost sequential proton transfer with the thymine protorwhere it was shown that the self-diffusion coefficient corre-
leaving first. Note that this process has a very low saddleponding to this process is in reasonable agreement with the
point frequency(~200 cnmi %). We relax the NEB method up experimental valué®
to the point where the maximum perpendicular force on any  In Fig. 4 we present the calculated full pathway as pre-
atom is smaller than 0.05 eV/A. The convergence in this casdicted by the NEB method and the successive recursions of
takes 188 steps for a run with 50 imagd8 movable ongs  ANEBA. The system was modeled with a supercell of 54
or a total of 9026 total-energy and force calculations. Theatoms in the diamond structure and the NEB calculation was
resulting image closest to the saddle point has a maximuratarted by giving five initial guesses along the path, based on
force 0.14 eV/A(mainly along the direction of the transition the unrelaxed geometries of the pair rotatdn. this case a
path. ANEBA was run with a cutoff at the 21st iteration for rough convergence criterion of a maximum force per atom of
a depth of five levels. We note that at levels three and two th€.257 eV/A perpendicular to the MEP was used. The NEB
algorithm needed to perform four times as many calculationgnethod with 31 moving images converged to that accuracy
in order to obtain a finer sampling on the region of interestwith only 14 iterations, a total of 436 steps. The ANEBA
Nevertheless, the total number of calculations is 641, an imalgorithm converged smoothly, in a total of 134 steps. Note
provement by a factor of more than 14 compared to the NEBhat the mirror symmetry of the path is conserved by both
calculation. The final saddle point approximation has a maxialgorithms. The gain in performance in this case is approxi-
mal force of 0.059 eV/A and the maximum position differ- mately a factor of 3.5.
ence compared to the NEB saddle point approximation is
0.04 A, with an average of 0.002 A difference per atomicC. Ad-dimer diffusion on the Si  (100) surface
position.

Scaled Image Index

As a final example we consider the surface diffusion of
an ad-dimer on the 8§i00) surface. This process has re-
ceived renewed attention following the recent experimental

The concerted exchange mechanism in bufkwgis pro-  observation by Qiret al!® of the rotational diffusion of a
posed as a possible intrinsic, defect-free diffusion mechaSiGe dimer on $1L00). The ad-dimer diffusion process has
nism in silicon. This process involves a three-dimensionahttracted increased theoretical and experimental interest fol-
rotation of a dimer which can be seen as a triple Wooten-owing the direct measurements by Swartzentrtfbasing
Winer—Weaire bond switc¢fi performed on the same pair of atom-tracking scanning tunneling microscop(STM).

B. Concerted exchange in silicon
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FIG. 5. (Color) Location of the saddle point in the rotational ad-dimer diffusion path. The inset is a detailed view of the saddle point region. At the top we
show snapshots of the structure at selected points along the path. We use dark green, red, and gold, to color the ad-dimer, dimer row, and thetiagoms below
dimer row, respectively.

Whereas adatoms diffuse too rapidly at room temperature tm the middle of the path which corresponds to a symmetric

be observed with STM, ad-dimers form more stable struceonfiguration with the ad-dimer relaxing on top the dimer

tures that are amenable to direct observation. The ad-dimek®longing to the dimer row. One of the ad-dimer atoms is

on the surface may form on top of the dimer row of thelocated almost in the middle of the dimer and the otftee

c(4x2) surface reconstruction or they may sit in the troughone performing the rotations on top of the surface dimer

between two dimer rows. The diffusion of the ad-dimer isand slightly towards the trough. The energy of this configu-

parallel to the dimer rows and the two distinct relaxationration is 0.82 eV higher than the original ad-dimer configu-

configurations do not easily mix. ration. The NEB method used a cutoff perpendicular force of
We have calculated several possible paths of the add.072 eV A, and needed 42 iterations on a path of 21 images,

dimer on the SiL00) surface, notably the direct translational a total of 800 force calculations. The ANEBA method, using

path?® the piecewise translation path,a dimer-exchange five adaptation levels, needed a total of 359 calculations, a

path, and the rotational path. Within the limits of the SCC-gain by a factor larger than 2.

DFTB method the lowest energy barrier is given by the ro-

tational path, that may have two distinct forms depending odV- COMPARISON WITH AND INCORPORATION

the direction of rotation. In Fig. 5 we compare the conver-OF CLIMBING IMAGE

gence characteristics of one ad-dimer rotational pathway us- Recently, Jasson and co-workers presented a method

ing the NEB method and ANEBA. There is a local minimum that converges at the same rate as NEB but yields the exact
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TABLE Il. Same as Table I, for the Mier—Brown potential shown in Fig.

2 T
6.
Force NEB
15 Method SE |SE-TSE  evaluations iterations
CI-NEB, 17 states —40.664 487 3.5810 * 1069 69
ANEBA —40.664751 9.2%10°° 558 156
1+ CI-ANEBA —40.664 641 2.0210 * 390 110

. CI-NEB, requiring about 60% of the force calculations to

find a slightly more accurate saddle point. The ANEBA
method performed even better with Cl as fewer ANEBA
depth levels are required and the issue of asymptotic conver-
gence is side-stepped. For the lMu—Brown potential, a

. . / similar procedure was executed. Table Il presents these re-
- e ° o ' sults and shows a similar but more pronounced trend:
FIG. 6. The Muler—Brown potential and the MEP connecting the two dis- ANEBA is more efficient than CI-NEB, and CI-ANEBA
tant minima. more efficient still.

of

saddle point, thus remedying one of the flaws associated withf: CONCLUSIONS
NEB.” The method, dubbed climbing image NEBI-NEB), We presented a straightforward extension of the NEB
involves freeing the highest energy state from all springmethod and its CI-NEB variation that allows for an efficient
forces, and inverting the potential for that state while USingfocusing to the saddle point of a potential energy surface. We
only the projection along the path of the potential forces.demonstrated the convergence behavior of our approach in
This allows the highest energy state to search for the peak @fases of practical interest, selected out of the realm of physi-
the MEP, which is by definition the saddle point. cal chemistry, materials, and surface science. The approach
For the sake of comparison, we have run CI-NEB andwas able to locate the saddle points in all the cases that we
ANEBA on a pair of two-dimensional examples, that of Fig. have tested it and it was more efficient than the methods on
2 (Ref. 5 and the Miller—Brown potentiaf? a standard ex- which we have based it on. We believe that it is a useful tool
ample used in theoretical chemistry that is shown in Fig. 6for locating saddle points in processes that are known in
We also ran CI-ANEBA, wherein Cl was implemented after advance. Its efficiency makes it ideally suited for applica-
a small number of ANEBA depth levels. This should greatlytions that would otherwise be limited by the available com-
increase the efficiency of the method. ANEBA asymptoti-puter time.
cally converges to the exact saddle point, but, after only a
few depth levels, locates the vicinity of the saddle with SUf- A CKNOWLEDGMENTS
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