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We present a simple model for understanding the bonding of endohedral atoms in small fullerene cages, based 
on their approximate spherical shape. Previous work has shown that the one-electron wave functions of a 
fullerene cage can be assigned angular momentum quantum numbers which describe their overall angular 
character. These quantum numbers form the basis for approximate selection rules which govern the bonding 
with endohedral atoms. With this model we successfully address thevery different bonding ofvarious tetravalent 
elements in Cza and the remarkably strong bonding of U in this small fullerene. We also make several specific 
predictions regarding the stability of other endohedral complexes. 

Introduction 

The fullerenes,' closed, spheroidal shells of 3-fold coordinated 
carbon atoms, have now been isolated in a number of forms, 
including the original single-shell cages, and the more recent 
single- and multiple-shell tubes2J and the nested-cage  onion^".^ 
The ability of these carbon cages to encapsulate other atoms was 
first demonstrated for the prototypical fullerene (2.50.~ Such 
systems, dubbed "endohedral complexes" and denoted by M O  C,, 
present the possibility of making stable cages with tailored 
electronic properties. Compounds of this type may lead to novel 
ferroelectrics6 and superconducting materials' and possibly to 
even more exotic electrical, chemical, and biological applications. 

Experiments8 have recently been reported on the endohedral 
complexes of C289 which can trap uranium atoms producing a 
remarkably stable UOC28 molecule. Hf, Zr, and Ti also appear 
to form stable endohedral complexes with C28. Since each of 
these endohedral atoms forms chemical compounds with a valence 
stateof 4+, it has been speculateds that C28 is a tetravalent cluster. 
Theoretical work8JG-'2 lends support to this conjecture, showing 
that the C28 cluster has an open-shell electronicstructureconsisting 
of four nearly degenerate orbitals at the Fermi level (a singlet 
and a triplet). These states are four electrons short from being 
completely filled. Quantum mechanical calculations based on 
density functional theory confirm that for some tetravalent atoms, 
M, the Mac28  compounds have large binding energies, for 
example, 12.6 eV for M = Zr"J and 11.8 eV for M = Ti.ll This 
is much stronger than binding energies of M O C a  complexes, 
which typically lie in the range 1-2 eV. On the other hand, 
several other compounds of tetravalent atoms inside C28 were 
shown to be marginally stable or even unstable.I2 

To understand the bonding of atoms inside small fullerene 
cages, we recently conducted a systematic study of the tetravalent 
group IV endohedral atoms (C to Sn) in C28.I2 These elements 
span a broad range of atomic sizes. Surprisingly, we found very 
little bonding between any of the group IV endohedrals and C ~ S .  
For example, Si and Ge have binding energies 1.3 and 0.9 eV, 
whereas C and Sn are not bound (binding energies of -0.1 and 
-0.4 eV). The vast difference in the binding energy of Zr on the 
one hand and Sn on the other, even though both are tetravalent 
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metals, indicates that the cluster-atom interaction in these two 
cases is very different. In this paper we examine the character 
of theelectronicstatesof thecluster and show that theapproximate 
spherical shape of the cage has a profound influence on the bonding 
to endohedral atoms. Our theoretical analysis provides a concise 
understanding of the differences between the various endohedrals 
in C28 and affords specific predictions on the type of atom that 
will lead to optimally stable complexes. On the basis of this 
analysis, we also comment on the remarkable stability of the 
UOC28 complex. Direct, first-principles calculations for this 
system are very demanding,l3 due to the open f-shell of the U 
atom and the need to treat the U core electrons relativistically. 

