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Abstract

The steady increase in computational resources and numerical sophistication has
brought about a new approach in physical simulation. The methods that comprise
this approach are known as multiscale methods, and have the defining characteristic
of combining several simulation methods together, rendering tractable physical prob-
lems that no single simulation method can resolve. We have developed an approach
for coupling quantum-mechanical and classical methods for the efficient simulation of
multiscale problems in simple metals.

The present multiscale method employs orbital-free density functional theory, in
which fictitious orbitals are never introduced. We review the theory, and describe
the state-of-the-art functionals asociated with it. We have developed an efficient
simulation code for performing orbital-free density functional theory calculations, and
we describe the methods developed to treat the functional minimization problem.

One of the biggest barriers hindering the widespread use of orbital-free methods
is that only local pseudopotentials can be used, and hence the powerful machinery
of norm-conserving pseudopotentials is inapplicable. We develop a similar machinery
for local pseudopotentials, and we report on the application of these methods.

We solve several problems associated with the efficient use of orbital-free density

functional methods. Certain orbital-free methods are formulated in reciprocal space
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Abstract iv

and are applicable to periodic systems. Incorporation of these methods in a multiscale
setting requires that the effects of periodicity be absent. A direct translation of the
methods to real space is extremely inefficient. Motivated by these considerations, we
have developed an efficient method for applying orbital-free methods to non-periodic
systems.

We also overcome an algorithmic problem with the calculation of ionic forces in
grid-based electronic structure methods in general. We develop and test an efficient
method for computing ionic forces that scales quasi-linearly (O(Nlog N)) with the
system size.

We develop and examine a multiscale method for the simulation of simple metallic
systems. Part of the system is treated quantum-mechanically, and part classically,
with consideration made to the coupling of the two. We apply this method to several

physical systems.
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Chapter 1

Introduction and background

1.1 A look toward the future of electronic struc-
ture calculation

As of the writing of this thesis, the behavior and properties of a great many mate-
rials and molecules are known. It stands as a testament to the success of theoretical
physics that a great many of these properties can be found by purely theoretical
methods. One of the more important players in the arena of quantitative theoretical
methods is the density functional theory (DFT) of (primarily) Hohenberg, Kohn, and
Sham[5, 6], which has been successful for treating many condensed matter systems.

Since the formal inception of DFT in the 1960’s, it has evolved into a general-
purpose tool that many researchers can easily use to study many condensed matter or
molecular systems. Its historical growth is closely tied with that of the computer, and

the success of DFT is due in no small part to the many numerical techniques and im-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1: Introduction and background 2

plementational details that have been developed along the way. These methods have
evolved somewhat of a “standard model” of DFT. In the condensed matter-materials
science world, the standard model of DFT involves iterative minimization of the
Kohn-Sham energy in a plane-wave basis with ions represented by norm-conserving
pseudopotentials. In the chemistry community, this framework is modified slightly,
and there the basis set of choice consists of Gaussian orbitals. The degree of maturity
of these methods is exemplified by the widespread use of a number of robust and
powerful software packages for DFT calculations, including VASP[7], CASTEP|g],
and GAUSSIANI9].

However as good as established DFT methods are at reproducing results from
the past, they will probably not be up to the demands of future (and many current)
simulation needs. The reason for this is tied up in the computational cost of the
Kohn-Sham method. The number of floating-point operations required to compute
the energy of a physical system scales with the cube of the system size, assuming
that the system is of roughly constant density. And although the speed of computers
has been growing faster than any power of time (i.e. exponentially), this will not
continue forever, and the situation is still such that presently “standard model” DFT
calculations cannot exceed around one thousand atoms.

Many important physical problems that would benefit from a density functional
treatment, however, exceed this size. For instance the behavior of important bio-
logical molecules, the microscopic machines underlying all life, is expected to be a
consequence of the quantum mechanical laws governing their constituent electrons

and nuclei, but many of these molecules consist of many thousands of atoms. In the
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Chapter 1: Introduction and background 3

realm of materials science, the elements of dislocation theory have long been known,
and it is well established that dislocations and their interactions play a primary role
in determining the toughness of materials. But in order to theoretically determine
these interactions, a quantum mechanical treatment of the systems is necessary; and
unfortunately the smallest system of atoms in which some of these interactions can be
represented also consist of many thousands of atoms. And obviously there are many
other instances where the exploration of some phenomenon requires the examination
of a system of large size, or at the least, examination of a large-sized system is the
only apparent route of elucidating the phenomenon. Thus a means of extending DFT
simulations to larger systems would be extremely useful, and the study of methods
that achieve this has become a field unto itself.

