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We present a formulation for calculating entropy based on the application of classical transition-rate
theory to quantum-mechanical energy surfaces. Using this approach, which avoids difficulties due to
anharmonicity and large energy barriers, we calculate the entropy of concerted exchange (CE) in Si and
find it to be 3.3k in the high-temperature regime. The relatively high entropy of CE is traced to multiple
equivalent exchange paths and to a combination of a stiff mode at the equilibrium and a soft mode at the
saddle-point configurations. Comparison to harmonic-approximation results shows substantial differ-

ences, both in the low- and in the high-temperature limits.

PACS numbers: 65.50.+m, 66.30.Dn

The process of diffusion plays a crucial role in the sta-
bility of solids, which makes a detailed understanding of
diffusion mechanisms highly desirable. Microscopic dif-
fusion mechanisms can be identified, in principle,
through comparison of calculated activation energies and
entropies of model processes to experimental results. It
is essential that both the energy and the entropy of a
candidate model are in agreement with experiment.
However, the calculation of entropies is a computational-
ly demanding task and is commonly based on the har-
monic approximation,'*> which at high temperatures
(close to the melting point of the solid) may prove un-
reliable. A more recent approach, that is, direct dynami-
cal simulation of diffusion,® is well suited to high tem-
peratures but is limited to processes with very low migra-
tion energy barriers (of order a few tenths of an eV).
Here, we propose an alternative approach which com-
bines classical diffusion theory with static quantum-
mechanical calculations: We compute the entropy of a
diffusion process in the context of Vineyard’s transition-
rate theory,* using an accurate energy surface obtained
from first-principles total-energy calculations. This for-
mulation of the problem has two important advantages:
First, a detailed knowledge of the total-energy surface
eliminates any uncertainties due to anharmonicity.
Second, the height of the energy barrier is not a limiting
factor, which allows the examination of a wide range of
physical processes.

Entropy calculations are particularly important to help
clarify a long-standing discrepancy concerning self-dif-
fusion in Si. Defect mechanisms (e.g., involving vacan-
cies or interstitials), which are thought to mediate
diffusion in Si, have activation energies compatible with
experimental results (4-5 eV)>~7 but preliminary calcu-
lations for the entropy give values of less than lk,?
which is much lower than the experimental value of

7k-9k at high temperatures (7 > 1450 K; see Ref. 8).
Another candidate for diffusion is the concerted-ex-
change (CE) mechanism, a process which does not in-
volve lattice defects.” In this work we calculate the en-
tropy of CE, in an attempt to provide concrete theoreti-
cal results for the evaluation of different diffusion mech-
anisms. We find that the entropy of CE at high temper-
atures is 3.3k. The relatively large entropy of CE is due
to the existence of multiple equivalent exchange paths in
phase space and to the curvature of the energy surface at
the equilibrium configuration (a stiff mode) and at the
saddle-point configuration (a soft mode). Our result is
considerably larger than existing estimates for defect en-
tropies obtained with the harmonic approximation.? The
latter calculations, however, are not of the same level of
accuracy as the present work, and a definitive evaluation
of the different mechanisms must await results of compa-
rable quality.

We briefly describe the atomic motion during the CE:
Two atoms interchange positions in the Si lattice, in a
very specific way without involving any defects. A natu-
ral coordinate system to describe the motion of the ex-
changing atoms consists of the two angular spherical
coordinates, the azimuthal angle 6 and the polar angle ¢.
The origin of the coordinate system is at the center of
mass of the exchanging atoms. During the motion, the
bonds of the exchanging atoms to their neighbors are
broken in succession and bonds to different atoms are
formed. These changes in bonding give variations in the
energy of the order of several eV (see Fig. 1). When re-
laxation is omitted, the motion is completely specified by
the angles 6 and ¢. The orientation of the bond between
the exchanging atoms in the equilibrium configuration
(0=¢=0) defines the z axis of the coordinate system.