Electronic State Of Ca 

The electronic states of the C28 cluster were determined using 
state-of-the-art quantum mechanical calculations based on the 
Hohenberg-KohnSham local (spin) density approximation 
(LDA).I4 We employ a basis set of Gaussian-type orbitals and 
a numerical integration scheme15 to obtain high accuracy in 
computing the cluster total energy. The forces on the atoms are 
computed using the Hellmann-Feymnan-Pulay approach.16 
Geometry optimization is performed by combining the total energy 
and the forces in a conjugate gradient algorithm. The relaxed 
structure for C28 calculated within this scheme is shown in Figure 
1. This structure has some similarities with, but also some 
important differences from Ca.  Both structures consist of 
pentagonal and hexagonal rings of 3-fold-coordinated carbon 
atoms, spread over an approximately spherical shell. In C a  the 
12 pentagons do not share any corners or edges. This produces 
a more spherical shape, since pentagons are loci of high curvature. 
By contrast, in C28 the 12 pentagons are grouped in four triplets. 
Each pentagon shares a common apex corner and two edges with 
the two other pentagons of the same triplet. This arrangement 
produces a less spherical shape, with the four apex corners being 
the points of highest curvature. For reference we compare some 
of the calculated properties of C28 and Cml7 in Table 1. The 
calculated eigenvalue spectrum for CZS appears in Figure 2. 

As seen in Figure 1, while the full symmetry of C2s is tetrahedral 
(TJ?  its overall shape remains approximately spherical. A 
number of papersI8 have pointed out the strong influence of the 
nearly spherical shapeof Caon thecharacter of itsvalenceelectron 
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number reflecting the radial character of the wave functions. 
The carbon atoms on a fullerene cage are approximately sp' 
hybridized, with the hybrid orbitals forming u bonds to other 
atoms. The fourthorbital hasmainly p,characterand isdirected 
radially outward from the cluster center. Where possible, these 
orbitals take part in I bonds on the surface. The cluster states 
corresponding to the lower energy u bonds have no radial node, 
while the states corresponding to r bonds change sign in going 
from the interior of the cluster to the exterior. 

Although Cz8 is smaller and less spherical than C e  the same 
analysis can be applied to its valence electron states. In Figure 
2 weshow theone-electroneigenvalue spectrum forCz8. assigning 
NI quantum numbers to each state (N = I for u states and N = 
2 for u states). We determined the orbital number I by finding 
theoverlapof each of thecluster wave functions with thespherical 
harmonics. In each case a given wave function had significant 
overlao with functions of only a sinale 1. The radial number N 

Fipre 1. Structure of the 9 1  fullerene cluster. The four shaded atoms 
define the plane used to plot wave functions in Figure 3. 

TABLE 1: Comparison of Selected Properties of Cm and 
CNl* 

0 (I) is the average radius of the fullerene cage, Eg is the binding 
energy per atom calculated within the LDA, I is the ionization energy 
of the cluster. and A the electron affinity. The HOMO-LUMO gap is 
alsogiven. In thecaseofcuthe HOMOispartiallyoccupied, sostrictly 
speaking the occupied and unoccupied states are NOT separated by an 
energy gap. 
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wasdeiermined both by usingihe known splittingsof thespherical 
eigenstatesdue to tetrahedraldistortionsl9and by directly plotting 
the wave functions to determine the presence or absence of radial 
nodes. 

The states straddling the Fermi level of C a  are the NI = 2f 
states of the cluster. In the spin-unpolarized calculation, the 
highest occupied molecular orbital (HOMO) is a 2f state with 
tz symmetry (3-fold degenerate) and contains four electrons. The 
lowest unoccupied molecular orbital (LUMO) is a 2f state with 
aI symmetry(sing1ydegenerate) lying0.25eVabovetheHOMO. 
This situation is consistent with a total of 28 electrons available 
to fill u states, a number sufficient to occupy all the N = 2 states 
through I = 2, leaving IO for the 2f (I = 3) manifold which can 
hold a total of 14. The next state in the eigenvalue spectrum of 
Cz8 above the 2f manifold is a 2g state, which lies 2.5 eV above 
the HOMO (see Figure 2). 