In the past decade or so there has been much activity in this field. One might
distinguish several broad categories of these approaches (see Fig. 1.1). One line of
attack involves making clever approximations to the standard Kohn-Sham method
that allows for a more efficient solution algorithm. Another category of approaches
consists of the “multiscale” methods, applicable to certain systems in which the de-
tailed physics occurs only in a small subset of the entire system. Ideas from both of
these categories are involved in the present work, and in fact end up intertwining in

an interesting manner.

1.1.1 Approximations resulting in efficient algorithms

The methods belonging to the first of these two categories themselves fall into sev-

eral sub-categories. The different sub-categories are distinguished by main ideas be-
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Efficient Large-Scale
Electronic Structure Methods

Clever Approximations [Multiscale Methods |

Locality of Physics lSerial Muitiscale ] ! Concurrent Multiscale

Methods

Orbital~Free DFT
Localized Basis-Set
Methods Divide and Conquer

Figure 1.1: A hierarchical view of efficient methods for large-scale electronic structure
calculations.

hind them. One idea that has resulted in the development of many similar methods|[10,
11, 12, 13, 14, 15] in different guises is that of electronic “locality of physics”[14]- the
property possessed by some systems in which the properties of electrons at one point
in space are uncorrelated with properties of electrons at another point when the two
points are sufficiently far away. Unlike the phenomenon of Anderson localization,
the present form of localization occurs even in perfectly-ordered systems. Efficient
methods have been developed to take advantage of this localization property. They
work typically by dividing the system into overlapping regions of a size comparable
to that of the localization length, and solving the electronic problem in each region
somewhat independently, i.e. a “divide and conquer” approach. These approaches,
while they are much more efficient than the Kohn-Sham method in the limit of very
large system size, have a “crossover” size below which they are no faster than the
Kohn-Sham method, and often this crossover size itself is at the limit of the current
computational capability.

Another approach, one that has received less attention, is quite different. While

the Kohn-Sham method results from mapping the interacting electron problem onto
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Chapter 1: Introduction and background 5

a density problem, and then further onto a non-interacting electron problem, another
approach is to consider the intermediate density problem itself. While Kohn him-
self developed the Kohn-Sham method to overcome the inadequacies of the methods
available at the time for treating the pure density problem, there has been significant
progress since then in pure density functional methods. And many of these meth-
ods are more efficient than the Kohn-Sham method; in fact they are potentially much
more efﬁcient, and without a crossover size. It is this class of methods, the orbital-free

density functional methods, that is studied presently.

1.1.2 Multiscale methods

The second general category, that of the multiscale approaches, attacks the prob-
lem of large systems from a different philosophical standpoint. In contrast to the
types of methods discussed in the previous section, the multiscale approaches do not
necessarily involve any new algorithms per se, but seek to apply existing methods in
a less wasteful manner.

Two distinct types of schemes are currently being termed “multiscale”. The first
type, which will be referred to here as serial multiscale methods, are methods that
derive properties of a system from an accurate, small-scale calculation, and pass these
properties to a larger-scale scale theory for which these parameters are givens. For
instance, one might compute the elastic moduli of a material from DFT calculation
of a single crystal unit cell, and then use these moduli in a continuum simulation of a
macroscopic piece of that material. The problem with the serial multiscale category

is that if taken too literally, it encompasses almost all of physics; almost every theory
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Chapter 1: Introduction and background 6

takes as given some result from a lower-level theory.

A distinet category of techniques are the parallel or concurrent multiscale methods.
In a concurrent multiscale method, two (or more) different types of simulation are
combined to treat a single system. The concurrent multiscale approach is applicable
to systems in which the detailed physics is confined to a small region of the whole
system, but nonetheless depends on the less-detailed physics outside of the small
region. The approach then is to apply an accurate (but undoubtedly computationally
expensive) method to the detailed region of the system, and treat the rest of the
system with a computationally cheaper (but undoubtedly less accurate) method. An
example system (which has become a classic of the field) where a concurrent multiscale
approach makes sense is a material containing a crack. While the crack propagation
itself is a detailed atomistic phenomenon, the stimulus of the propagation can be
macroscopic. Applied strains on the macroscopic scale are carried down to the tip of
the crack, where the stress becomes concentrated, causing the bonds to rupture and
the crack to travel.

The development of a new concurrent multiscale sirnulation need not involve the
development of a new type of simulation. The novelty that is needed is a means of
seamlessly coupling different simulation types. This is a challenging problem gener-
ally, made even more challenging by the fact that the problem is somewhat nebulous-

there is no consensus as to what constitutes a “seamless” coupling.
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1.2 An overview of the present work

The developments of the present thesis are in both the area of approximate DEFT
and multiscale simulation; in fact, the two are brought together in the multiscale
method presently constructed. A theme that pervades all topics presented here
is orbital-free density-functional theory (OF-DFT). It is useful both as an efficient
density-functional method, and, it will be shown, as a means of coupling quantum
mechanics to classical mechanics. The theory of OF-DFT and a description of a
method for performing simulations with OF-DFT is presented in chapter 2.

