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We present a method for electronic structure calculations that retains all of the advantages 
of real space, but addresses the major weakness of a regular grid, i.e., its inability to 
treat some regions of space with more resolution than others. The computations are 
carried out on a regular mesh in curvilinear space, which allows natural and efficient 
decomposition on parallel computers, and effective use of iterative numerical methods. 
A novel feature is the use of error analysis to optimize the curvilinear grid for highly 
inhomogeneous electronic distributions. We report accurate all-electron calculations for 
HZ, 0, and 02. Copyright 01996 Published by Elsevier Science Ltd. 
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1. INTRODUCTION 

AB INITIO electronic structure calculations are com- 
putationally very challenging because the singular 
Coulomb potential of the nuclei results in highly lo- 
calized core wavefunctions with cusps at the nuclear 
positions. Even when pseudopotentials are used to 
eliminate the core electrons, it is often desirable to 
treat valence electrons with highly localized wave- 
functions (e.g., Is, 2p, 3d, or 4f valence electrons), 
on the same footing as delocalized ones. Typical im- 
plementations use a basis in a (one-particle) Hilbert 
space, the choice of which requires a tradeoff between 
simplicity and fast convergence of physical quantities 
with basis size. The simplest basis consists of plane 
waves. Its main drawback is uniform precision, lead- 
ing to slow convergence for inhomogeneous systems 
such as atoms, molecules, clusters, or solid surfaces. 
On the other hand, basis sets such as linearized aug- 
mented plane waves (LAPW) or linearized muffin tin 
orbitals (LMTO) can be tailored to specific physical 
problems and therefore have excellent convergence 
properties. However, they tend to lead to complex 
equations. A promising alternative is a real space ap- 
proach. All terms are local except for the Laplacian, 
which is short range. The resulting sparse Hamilto- 
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nian allows effective use of iterative algorithms, which 
vastly reduce both memory and time requirements. 
A sparse Hamiltonian is also a prerequisite for any 
O(N) treatment of electronic structure. 

Harnessing the computational power of massively 
parallel architectures imposes additional constraints 
on the choice of basis. To achieve good load bal- 
ance, computational complexity and memory require- 
ments must be evenly divided among processors, a task 
made very difficult by complex bases like LAPW and 
LMTO. Another important consideration is the mini- 
mization and localization of communication between 
processors. Since Fourier transforms (the underlying 
operations in a plane wave basis) require communica- 
tion between all processors, even plane waves are not 
an efficient basis in this respect. In contrast, a regu- 
lar grid in real space is a very natural choice for a 
massively parallel computer architecture: assigning an 
equal section of the grid to each processor provides 
good load balance, minimizes interprocessor commu- 
nication, and produces communication patterns that 
are both local and conflict-free. 

A number of groups [l-5] have recently reported real 
space electronic structure computations using a reg- 
ular grid. When applied to an inhomogeneous prob- 
lem, a regular grid in real space suffers from the same 
drawback as a plane wave basis, i.e., it has the same 
resolution in every region of space. This problem has 
been circumvented by locally adding more basis ele- 
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ments using wavelets [6,7], finite-elements [8,9], and 
multi-grid methods [lo]. Irrespective of the formal- 
ism, such local enhancement interferes with the natu- 
ral mapping onto a parallel machine and makes effi- 
cient parallelization more challenging. 

Progress toward overcoming the limitations of plane 
wave bases through the introduction of a curvilinear 
coordinate system has also been reported recently [l l- 
131. Pioneered by Gygi [l 11, this adaptive plane wave 
approach enhances precision in important regions of 
space by adapting the change of coordinates to each 
physical problem. The adaptive plane wave approach 
eliminates the major drawback of the standard plane 
wave basis, but lacks the simplicity, sparseness, and 
natural parallelization properties of real space algo- 
rithms. 