To better illustrate the nature of the cluster states we show in 
Figure 3 wave functions corresponding to the Is, 2s. 2p, and Ig 
states, plotted in a plane containing the four shaded atoms of 
Figure I ,  and cutting through the center of the cluster. The Is, 
2s, and lg wave functions all transform in the al representation 
of the Tdgroup, while the 2p transforms in the t2 representation. 
The similarities between the cluster states and the corresponding 
pure angular momentum states are striking. The s-like cluster 
wavefunctionsarecharacterized by a constant sign as a function 
of azimuthal angle. The 2p cluster state, by contrast, has a 
characteristic plike nodal plane. The lg function has several 
nodal planes, as expected for a state of high angular momentum. 
Comparing the Is and 2s cluster wave functions, one clearly sees 
the existence of the radial node in the N = 2 function in going 
from the center of the cluster outward. 

Mea-Atom View of Eodohednl Bonding 
What emerges from Figures 2 and 3 is a meta-atom picture 

of the Cz8 cluster: The cluster wave functions share general 
features with atomic wave functions and thus can he meaningfully 
labeled by correspondingquantumnumbers. Thisviewpoint can 
be used to understand cluster properties, and in particular, the 
bondingofCz8 toendohedralatoms. Covalent bondinginM@Ca 
is the result of mixinn caze states and endohedral atom orbitals 
in bonding combinations. Symmetry dictates that only orbitals 
transforming in the same irreducible representation of the point 
group of the complex ( Td) can he mixed in a given bonding state. 
However,asdiscussedabove, the& wave functions haveastrong 
angular character due to the nearly spherical shape 
of the cluster. Since I is a good quantum number for the 

- 2 5  M 
Figure 1. One-electron LDA eigenvalue spectrum of Cu. The length 
of the lines represents the degeneracy (1,2, or 3) of the energy IeVels. 
The labels indicate principal and angular momentum quantum numben 
for the cluster eigenstates as discussed in the text. 

states. The argument is essentially that, to first approximation, 
the potential energy surface seen by the valence electrons in C ~ O  
is spherical, so that the valence electron states have an angular 
character that is approximately that of angular momentum 
eigenstates,andthuscan helabelledbyanorbitalquantumnumber 
1. Inaddition,thevalencestatescanheassignedasecondquantum CZ8. 

endohedral atom orbitals, this impliesihat wave functions of the 
endohedral atom and of the cluster labeled by different I will not 
mix strongly to form eigenstates of the complex, even if they 
belong to the same Td irreducible representation. This a p  
proximate I-selection rule is the key to endohedral bonding in 
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Flgnre 3. Wave functions of the Ca cluster plotted in the plane containing the four shaded atom in Figurc I .  The labels for the wave functions arc 
the principal andangular momentumquantum numbendescribed in the text. The height I in the figure reprcscnu theamplitudeof the wave functions 
over the plane. Lighter shading indicates positive amplitude. and darker shading negative. 

To illustrate the point, Figure 4 shows the energy levels of the 
isolated CZs cluster, the free endohedral atom, and the M@Cx 
complex for M = Sn and M = Zr. The levels are displayed in 
correlation diagrams to show the effects of endohedral bonding. 
A striking feature of the diagrams is that most of the cluster 
energy levels are unaffected by interactions with the endohedral 
atoms. In the case of Sn@Cn, only the 2s and 2p cluster levels 
are significantly shifted. These levels have the same angular 
character as the Sn 5s and Sp valence states, in agreement with 
our /-selection rule. The resulting bonding states have most of 
theirweightincageorbitals, witbasmalladmixtureofSnorbitals. 
Conversely, the antibonding states have predominantly Sn 
character, with a small admixture of cage orbitals, Both 
antibonding levels lie above the cage HOMO, and, as a result, 
boththe1zHOMOand theal LUMOoftheemptycagearefilled 
intbecomplex,openingagapof 1.2eV totheantibondingsstate, 
which is the LUMO of the endohedral complex. 