A feature of OF-DFT methods is that, because there are no orbitals involved,
non-local pseudopotentials do not apply. A study of local pseudopotentials was un-
dertaken, and is presented in chapter 3. A set of methods were developed for the de-
velopment of local pseudopotentials that attempt to capture the essential notions that
have made modern norm-conserving pseudopotentials so useful. These methods were
used to investigate the realm of local pseudopotentials, and interesting conclusions
are drawn regarding the common notions behind norm-conserving pseudopotentials.

With an eye towards multiscale application, a method was developed for perform-
ing OF-DFT calculations fully in real space. This is rather non-trivial, as OF-DFT
methods are typically derived in reciprocal space and the direct translations of them
into real space can be very inefficient. Our method allows for the simulation of clus-
ters and other finite systems with a wide variety of orbital-free functionals. This
method is described in chapter 4.

Efficient electronic structure methods often focus on the calculation of the to-

tal energy of the system, and sometimes the calculation of the forces within these
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formalisms is not efficient. We have developed a method explicitly for the efficient
computation of forces. This method is applicable to any electronic structure method
that utilizes a uniform grid in space. The method is presented in chapter 5.

We have developed a class of multiscale methods for coupling quantum and clas-
sical simulation for simple metallic systems. The coupling has a density-functional
foundation. It inherently requires a mapping from a charge density to an energy,
which the Kohn-Sham method cannot provide, but which the orbital-free DF'T meth-
ods can. Thus OF-DFT is a necessary ingredient in the present multiscale method.
The formalism and analysis of the coupling methods are presented in chapter 6. The
coupling methods are applied to several physical systems in chapter 7. Finally in

chapter 8 we summarize, speculate, and conclude.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

Orbital-free density functional

theory

A recurring theme of this thesis is orbital-free density functional theory (OF-
DFT). It is our aim to give a general description of OF-DFT in this chapter. But
before we do this, we first describé the many-body quantum problem we are ulti-
mately trying to solve. We then briefly describe the density functional approach to
solving it. This allows us to present the orbital-free density functional theory, a par-
ticular manifestation of DFT which, in contrast to more traditional DFT methods,
does not involve any fictitious single-particle wavefunctions. We emphasize the differ-
ence between OF-DFT and the standard Kohn-Sham approach. Finally, we provide
some details of the actual implementation of OF-DFT for practical calculations of

condensed matter systems.
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Chapter 2: Orbital-free density functional theory 10

2.1 The Schrodinger equation

For much of chemistry and condensed matter physics, a complete description of a
system is provided by its energy and electronic wavefunctions in its ground and excited
states. Very often knowledge of the ground state suffices. The ground-state energy of
a system of electrons and nuclei is found by solving the Schrodinger equation, written

here in variational form:

E = m\Ii[n(\I/\FI!\I/)

- 1
i = 2 ZVR Ztrz—-r| Z[R R

’L<_7 71

I

7.
Z T —]R’J |
i

(2.1)

where the minimization is over all normalized ¥({r;}, {R,}) that are antisymmetric
in the variables {r;} describing electron coordinates. The {R;} describe the nuclear
coordinates, and m;, is the proton mass. Also note that in Eq. (2.1) and throughout,
atomic units, in which A = e = m, = 1, are employed.

Eq. (2.1) is one of the most important equations in all of science, as its solutions
describe all of chemistry, as famously noted by Dirac. Indeed, almost all characteris-
tics of matter at “reasonable” temperatures and pressures, including all of the exotic
low-temperature properties such as superconductivity, the quantum Hall effects, etc.,
can be shown to be consequences of Eq. (2.1). Just as the few rules of chess result in
a game of great complexity and depth, the simplicity of Eq. (2.1) belies the incredibly
diverse world of its solutions.

Given its relevance, Eq. (2.1) has been the subject of constant study since it

was written down. Many methods have been developed for its approximate solution,
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Chapter 2: Orbital-free density functional theory 11

and many of these are relevant only to some particular physical situation. Progress
has typically been made by making an approximation to Eq. (2.1) or its solutions
that enable some sort of analytical attack. We now describe one such important

approximation, the Born-Oppenheimer approximation, which, in a sense, cuts the

problem in half.