In the present work, we combine the advantages of 
real space calculations and those of adaptive coordi- 
nates in a scheme for performing electronic structure 
calculations within the context of density functional 
theory using either the local density approximation 
(LDA) [14,15], or the generalized gradient approxi- 
mation (GGA) [16]. Our scheme is efficient and accu- 
rate for systems with very inhomogeneous charge distri- 
butions and takes full advantage of massively parallel 
computer architectures. The central idea is to work on 
a regular grid, but in a curvilinear space 5. The change 
of coordinates x(g), generates a single grid in real 
space x, which is finer where high precision is needed. 
This general idea is very well established in the study 
of fluid flow and heat transfer [17-191. More recently, 
Gygi and Galli [20] have reported an implementation 
of real-space adaptive-coordinate electronic structure 
calculations using pseudopotentials. We refer to our 
method as the Adaptive Coordinate, Real-space, Elec- 
tronic Structure (ACRES) algorithm. It has the fol- 
lowing advantages: 
(1) It can achieve an essentially optimal distribution 

(2) 

(3) 

of grid points. This is accomplished by a versa- 
tile choice of the curvilinear coordinates, through 
which a grid of fixed size is adapted to provide 
resolution commensurate with the physics. The 
only cost of the adaptation is the introduction of 
a nontrivial metric gaS (z). 
The coordinate transform is chosen in order to 
minimize the discretization error. The idea is to 
determine a good set of curvilinear coordinates 
through the use of error analysis. This differs from 
Gygi’s approach [l l] in the adaptive plane wave 
scheme, where the variational principle makes it 
possible to find the optimal change of coordinates 
through an energy minimization. 
Since the communications pattern remains ex- 

actly the same as that of a regular grid in real 
space, highly efficient parallelization is trivially 
accomplished. 

(4) The sparsity of the equations allows us to take 
advantage of iterative algorithms. This makes it 
possible to employ rather large grids, and conse- 
quently to investigate complex systems. The com- 
putational time scales as N x n, where N is the 
total number of points in the 3-dimensional grid 
and n, the number of electrons. 

2. THEORY AND IMPLEMENTATION 

The real space coordinates xi(sa; P”) depend on the 
curvilinear coordinates z* and on some set of parame- 
ters Pm that allow us to tune the change of coordinates 
to a particular problem [21]. The Jacobian is given by 

J;(E; P) = a?iay (1) 
with I JI = det J its determinant. The trivial metric 
g’j = bij in real space corresponds to the metric gap = 
J-1: J-1: in curvilinear coordinates (summation over 
repeated indices is implied). The Laplacian operator 
in curvilinear space is 

A = &a, (I JlPa,) 9 (2) 

and the integrals are transformed according to ] d3x = 
j d”E I JI. The Coulomb potential is found by solving 
the Poisson equation [discretized in curvilinear coor- 
dinates by means of the Laplacian, Eq. (2)] with the 
sum of electronic and nuclear charges as the source. 

The equations are discretized in a box of linear size 
Ai, using a finite difference scheme on a regular grid 
in curvilinear space 5 with Ni points in each direction. 
Any boundary conditions, including the phase shifts 
required in performing multiple k-point calculations 
for solids, can easily be implemented in this approach. 
In the following, we use periodic boundary conditions. 

Implementation of the method presents certain 
challenges associated with the choice of discretization 
schemes. The most important ones, and the manner 
in which we resolved them, are discussed here briefly: 

Equations that are equivalent in the continuum limit 
are not necessarily equivalent after discretization. For 
example, there exist several expressions for the Lapla- 
cian which are equivalent in the continuum limit. From 
physical and computational considerations, it is desir- 
able to have a self-adjoint discretization of the Lapla- 
cian. The expression given in Eq. (2) is self-adjoint af- 
ter discretization if, for a fixed pair of indices ((w, /?), 
the finite difference operators used to represent a, and 
a, are identical. 
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The order of the finite difference approximation for 
the derivatives is very important. The lowest order, 
two-point symmetric derivative is insufficient and does 
not give good results. Our experience indicates that we 
need to use a symmetric discretization for the deriva- 
tives with at least four points (second order). 

The discrete representation of the nuclear charge is 
equally important. For an atom with atomic number 2 
at position R, the nuclear charge is p(g) = 2 S(g; R) 
where 6 (5; R) is a representation of a Dirac 6 function 
at R on the regular grid in 5 space. In addition to the 
normalization condition, an important constraint on 
the representation of the 6 function is 

I 
d5 IJI S(S; R) x(S) = R. (3) 

Constraints on higher moments could also be im- 
posed [22], but we did not find this necessary. We 
found the most useful representation to be a Gaussian. 

b(S; R) 0~ exp (-15 - 501~ / 202AS2) (4) 

with AZ the regular grid spacing, u an adjustable 
parameter, and &, chosen to satisfy Eq. (3). This 
choice reduces the translational invariance problems 
discussed below. 