In the case of endohedral Zr (valence electron configuration 
5sZ4d3,  the Zr 4d states form bonding and antibonding com- 
binations with the 2d cage orbitals, leaving the remaining cage 
levels essentially unaffected. The bonding levels have a pre- 
dominantly cage-centered 2d character, with a small admixture 
of endohedral 4d orbitals, and are pushed down considerably 
relative to the 2d levels of the bare Cs. The character of the 
anti-bondingstatesismostly Zr 4d.and thesestateslie wellabove 
the Fermi level of the complex. The Zr 5s orbital also lies well 
above the Fermi level. The electrons that originally resided in 
that atomic level are transferred to the lower-lying 2f states of 
the Zr@Czs complex which are now completely filled. This 
produces a large gap of about 2.3 eV to the LUMO, which is a 
cluster state of e character with quantum numbers 2g. 

Our first-principles calculations show a large difference in the 
binding energy of Sn@Czs and Zr@Czs: the energy of the 
Sn@CZa complex is 0.35 eV higher than that of the isolated cage 
and Sn atom, while the Z I @ C ~ ~  complex is 12.6 eV lower in 
energy than the isolated cage plus Zr atom. This difference in 
binding is reflected in the correlation diagrams of Figure 4 and 

is related to the depth of the cage 2s and 2p orbitals below the 
Fermi level (-7 eV), compared to that of the cage 2d orbital 
(-3 eV), which makes the former orbitals much less effective 
for bonding to the endohedral atom. For example, because of the 
depth of the 2s cage levels, the antibonding s level in Sn@& 
falls very near the Fermi level. In effect, the electrons originally 
occupying the% Ssorbital are transferred tostates at the Fermi 
level, which are nearly degenerate with the antibonding level. 
This offsets the energy gained by thedownward shift of the bonding 
2s level (Figure 4a). Furthermore, the bonding shift of the 2p 
level is very small, in part because of the large energy difference 
between thisstateand theSn Sporbital. In tbeZr@Czscomplex, 
the Zr4d orbitals interact strongly with the cage 2d, leading to 
largebonding/antibondingshifts. In thiscase, all theantibonding 
states are well above the Fermi level, so that the complex derives 
strong net bonding from the covalent interaction between the d 
orbitals of the cluster and the endohedral atom (Figure 4h). 

U@CB and Beyond 
The meta-atom model of endohedral bonding developea above 

provides direct insight into the remarkable stability of the U@ CB 
complex. U has a valence electron configuration 7sz6d15P. The 
U 5f orbitals can be expected to bond strongly with the 2f states 
of Czs which straddle the Fermi level of the cluster (they are 
partially filled in the empty cage). The character of the bonding 
levels is expected to be mostly cage-like, with some admixture of 
U 5f orbitals. Due to the mixing, the resulting bonding levels of 
the complex will he shifted down in energy compared to the 2f 
levels of Cx. Conversely, the f antibonding levels will have a 
predominant U 5f character, and will lie above the Fermi level 
of the empty cage. Electron counting shows that the bonding 
levels willbecompletelyfilled, with twooftheUvalenceelectrons 
remaining to go into the next unoccupied level. The character 
of this level will depend on the details of the bonding in U@Czs. 
The fact that U@Ca appears to he chemically stables suggests 
either that the complex has a completely filled HOMO and a 
significant HOMWLUMO gap, or that the complex has a 
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Figure 4. Correlation diagram indicating energy level shifts 
endohedral bonding for the Sn@C28 and Zr@C28 complexes. 

due to 

partially filled HOMO that is centered mainly on the U atom 
and is physically shielded from reactant molecules by the cage. 
Possible electronic configurations consistent with these arguments 
include a filled U 7s state as the HOMO or a (weakly) antibonding 
d or f state as the HOMO. Additional bonding for the complex 
is likely to come through the interaction of the U 6d states with 
the cage 2d states, in a manner similar to that in Zr@Czs. The 
combined result of the f and d orbital mixing would produce very 
strong bonding between U and the c28 cage. 