2.1.1 The Born-Oppenheimer approximation

A key observation regarding Eq. (2.1) is that m, >> 1. It can be shown[16] that

this allows for a very accurate solution with a separable wavefunction:

U({r:}, {Ry}) — We ({r:}) Un ({Ry}) (2.2)

The ground-state electronic wavefunction ¥, can be shown to minimize, to a very
good approximation:
<

‘I‘e>,
= —Zj
‘/evi(ri) - i {ri - le-/

Vealt) = Y (2.3)

r; — 1]

E.R;] = min <€[fe

1
) Z Vi + Veoi(rs) + Ve—e(rs)

where now the minimization is over normalized electronic wavefunctions We({r;})
that are antisymmetric in the {r;}. This is the essence of the Born-Oppenheimer
approximation. We may treat the nuclear coordinates simply as parameters of the
potential, and the electrons, to a high degree of accuracy, live in the ground state of
the potential V,_; of the nuclei at given positions {R;}.

The Born-Oppenheimer approximation retains the important physics of most con-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2: Orbital-free density functional theory 12

densed matter systems. Although the Born-Oppenheimer approximation greatly sim-

plifies the problem, Eq. (2.3) is still incredibly complicated.

2.1.2 The Hartree energy

The complexity of the solutions of Eq. (2.3) are due in large part to the electron-
electron interaction V,_.. The electron-electron energy of a many-body electron wave-

function ¥ can be approximately calculated by evaluating the Hartree energy Ey:

(U|Veeo W) = Eulpy(r)];
pu(r) = /t\I!(r,rg,...,rn)|2dr2---drn,
Fylp(r)] = %/%‘%drdr' (2.4)

Note that the Hartree energy is a density functional, mapping a charge density to a
real number. It is simply the classical electrostatic energy of the charge density. The

Hartree energy is often represented in terms of the Hartree potential Vg(r):

1

Balple) = 3 / () Vir(r)dr (2.5)

where

Via(r) = slf; _ / l rp(_rf;‘ ar’ (2.6)

The Hartree energy functional can lead to a method in and of itself, the Hartree
theory, but we will not discuss it here. The Hartree energy serves as a good example
of a density functional, and it plays an important role in both the Kohn-Sham method

and orbital-free DFT methods.
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2.2 Density functional theory

Density functional theory (DFT) is a family of methods for approximately solving
Eq. (2.3) that have been very successful in yielding, to a good approximation, the
chemical and physical properties of a great many materials and molecules. These
methods ultimately resulted in the awarding of the 1998 Nobel Prize in chemistry to

Walter Kohn, one of the founding fathers of DFT.

2.2.1 Thomas-Fermi theory

The first glimmers of density functional theory came as early as 1927, merely one
year after the Schrodinger equation was written down. Thomas[17] and Fermi[1§]
developed a statistical theory of atoms based on the approximation that the electrons
distribute themselves uniformly in phase space. From the modern density functional
theory point of view, the Thomas-Fermi theory is based on using a local density
functional to treat the kinetic energy of a system. The Thomas-Fermi functional can
be derived as follows. Assume that /N non-interacting Fermions are placed in a cubic
box of edge length L. If periodic boundary conditions are imposed, the electrons
assume plane-wave states, with wave-vectors determined by the boundary conditions:

Ur(r) = L%,

2
k = —g(nl,nz,ng), where n; € Z (2.7)

The kinetic energy of ¥(r) is given by k?/2. Thus the kinetic energy of the N

lowest-energy particles (keeping in mind spin degeneracy) is thus:

L\ L3kD
Try = 2— | — | dk==—"L 2.
o /iki<kF 2 (27‘_> ’ 1072 28)
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where kp, the Fermi wave-vector, is determined by requiring that the number of

particle states of smaller wave-vector (keeping in mind spin degeneracy) is given by

3 31.3
N:/ o (L) gk = Lkr (2.9)
[k}<kF 27'[' 37T2

We can thus express the kinetic energy in terms of the density:

N:

Trr = VCTFP5/3>

3
Crr = —1—6(37r2)2/3,
p = N/L? (2.10)

The Thomas-Fermi functional is an approximation for the kinetic energy of an ar-
bitrary, spatially inhomogeneous charge density p(r), in which the kinetic energy of

every infinitesimal volume of space is assumed to be that of a uniform charge density:

Teelp(r)] = Cre / /3 (x)dr (2.11)

The Thomas-Fermi functional obviously gives exactly the kinetic energy of a uniform
charge density p(r) = pg. However, without the formalism of density functional
theory, it is not even clear what the Thomas-Fermi functional yields for an arbitrary
p(r), as there are many different sets of orthonormal wavefunctions that yield a density
p(r), yet have different kinetic energies. This issue is completely cleared up by the

theory of Hohenberg and Kohn.