The energy surface was calculated for a dense grid of
100 points in the (6,4) configurational space, using
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FIG. 1. The energy surface for concerted exchange in a por-
tion of the phase space 0 < 0, ¢ < n. The remainder of the en-
ergy surface is identical by symmetry. Three independent ex-
change paths are highlighted by thick solid lines. The vertical
energy scale (E) ranges from O to 11 eV.

first-principles local-density-functional theory and norm-
conserving pseudopotentials to represent the atomic
cores. A large number of plane waves (with kinetic en-
ergy up to 9 Ry) and eight Brillouin-zone sampling
points were used for the calculations in a supercell of 54
atoms. This amounted to an extensive computational
effort, which was deemed necessary to obtain an accu-
rate representation of the energy surface. A portion of
the energy surface for 0 < 6, ¢ < r is shown in Fig. I.
The remaining portion is identical, due to symmetry.
There are six independent and equivalent exchange paths
in the entire phase space, three of which are contained in
the portion shown in Fig. 1. The maxima of energy
along these paths determine the saddle-point configura-
tions which are given by 6=xr/2, ¢ =nn/6, n=1,3,. ..,
11. The saddle-point energy is equal to the activation
energy E,, which for the unrelaxed CE is 5.4 eV (relax-
ation of the saddle-point configuration lowers the activa-
tion energy by 0.7 eV).’

In order to perform analytical calculations for the en-
tropy we fitted the first-principles energies by a spherical
harmonic expansion. The terms to be included in this
series expansion are dictated by the D3, point-group
symmetry of the physical process, which is reflected in
the symmetry of the energy surface of CE. The fit repre-
sents the calculated energy values to better than 1 part in
10°. We then used Vineyard’s transition-rate theory to
calculate the entropy. According to this formalism, the

916

rate of diffusion is given by

12
JdUexp(—E/kT)
Jawexp(—E/kT) ’
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where the integrations [dU and [dW refer to a surface
around the saddle-point configuration and a volume
around the equilibrium configuration, and the variables
of integration are generalized coordinates (each contain-
ing a factor of m'? in addition to the spatial coordi-
nate).! The expression for I" can be rewritten as

I'=vexp(—E,/kT)exp(S/k) , (2)

where v is the so-called ““attempt frequency,” E, is the
activation energy, and S defines the entropy associated
with the process. The attempt frequency is

v=(kT/27) '2AU/AW , 3)

where AU and AW are the integration volumes around
the saddle-point and equilibrium configurations, respec-
tively. The entropy S is then given by

S Sduexpl—(E—E,)/kT]

?=1n Jdwexp(—E/KT) @

The integration variables in Egs. (1) and (4) are related
by dU =AU du and dW =AW dw so that the variables du
and dw are dimensionless. In physical terms, the in-
tegration around the saddle-point configuration [numera-
tor of the logarithm in Eq. (4)] measures the number of
successful crossings over the saddle-point ridge which
can lead to an exchange event (see Fig. 1). The integra-
tion around the equilibrium configuration [denominator
of the logarithm in Eq. (4)] normalizes the number of
successful crossings by the number of departure paths
available to the system. In the context of the present
formulation, in which dynamical effects are not explicitly
included, the possibility of the system returning to the
original state rather than crossing the saddle point is
neglected. This is equivalent to setting the ‘“‘efficiency
factor” of more elaborate treatments (see, e.g., Ref. 10)

"~ equal to 1.

The integration around the saddle point involves a
phase-space surface perpendicular to the migration path.
The migration path is determined by the eigenvector of
the dynamical matrix ¥ —AT which corresponds to the
lowest eigenvalue Ag. In terms of the variables 6 and ¢,
the kinetic-energy part of the dynamical matrix is given
by

Too=pb?, Tsp=ub?sin’0, To=Ts =0, (5a)

where u =m/2 (m being the mass of Si atoms) and b is
the ideal bond length of bulk Si. The potential-energy
part is given by

V,;=0%E(6,¢)/0idj with i,j=6,¢ (5b)

(see, e.g., Ref. 11). The surface perpendicular to the mi-
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gration path is determined by the eigenvector which cor-
responds to the highest eigenvalue A, of the dynamical
matrix. Notice that in the present case, since there are
only two independent parameters, the phase-space “sur-
face” around the saddle-point configuration is actually a
line, determined by the eigenvector corresponding to A,
in the neighborhood of the saddle point. In terms of
these quantities, the attempt frequency v is given by

v=(kT/2zub?)'"?. (6)

With these explicit definitions, the entropy obtained
from Eq. (4) at high temperatures (7> 1450 K) is ap-
proximately 3.3k. The reasons for the relatively large
entropy of CE can be traced to several factors. First,
there is large configurational degeneracy due to the six
equivalent migration paths, which increases the value of
the numerator of the logarithm in Eq. (4). Second, the
integration around the saddle-point configuration is over
a line with very small curvature (this can be seen by ex-
amining the energy surface in directions perpendicular to
the CE path near the saddle points in Fig. 1), which fur-
ther enhances the value of the numerator of the loga-
rithm in Eq. (4). Finally, there is a steep increase in the
energy for small deviations in 6 from the equilibrium
configuration. This is due to the fact that the system in
the equilibrium configuration of the CE is extremely
stable (ideal crystal) and any departure from this con-
figuration results in large energy cost (the curvature of
the energy surface near §=0 is large). Consequently,
the value of the denominator of the logarithm in Eq. (4)
is small (i.e., the number of possible departure paths for
each successful crossing of the saddle point is small),
which is also favorable for the entropy. The soft mode
(small curvature) near the saddle-point configuration
and the stiff mode (large curvature) near the equilibrium
configuration combine to produce a relatively large value
for the entropy.