Our model can be used to make predictions regarding the 
bonding of endohedral atoms in c28 that have not been tried 
experimentally. In general, the analysis given above suggests 
that only atoms with valence electrons of angular momentum d 
or f a r e  good candidates for strong bonding inside (228. Atoms 
with valence electrons of angular momentum s and p will be 
forced to interact with cluster states well below the Fermi level 
(as in the case of Sn@C28 discussed earlier), which does not lead 
to strong bonding. With this constraint, we consider separately 
the likely candidates in the periodic table which would interact 
with the cage mostly through their d valence states (transition 
metals) and those that will interact mostly through their f valence 
states (rare earth metals). In making our predictions, we also 
take into account the known oxidation states of the elements. We 
expect this to be a relevant consideration, because the bonding 
states of the endohedral complexes are mostly cagelike, implying 

a degree of charge transfer from the vicinity of the atom to the 
cage. Since four electrons are needed to fill the bonding 
combinations of the 2f states of the C28 cage, we suggest that the 
optimal oxidation state for an endohedral is 4+. All the stable 
complexes observed thus far (Ti, Zr, Hf, and U @ C28) consist of 
elements that fall into this category. 

Among the transition metals, Ti, Zr, and Hf (which have 
already been shown to produce stable complexes: see ref 8), are 
ideal choices according to our theory. The valence d states of 
these endohedral atoms will bond to the 2d levels of the cage as 
discussed above for Zr. These atoms also possess four valence 
electrons which will exactly fill all the available states below the 
Fermi level in the M a c 2 8  complex leaving a stable, closed-shell 
system. Atoms with fewer valence electrons, e.g., Se, Y and La, 
cannot fill all the available states at the Fermi level, so that while 
they should experience some bonding to the cage, the resulting 
systems should be less chemically stable than the group IVB 
endohedrals. Atoms with more valence electrons will also 
experience less net bonding since the additional electrons will be 
forced into higher lying levels, producing in general a less stable 
compound. Possible exceptions are cases in which the surplus 
electrons completely fill the higher-lying levels without disturbing 
the bonding (Le., they are not antibonding states). In such cases, 
a large HOMO-LUMO gap for the complex may be produced, 
making the complex chemically stable. Interesting possibilities 
include atoms that have an even number of surplus valence 
electrons in low angular momentum states. In these cases, the 
/-selection rule will cause the surplus electrons to lie in nonbonding 
states close to the Fermi level of the empty cage. The following 
elements seem particularly promising in this context: Mo and 
W, with six valence electrons, and Ru and Os, with eight valence 
electrons. All of these elements exist in a 4+ oxidation state. The 
surplus electrons could fill an s-like atomic state (for the hexavalent 
endohedrals) or thenext available cagestate which has e character 
and quantum numbers 2g and can accomodate four electrons 
(for the octavalent endohedrals). 

Among the f electron atoms, U is probably the ideal case, 
possessing four electrons that can fill the f bonding levels of the 
complex, and two nonbonding electrons. Nd has an electronic 
structure similar to U and should therefore also be very strongly 
bound in c28. One caveat is that Nd exists only in a 3+ oxidation 
state, which indicates its reluctance to form bonds by sharing 
more than three valence electrons. Atoms with one fewer valence 
electron, i.e., Pr, and Pa, will have an open-shell electronic 
configuration, which may make the endohedral complexes of these 
atoms chemically less stable. Th and Ce have two fewer valence 
electrons than U and thus should give closed-shell endohedral 
complexes with a binding energy possibly comparable to that of 
Zr. Both of these elements exist in a 4+ oxidation state. Atoms 
to the right of U and Nd in the periodic table are likely to show 
less binding with C ~ S ,  since the additional electrons would partially 
fill higher lying, antibonding states. Exceptions may be Sm and 
Pu, which have eight valence electrons and could completely fill 
the 2g cluster state of e symmetry. Of those two, only Pu exists 
in a 4+ oxidation state. In summary, our analysis points to the 
following elements as likely candidates for producing stable 
M@C2s complexes: Mo, W, Ru, Os, Ce, Th, and Pu. 