2.2.2 The Hohenberg-Kohn theorem

The quantum-mechanical properties of a system can be examined by using basic

degrees of freedom other than the wavefunction. Theories have been built around
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Chapter 2: Orbital-free density functional theory 15

Green functions and reduced density matrices. Hohenberg and Kohn[5] made rigorous
the use of the density as the basic variable. Since their original work, the arguments
have been simplified by Levy[19] and Lieb[20] via the constrained-search formalism,
which we reproduce here.

First we note that we can re-express the ground-state electronic energy, Eq. (2.3),

as:

BIR) = win | (0 [T4 v w0+ [ ooty
T = ~% ‘ % (2.12)
We then define a density functional F'p}:
Flp] = mq%n <\I/ ‘T +Vee \I/> s.t. py =p (2.13)

i.e. we perform a constrained search over all normalized, antisymmetric wavefunc-
tions that yield a density p, and pick the one with the smallest combined kinetic
and electron-electron energy. We also note that the definition of F[p| establishes a

mapping from any density to a particular wavefunction:
p— Y, (2.14)

the density of which is p, and which minimizes the kinetic plus electron-electron

energy. Thus we can express F[p] as:
Flp) = (W, T(Wp) + (¥ Verol ¥) (2.15)
With this functional in hand, the ground-state electronic energy of the system is:

EJR;] = min [F{p]qL / p(r>n~i(r)dr} st. / pr)dr=N  (2.16)

P
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Chapter 2: Orbital-free density functional theory 16

Thus the density p can serve as the basic variable of quantum mechanics. Unfor-
tunately, the full complexity of the many-body problem is wrapped up in F[p], and
without further information about this functional, we are no closer to being able to

calculate properties of quantum-mechanical systems.

2.2.3 The Kohn-Sham method

We can gain insight into the nature of Fp] in several ways. First, as noted pre-
viously, the Hartree energy Fglp| provides an approximation to (¥,|Ve_e|V,). Fur-
thermore, we note that while the particular details of F'[p] depend on the form of the
electron-electron interaction, our ability to define F[p| did not. Thus for any form of
particle-particle interaction we can construct a corresponding density functional F[p].
In particular, if there is zero particle-particle interaction, we can define a functional

known as the non-interacting kinetic energy functional:

T.p = m‘llin(\lf@}ﬁ/) s.t. pp=p (2.17)

We digress a moment to reveal some properties of 7;. Because of the lack of any
particle-particle interaction, Eq. (2.17) is in general minimized with a single Slater
determinant ®, = SI[{¢;}] of orthonormal single-particle orbitals {¢;}. Thus we can
re-express T, in terms of single-particle orbitals:
mmz ¢i|l — V7| ¢s)
s.t. (¢5]é;) = 8;; and Z;@- r)|? = p(r) (2.18)

The non-interacting kinetic energy is useful because the interacting kinetic energy

(W,|T|W,) should be reasonably approximated by Ti[p]. This observation led Kohn
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and Sham to the following expression for the electronic energy of a system:

B. = min |+ Bald + Buclo] + /p<r>ve_i<r>dr} (2.19)

s.t. /p(r)dr = N,
Ex. = Flp] —Tilpl — Eulp] (2.20)

The exchange-correlation functional E,.[p] is thus defined as the small part of F[p]
not accounted for by the non-interacting kinetic energy and the Hartree energy. Now
we use our single-particle orbital description of Ty, Eq. (2.18), within Eq. (2.19). We
also express p(r) in terms of single-particle orbitals in the last term of Eq. (2.19); the

result is:

B, = min | 306 = 1971 + Bulo] + Belpl + 3 / 1¢¢<r>|2ve_i<r>dr} (2.21)

T

such that <¢Z\¢]> = 5,‘]' (222)

and p(r) = Z [ (r)* (2.23)

If we impose the orthonormality constraints, Eq. (2.22), with a set of Lagrange
multipliers €;;, and we take the variation of Eq. (2.21) with respect to the ¢;, the

result is:

(192 4 Vo t] + Vielps 1] + Vi (1)) i(x) = > eijs(x)

stop(r) = Y |g(n)f (2.24)

OF )
where Vg[p;r] = 5,0(1}”1) :/frpiri"ldr (2.25)
5Exc

and Vie[p; 1] 5or)

il

(2.26)
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We can perform a unitary transformation of the ¢; in order to diagonalize €;;:

¢ = Z Ui ;,
J

Z UgieUyy = dy5€; (2.27)
P
In terms of the ¢;, BEqs. (2.24) reduce to:

[=5V7 + Valp; ] + Vielpi ] + Veri(r) = &] du(r) = 0 (2.28)

st. p(r) = Z!éi(r)l?‘ (2.29)