The presence of the grid breaks translational invari- 
ance. We call the distance between an atomic center 
and the nearest grid point the ofiet. The energy de- 
pends on the offset, and this effect can be quite large 
due to the Coulomb singularity. The dependence is re- 
duced by strong adaptation, which makes the cell of 
the real space grid very small near the atomic sites. 
The Gaussian representation of the 6 function further 
reduces the dependence of the energy on the offset be- 
cause it results in a smoother transfer of charge as 
the position of an atom changes. The combined use 
of strong adaptation and a Gaussian 6 function elim- 
inates the translation invariance problem. 

A final challenge is the actual choice of curvilin- 
ear coordinates. A necessary condition for the map- 
ping between x and 5 is that it be single valued, i.e., 
the grid in x space must not be folded. As the Lapla- 
cian involves the derivative of the metric, and the met- 
ric is computed from the Jacobian, the mapping must 
be twice continuously differentiable on a 3D domain 
with periodic boundary conditions in order to ensure 
smoothness. It is also desirable that the mapping be 
spherically symmetric around an atom. We use a two 
level coordinate transformation x(g; P) with a global 
backdrop useful for simulating isolated structures, and 
further local adaptation around each atom position. 
The global backdrop is a simple independent trans- 
formation along each axis xi = x’(c) and creates a 
flat central region with a high density of grid points 

and a surrounding region with a decreasing density 
of grid points. The local adaptation creates a spheri- 
cal deformation of the grid around each atomic center 
Ry, with the amount of adaptation A,, and the size of 
the adapted region pv as independent variables. For a 
given detJ(R,) and p,,, the final results are not very 
sensitive to the details of the formula for x(g) [1 11. 
The computations presented below were carried out 
with the simple form for the local adaptation 

exp - 
( 

I5 - &I2 
2 02(& P,) 1 

(5) 

with a(A, p) chosen so that p gives the real space 
width of the adapted region. 

In order to generate a nearly optimal mesh for a 
given physical problem, we define a merit functional 
m(f;P) and choose the parameters P that minimize 
this quantity. To motivate our choice of a merit func- 
tional, consider an estimate for the error in a peri- 
odic, -one-dimensional integral 1(f) = ] dxf(x) = 

I dEf(S; P) with f(S; P) = I.4 (5; P) fMS; P)). The 
integral is computed numerically on a regular mesh in 
5 coordinates 

IN(~; P) = 1 ASf(&; P) (6) 
i 

with mesh spacing A& We estimate the error [23] by us- 
ing IN as an approximant for I and comparing its value 
to IN/x. With N/2 points, the_ rectangular element of 
integration is 61N/2 = 2Ag f (zi; P). With N points, 
the same region contributes 61~ = Ag [f( & I; P) /2 + 
f(gi; P) + f(&+l; P)/2] to the integral. An estimate 
of the error contributed by this region is given by 

de(f) = bIj,! - 61N,2 = AS3x.“/2. (7) 

To avoid cancellation of errors from different regions 
of space, we take our merit functional to be 

m(f;P) = c(S 1 ( i e ‘)‘I2 = !j Ac512 (~A~(~!‘)2)1~j 

This provides a measure of how well the grid represents 
the function f and is suitable for minimization with 
respect to P. The above idea is easily generalizable to 
three-dimensional integrals. The last step is to pick an 
integrand f so as to obtain an a priori estimate of the 
optimal grid parameters by minimizing m(f; P). By 
experimenting on several atoms we have found that the 
exchange-correlation energy density provides an ade- 
quate indicator. Due to large cancellations forced by 
the Kahn-Sham eigenvalue equation, this term gives 
the leading factor for the error in the total energy. 
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Fig. 1. Occupied wave functions of the 02 molecule, 
along a line through the centers of the atoms. The 
rr bonding and anti-bonding wave functions collapse 
onto the horizontal axis (they have nodes through 
the atomic centers). The 1s bonding and anti-bonding 
states were scaled by a factor of 113 so they could be 
displayed on the same scale. 