A recent calculation20 for Ce@C28 gives results that are 
consistent with our meta-atom model: the calculated binding 
energy of this system, 13.7 eV, is comparable to that of Zr@C28 
(12.6 eV'0). In addition, covalent bonding was observed in this 
system between the Ce 4f states and the 2f levels of the cage. 

An alternative application of our model is for predicting 
endohedral bonding in different fullerene cages, for example C32. 
This cluster is similar in size and general character to c28 (see 
Table 1). One might therefore expect endohedral atoms which 
are very stable in to be comparably stable in C32. Our model, 
however, leads to very different predictions. C32 has four more 
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TABLE 2: Biding Energy AE for Various Endobedral 
Complexes M@Ca Obtained by LDA and SCF HF (Ref 24) 
Calculationsa 

A electrons than c28, which completely fill the 2f cluster levels 
(the ones available for creating bonds to the U 5f states, for 
example). This will greatly reduce the affinity between this cluster 
and U atoms. Evidence in support of this prediction already 
exists in the experiments of ref 8, which compare the relative 
abundances of fullerenes with and without endohedral atoms. 
Those experiments suggest that while the empty c28 and C32 
fullerenes are of comparable stability, u@c28 appears to be 
considerably more stable than U@C32. 

Finally, we turn to the bonding of endohedrals in c60. M @  c 6 0  
complexes have relatively small binding energies of 1-2 eV, and 
bonding in these complexes is mostly ionic.21.22 This is in contrast 
to the strong, covalent bonding possible in M a c 2 8  as discussed 
above. The sheer size difference between the two fullerene cages 
is one reason for these differences in bonding. As shown in Table 
1, the c 6 0  shell has a radius of 6.61 au (about 3.5 A). Even the 
largest endohedral atoms are too small to allow significant overlap 
between the endohedral orbitals and cluster orbitals in this case. 
On the other hand, even if the c 6 0  fullerene cage were smaller 
in size, our model suggests that this cluster could not bond 
covalently to endohedral atoms located at the center of the cage 
since the HOMO of c 6 0  has a character that corresponds to 
angular momentum I = 5 (h).18 The 2f states of C60, which could 
bond to the 5f electrons of U, for example, lie on average about 
3.5 eV below the HOMO and are completely full, making it 
unlikely that these levels could participate in covalent bonds with 
endohedral orbitals. It would be of interest to consider the 
implications of our meta-atom model to the bonding of small 
clusters inside c60 and larger fullerenes. Endohedral clusters 
could certainly be chosen to eliminate the size problem, and with 
proper choice of cluster pairs, the endohedral and cage wave 
functions could have matching character, leading to stable systems. 
The class of structures recently proposed by Zeger and Kaxiras23 
may fall in this category. 

Discussion 

Other models for enhohedral bonding in fullerenes have been 
presented in the literature.21g22 For M@c60 and larger systems, 
these models have been based essentially on charge transfer 
between the endohedral atom and the fullerene cage, and 
predictions for binding energies involve a comparison of ionization 
energy of the endohedral atom, the electron affinity of the cage, 
and the electrostatic interaction of a positively charged endohedral 
and negatively chargedcage. Weargued earlier that theextremely 
strong bonding in systems like Zr@C28 cannot be explained by 
a simple ionic model. In fact, using the ionic model of rep2, for 
example, we find a maximum ionic bonding of about 4.5 eV in 
Zr@C28, much less than the calculated 12.6 eV. 

have systematically studied M a c 2 8  
complexes at the self-consistent-field Hartree-Fock (SCF HF) 
level of theory. These authors studied endohedrals from across 
the periodic table, computing equilibrium geometries and binding 
energies. In their analysis, they argue that thermodynamic 
stability of the endohedral complex is a key factor for formation 
of the M@C28 systems. Addressing the general question of the 
formation of endohedral fullerenes of any size, they argue on 
empirical grounds that the electronegativity of the endohedral, 
coupled with its ionicradius, are thedecisive factors. They suggest 
that successful endohedrals are those with an electronegativity 
of 1.54 or less. 