Eqgs. (2.28) are known as the Kohn-Sham equations, and the ¢; as the Kohn-Sham
orbitals. The Kohn-Sham equations provide a formally exact method for treating the
interacting electron problem. Again, the complexities of many-body phenomena are
now thrown onto the exchange-correlation functional, E,.[p]. But definite progress
has been made, because the uncertain part of the problem, E,., is a small quantity.
The Kohn-Sham method proceeds in practice as follows. An approximate form
is chosen for E,.[p]. An initial guess is made for the charge density, p(®. Then the
potentials Vi[p(®] and Vi [p®] are constructed. Then Eqs. (2.28) are solved for
the ¢;; these are simply a set of single-particle Schodinger equations for which there
are many robust numerical solution methods. From these ¢;, a new density p(!) is
constructed. Then the process repeats itself until self-consistency is achieved, i.e.
until p+Y and p® are not much different.
The Kohn-Sham method can be seen as a mapping from an interacting-electron

problem to a non-interacting electron problem with the same charge density. The

kinetic energy of the many-body wavefunction ¥, is similar to that of the non-
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interacting wavefunction ®,, the electron-electron energy of ¥, is close to En[p],

and the errors are formally corrected by E..

2.2.4 The exchange-correlation functional and the LDA

The simplest and most frequently used approximate form for the exchange-correlation
functional is the local density approximation, or LDA. The essence of the LDA is that
the contribution that p(r) within any infinitesimal volume dr makes to Ey.[p(r)] is
equal to the exchange-correlation energy of a uniform electron gas of density po = p(r)

and volume dr:

ELPA[p(r)] = / Felp(r))dr (2.30)

where fy.(p) is the exchange-correlation energy density of a uniform electron gas of

density p. Eq. (2.30) is typically expressed as:

EPA[p(r)] = / p(exc(p(r))dr (2.31)

Where €(p) is the exchange-correlation energy density per particle. We have already
encountered an LDA approximation to a functional: the Thomas-Fermi functional,
Eq. (2.11), which is the LDA approximation of the non-interacting kinetic energy
functional 7. The energy of a uniform interacting electron gas (i.e. Fl|pg]) has
been calculated to a fair degree of accuracy with quantum Monte Carlo techniques
in an important calculation by Ceperley and Alder[21]. By subtracting off the non-
interacting-kinetic and Hartree energies, the result, via Eq. (2.20), is the exchange-

correlation energy.
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The popularity of density functional theory is due largely to the surprising success
of the LDA for the exchange-correlation energy. This success is somewhat understood
via the adiabatic connection formalism of DFT [22, 23, 24]: the LDA exchange-
correlation functional is found to satisfy a particular sum rule that the true functional
satisfies. The smallness of the exchange-correlation energy also helps reduce the

impact of any errors that an approximate XC functional may have.

2.2.5 Pseudopotentials

An integral part of the “standard model” of electronic structure calculations is
the pseudopotential, which immensely reduces the amount of computation required
to simulate many systems. The pseudopotential concept stems from the notion of
core and valence electrons. When a single-particle method such as the Kohn-Sham
method is used to calculate the electronic structure of an atom, one typically finds
that some of the single-particle states are characterized by highly negative energies
and strong localization near the nucleus, while the remaining states extend further
from the nucleus and have energies much closer to zero. These are respectively the
core and valence states. The valence states are delocalized from the nucleus because
they must be orthogonal to the core states, and they do so by occupying a region of
space other than the core. This results in their energy being much higher.

When atoms are brought together to form molecules or solids, the valence electrons
overlap and mix to form extended states. But typically the core states of each atom
are affected only very slightly. The properties of the bonded system are almost

entirely determined by the valence states, and the core states serve merely to form an
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“orthogonality hole” around the nucleus that the valence electrons must avoid, and
to partially shield the (Coulombic) electrostatic potential of the nucleus.

This leads to the notion of the pseudopotential, a potential that is used to rep-
resent the combination of the nucleus and the core electrons. The tail form of the
pseudopotential should behave like the screened nuclear Coulombic tail, and thus

should have the form:

Ny — N,

Vosp(r) ~ — S asT — 00 (2.32)

7

where N, is the nuclear charge, and NV, is the number of core electrons. The core of the
pseudopotential should have the right amount of repulsion to mimic the orthogonality
hole of the core electrons. Beyond that, the exact form of the pseudopotential does
not matter that much. The bonding properties of a system are not much affected
by the exact shape of the valence states within the core region. This freedom in the
core region Is exploited to construct pseudopotentials that result in pseudo-valence
states that match the true valence states outside the core, but are optimally smooth
inside the core. This allows for an easier numerical representation of the pseudo-
valence orbitals; a basis-function expansion of the resulting pseudo-orbitals requires
fewer functions, and spatial grid resresentations can get away with coarser grids.
Thus pseudopotentials result in a large reduction in computational effort: not only
are the core electrons removed from the problem entirely, but the number of degrees
of freedom needed to represent the remaining valence states can be made optimally

small.
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2.2.6 Kinetic energy functionals and orbital-free DFT

The Kohn-Sham method, with all of its strengths, still leaves room for improve-
ment in terms of numerical efficiency, even when combined with the pseudopotential
concept. The problem lies with the solution of the Kohn-Sham equations, Eqgs. (2.28).