3. RESULTS AND DISCUSSION 

Using the approach described above, we have per- 
formed DFT/LDA [ 151 and DFTlGGA [ 161 electronic 
structure calculations on the CM-5 massively paral- 
lel supercomputer. Within this approach, all-electron 
computations involving atoms in the first row of the 
periodic table are feasible. We have also implemented 
the norm-conserving nonlocal pseudopotentials of 
Bachelet et al. [24], and the Kleinman-Bylander pro- 
cedure that renders the nonlocal components separa- 
ble [25]. 

For the all-electron calculations, the adaptation of 
the grid is determined by the requirement that the 
density of grid points near the atomic cores is suffi- 
cient to accurately represent the 1 /r divergence of the 
Coulomb potential. For example, Fig. 1 shows the oc- 
cupied wave functions of the 02 molecule along a line 
through the centers of the two atoms. 

The enhancement of the grid resolution throughout 
the regions where the electronic wave functions are 
large and the very strong enhancement close to the nu- 
clei allow accurate representation of the smooth tails 
of the wave functions as well as the cusps and nodes 
near the nuclei. 

For a more quantitative comparison to other the- 
oretical results and to experiment, Table 1 shows our 
calculated results for Hz, 0, and Oz. It is clear from 
this comparison that our results are in good agreement 
with other theoretical work using similar methods. We 

Table I. Calculated bond length ue and vibrational frequency w 
for Hz and 02, minimum energy & for Hz, and atomic energy 
Eut of 0. The zero-point vibrational energy was subtracted from 

the experimental total energy of Hz. 

ACRES Other DlT Results Experiment 
HZ U-W 
a0 (a4 I .448 1.446" 1.40lh 
w (cm-') 4192 4207' 4401h 
4 (RY) -2.216 -2.27' -2.349h 

H2 PGAI 

uo (au) I.416 1.413J 1.401h 
w (cnF’) 4381 4373d 4401h 
Eo (RY) -2.340 -2.34e -2.349 
0 [LDA] 

Eti (RY) -148.870 -148.938/ -150.027r 
0 [GGA] 

Em (RY) -149.912 -149.994h - 150.027r 
02 p-D.41 
a0 (a.u.1 2.32 2.30” 2.2gh 
w (cm-‘) 1661 1642” 158d, 
02 WA1 

a G-J 2.34 2.34j 2.2gh 
w (cm-‘) 1557 151gd 1580h 

I’ Reference [26], Spin polarized, S-VWN functional 
h Reference [27] 
c Reference [28], Spin polarized, Perdew-Wang functional 
d Reference [26], Spin polarized, B-LYP functional 
c Reference [28], Spin polarized, PW GGA-II functional 
/ Reference [29], Spin unpolarized, Perdew-Zunger functional 
r Reference [30], Spin unpolarized ground state, 2p4 ‘D 
Ir Reference [29], Spin unpolarized, PW91 functional 

find a relatively slow deviation from converged values 
as the number of grid points is reduced. For exam- 
ple, the results for Hz in Table 1 were obtained using 
a 12 x 12 x 24 a.u. box and a 128 x 128 x 256 grid. 
The bond length, vibrational frequency, and binding 
energy change by approximately 0.1 ‘%I with a grid of 
64 x 64 x 128 points, and by approximately 1% with a 
grid of 32 x 32 x 64 points. 

In order to compare ACRES to a more traditional 
method, we computed the total energy of a H atom 
using several sizes of unadapted, regular grids. The 
resulting fractional errors in the total energy and the 
computational times are compared to corresponding 
ACRES results in Table 2. The relevant comparison is 
between results of comparable accuracy: the ACRES 
computation with a 32 x 32 x 32 point grid achieved 
slightly better accuracy (at a cost of 18 seconds) than 
the regular grid computation with 128 x 128 x 128 
points, which cost 300 seconds. Therefore, for an 
equivalent level of accuracy, ACRES greatly reduces 
computational time and memory requirements rel- 
ative to a regular grid method. In fact, it would be 
extremely difficult to do accurate all electron compu- 
tations for the systems discussed in Table 1 without 
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Table 2. Convergence with respect to grid size of the total energy 
of a H atom in a 12 x 12 x 12 a.u. box. The errors are computed 

relative to the largest (most accurate) ACRES calculation 

Regular Grid ACRES 
grid size error time (s) error time (s) 

329 9% 11 0.9% 18 
64” 3% 32 0.1% 59 
12S3 1% 300 - 442 

adaptation of the grid. 
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