The point of view taken in the present work is clearly different 
than that of rep4. Rather than focusing on electronegativity, the 
meta-atom model attempts to address the factorsdirectly involved 
in covalent bonding between the endohedral atom and small 
fullerene cages. On the basis of the results of our first-principles 
calculations,12 we argue above that the angular momentum 
character of the endohedral atom valence states and of the cluster 
states near the Fermi level are the factors that determine relative 

Recently, Guo et 

endohedral complex AE LDA (eV) AE SCF HF (eV) 
1.5 -7.8 
0.8 -6.3 

-0.9 -8.0 
9.8 -0.8 

12.9 2.8 

The binding energies are referenced to the isolated atoms and C28 
in their respective lowest energy spin states. The LDA results are for a 
symmetric, on-center endohedral atom, while theSCF HFvalues in general 
include a small, off-center relaxation of the endohedral atom. Negative 
values indicate that the isolated atom plus a bare c28 cage are more stable 
than the endohedral complex. 

stability of the endohedral complexes c28. Guo et note two 
cases for which their electronegativity model fails to reproduce 
experiment. is a borderline case, as Ti has an elec- 
tronegativity just over 1 S4, yet Ti@C28 is seen experimentally.8 
The case of Mg@c28 is more problematic. Mg has an elec- 
tronegativity of 1.31 and an ionic radius of 0.78 A, so that the 
electronegativity model clearly predicts that Mg@ c28 should be 
stable, yet this system has not been seen in experiments.8 The 
meta-atom model, by contrast, is consistent with experiment for 
both of these cases. In our model, Ti is expected to be strongly 
bound, in analogy to the isoelectronic Zr@C28 and consistent 
with first-principles calculations.11 Mg, on the other hand, with 
thevalence electron configuration 3s2, should not bind effectively 
in c 2 8  due to the depth of the cage 2s levels as discussed above 
for Sn@C28 and should therefore not be seen experimentally. 

It is interesting to compare the SCF HF binding energy results 
of rep4 with those computed within the LDA. In Table 2 we 
compare results for systems that have been studied with both 
methods. The LDA binding energies are seen to be much larger 
than the SCF HF energies for every case. This reflects in part 
the tendency of the LDA to overbind molecules and that of SCF 
HF calculations to underbind. The following argument suggests 
that the LDA binding energies are more realistic: The experi- 
mental resultsonU@C28and Zr@C288show that theseendohedral 
complexes are produced in quantities comparable to Cm. As- 
suming that differences in formation kinetics are relatively small, 
these results suggest that c 6 0  and Zr@C28 should have similar 
thermodynamic stabilities. As seen in Table 1, the LDA predicts 
that c60 is more stable than bare c 2 8  by about 0.5 eV/atom. If 
Zr@ c28 is to be comparable to c 6 0  in stability, the binding energy 
for Zr in c28 must be of the order of 14 eV (producing an extra 
0.5 eV binding energy/atom). This is indeed close to the predicted 
LDA value, but much larger than the corresponding SCF HF 
value of 2.8 eV. Note that the tendency of LDA to overbind 
molecules arises in computing the atomization energies; the 
relative energy comparisons made above do not reference free 
atoms and are thus expected to be a good estimates. 

Summary 
We have presented a simple model of endohedral bonding in 

small fullerene clusters. This model is based on a meta-atom 
view of the cluster in which principal and angular momentum 
quantum numbers are assignedI8 to the cluster eigenstates. The 
character of the valence electron states near the Fermi level of 
the cluster determines the nature of bonding to endohedral atoms. 
We have illustrated the validity of the model by using it to explain 
the relative stability of Sn@C28 and Zr@C28, the first being a 
hypothetical structure that is not observed experimentally, while 
the second is a stable, experimentally produced structure. We 
have also used the model to understand the remarkable stability 
of the U@C28 complex and to make specific predictions about 
the stability of other endohedral systems, including different 
elements and other fullerenes. 
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