- They can be solved by exact diagonalization of the Hamiltonian matrix; the Hamil-
tonian matrix is an N x N matrix, where N is proportional to the number of valence
electrons in the system (and hence the number of atoms in the system). Exact diago-
nalization requires a computational effort proportional to N3. A better method is to
iteratively solve Eqgs. (2.28), which takes advantage of the sparseness of the Hamil-
tonian. But orthogonality of the Kohn-Sham orbitals must be maintained, which
requires computation of the overlap matrix S;; = (¢;]¢;). There are N? such matrix
elements, and the calculation of each one requires a computation proportional to N.
Thus for iterative solution methods the overall computation scales as N® as well.

A computational effort that scales as N mounts quickly with growing system size.
The best algorithmic scaling one could possibly have is a linear dependence on the
system size, as the amount of memory required to store a description of the system
scales as N, and the time to access all that memory scales as V.

One route to achieving a linear-scaling algorithm is through wavefunction local-
ization. If the wavefunctions are each confined to a fixed volume, the overlap matrix
becomes sparse, and the N® orthogonalization bottleneck can be overcome.

Another route to achieving algorithmic efficiency comes from approaching the
density functional problem from a different angle. The Kohn-Sham method results

from mapping the many-body problem, Eq. (2.3), to a density problem, Eq. (2.19),
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and further mapping this to a non-interacting Fermion problem, Eq. (2.28). But one
may choose to attack the density problem itself.

The idea of orbital-free density functional theory (OF-DFT) is to calculate the
energy by performing the minimization of Eq. (2.19) directly in terms of the density.
This requires one to have an explicit functional form for Ti[p] and FE..[p]. We can
agaiﬁ use the LDA XC functional, but this leaves the problem of approximating 7.

The issue of finding a good approximate Ty is one of the central problems of OF-
DFT. It is at once more and less difficult than the exchange-correlation functional
problem. On one hand, the kinetic energy is a much larger contribution to the total
energy than the exchange-correlation energy. On the other hand, T is inherently much
simpler to analyze than F,., since it does not involve electron-electron interaction and
all of the complexities associated with it. As such, a fair amount has been learned
about the structure and limiting forms of the exact functional 7.

A general strategy that has been employed for the construction of many approx-
imate (non-interacting) kinetic energy functionals is to construct an explicit density
functional that exhibits the correct behavior in one or more of the known limits of
the exact functional. The primary functionals used in the present thesis are those
of Wang et al.[25, 26], which exhibit properties of the exact functional that are rele-
vant to simple metallic systems. They are modern functionals (as of this thesis) that
represent a good balance between quality and computational efficiency.

Perhaps the most ‘important limit that any approximate kinetic energy functional
must exhibit is the LDA limit of 7§, namely Trr. That is, for uniform charge densities

p(r) = po, the approximate functional must equal Trr|pq].
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The functionals employed presently take several other limits of the exact functional
into account. Another limit that is easily accounted for is the case when p(r) consists
of a single orbital, i.e. one or two electrons. In this case we have p(r) = |¢(r)|?, and
the kinetic energy is given by the von Weizsdcker functional|27]:

Towlp] = — / ()T 2 (x)dr (2.33)

This functional also captures the kinetic energy properly in several other situations.
When the density has an oscillation of a wave-vector k& > 2kp, then this can only
result from an orbital of wave-vector k/2 being present; T,w properly captures its
kinetic energy. Also at surfaces, vacancies or anywhere there the density has an
expontential tail, the orbital with highest energy (and hence the slowest expontential
decay) dominates the density and the kinetic energy, and again the energy is properly
treated by T\w.