Experiments give an entropy for self-diffusion in Si at
high temperatures (1450-1650 K) of approximately
7k-9k, a factor of 2-3 higher than the calculated entro-
py of CE. This could be attributed in part to the approx-
imations employed in the present calculation, and in part
to the complex nature of self-diffusion, which may in-
volve several processes at once, making the measurement
of entropies subject to large uncertainty. The most
severe approximation in the present calculation is the
reduction of the phase space to two generalized coordi-
nates (the angles 0 and ¢), i.e., the neglect of relaxa-
tion.'? The validity of this approximation can be
checked by including relaxation, which is at present
beyond reasonable computational efforts due to the large
number of degrees of freedom. The reduction of phase
space allows an exact treatment of the integrals in Eq.
(4), thus eliminating the effects of anharmonicity, which
in a complicated process such as the CE could be impor-
tant.
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FIG. 2. Entropy of CE from transition-rate theory (solid
line) and from the harmonic approximation (dashed line).

In order to evaluate the importance of anharmonic
effects, we have performed a calculation for the CE en-
tropy using the harmonic approximation. For a con-
sistent comparison, we have again limited the phase
space to the (6,¢) variables and we define the attempt
frequency to be the same as in the transition-rate formal-
ism, given by Eq. (6). The temperature dependence of
the entropy in the harmonic approximation is

Shurmonic/k =const — é_ ln[T/TO] s (7)

where kTo=1[V4(0=0,0=0)1%/|1,|. The entropy ob-
tained with the harmonic approximation is shown in Fig.
2, together with results from the transition-rate formal-
ism, for temperatures up to the melting point of Si (1687
K). The harmonic-approximation results exhibit good
agreement with those of transition-rate theory (less than
a 5% difference) only in the range 500 K < 7 < 1000 K.
The origin of the difference between the two approaches
can be elucidated by examining the temperature depen-
dence of the integrals appearing in Eq. (4). The values
of these integrals are shown in Fig. 3. The results of the
two approaches are indistinguishable for the equilibrium
configuration and they exhibit a linear dependence on
temperature. In contrast, the harmonic approximation
fails to give accurate results for the saddle-point integral
and shows large deviations from the transition-rate re-
sults both in the low- and in the high-temperature limits.
In the harmonic approximation, the entropy has an un-
physical singularity in the 7— 0 limit [Eq. (7)]. This
singularity is exactly canceled by the temperature depen-
dence of the attempt frequency in the expression for the
diffusion rate I' [cf. Eq. (2)], which then becomes in-
dependent of temperature. Thus, the low-temperature
singularity of the entropy in the harmonic approximation
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FIG. 3. Values of the integrals of Eq. (4) obtained from the
harmonic approximation (dashed line) and from transition-rate
theory (solid lines). The value of the equilibrium integral is
multiplied by a factor of 10 to make it visible on the scale of
the figure.

will not lead to unphysical results for the diffusion con-
stant.

In conclusion, we have calculated the entropy of self-
diffusion in Si for the CE process, in the context of
Vineyard’s transition-rate theory, using an accurate
quantum-mechanical energy surface obtained from first
principles. This combination of techniques enabled us to
overcome difficulties associated with anharmonic effects
and with a large migration energy barrier. The value for
the CE entropy obtained from our calculation at high
temperatures is 3.3k, a factor of 2-3 lower than experi-
mental results. A comparison with results from the har-
monic approximation reveals that the latter fails both in
the low- and in the high-temperature limits and gives ac-
curate results for a narrow temperature range.

We acknowledge helpful comments on the manuscript
by M. Biittiker, N. D. Lang, B. M. Klein, D. A. Papa-
constantopoulos, and R. E. Cohen.
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Note added.— After this work was completed, we
found that Blochl, Van de Walle, and Pantelides'® used
a similar method to calculate the entropy of hydrogen
diffusion in Si.
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