Another known limit, the linear-response regime, is important, especially for
metallic systems. The linear response of T is its second functional derivative with

respect to the density, evaluated at a uniform charge density pq:

82T,
dp(r')8p(r)

We can derive the exact linear response as follows. First we note that the density-

(2.34)

P0

functional form of the non-interacting Fermion problem is given by:

min | Tdl + [ o0V ()] (235)

or equivalently:

= V(1) (2.36)
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thus we have:

_ L V()
5p(r')op(r) — dp(r)) (2.37)

Thus if we need to relate the change in the potential at a point r when the density is
changed at point r'. We can find this relation via perturbation theory. If we perturb
our box of plane waves used in deriving Trp (see Eqgs. (2.7)-(2.10)) with a potential

of the form:

V(r) = dVger (2.38)
a
perturbation theory yields the following perturbed wavefunctions:

~3/2 ikr - Vie—k ity
the= LT3R 2L e (2.39)
k/#k

By summing up the densities of each of the occupied perturbed wavefunctions, we

find:

p(r) = po+dp(r),

X 8 Wik iad—i)r
op(r) = 73 Z Z L2 — ]{;/2€< )
k] <kp k' 7k

= Z XLina (k) 6Vice™, (2.40)
K

where XrLina(z) is the Lindhard response function[28], given by:

xiina(K) 1 / dk
Lind = —= S
T Jij<re @@ T2k g
kr k
= ——Flind |5 | >
2 Fiint | 5|
1 1—-22 |1+z
Fiin = - 1 2.41
bina () 2 * o 1-z (2.41)
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Thus we can relate the change in potential to the change in density:

1

Ve = ———6 2.42
& R (2:42)
Then from Eq. (2.37) we have:
. 52T, } 1
Flem—/m,—| = > 2.43
] 249

where F[f(r,t')] = [ f(r,r")e*)d(r — v') is the Fourier transform. Eq. (2.43) is
the exact linear response of the homogeneous, non-interacting Fermi gas about any

uniform density. The value of the uniform density determines kp.

2.2.7 Forces within OF-DFT

The Hellmann-Feynman theorem is used in quantum mechanics to find the atomic
forces within the Born-Oppenheimer approximation. However, the derivation of the
Hellmann-Feynman theorem involves wavefunctions, and it is worthwhile to demon-
strate how forces can be calculated within the purely density-based framework of
DFT.

The total energy of a combined electronic-ionic system (within the Born-Oppenheimer
approximation) is given by the sum of the electronic energy and the ion-ion or Ewald

energy:
Ea[{R;}] = mﬁ}nEelec[p;{RjH+Ei——i[{Rj}]>

Bl = min {Fw + [ Vit (R
EL[{R;}] = Z|R R| (2.44)

i<y
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where the electronic energy E’ depends on the ionic coordinates because V,_;(r) is
a superposition of potentials centered at the nuclear coordinates, and the Z; are the
nuclear charges (or valence charges, in the case of a pseudopotential calculation). The

force on the ith atom is given by:

F, = —gé (2.45)
_ ..glli _ / ;;JZ ) apgﬁfr)dl{— aa%j (2.46)
= _gﬁi — 8;1’1; (2.47)
S / pmin(r)a‘isafr) dr — 88%“; (2.48)

where the second term in Eq. (2.46) vanishes because E’ is to be minimized with
respect to p, and hence §E'/0p(r) = 0.
This issue of how to compute the atomic forces efficiently remains, and is the

subject of chapter 5.

2.3 The implementation of OF-DFT

Given approximate functionals for 7, and E,., an OF-DFT calculation proceeds by
carrying out the minimization of Eq. (2.19). Many details lie between the conceptual

level of Eq. (2.19) and an actual calculation.

2.3.1 Representation of the density

A major issue is the representation of the basic variable p. Practitioners of the

Kohn-Sham method have used a large variety of representations of their basic variable,
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the Kohn-Sham orbitals, including plane waves, Gaussian basis sets, and real-space
grids. We have developed a number of different codes based on different representa-
tions of the density, but in our most efficient code a dual real-reciprocal representation
is used to simulate periodic systems. The density is represented on a uniform grid

within a periodic parallelepiped unit cell with basis vectors a;, as, and as:

l ! Is
p(r) = Plilgly = P (ﬁ;al + 'J’Vi“aQ + ”N;a?)) (249)

Local functionals such as the exchange-correlation energy within the LDA (Eq. 2.31)

are computed with a real space sum:

Q
EAp(x)] — N > Prutatsxe (Pritats) (2.50)
I1l2l3

where ) = |a; - (ag X ag)| is the unit cell volume, and N = Ny N, N3.

But some of the needed quantities are more efficiently calculated in recipro-
cal space. Because the grid is uniform, the reciprocal space representation of any
spatially-dependent quantity can be obtained efficiently by using the fast Fourier
transform (FFT). If we define the reciprocal lattice vectors b; such that a;-b; = 274,
then the Fourier transform of quantities defined on the unit cell is approximated by:

Sramams = F(maby + maby + msbs) (2.51)
- '(15 (r)ei(mibr¥mebatmabs)r gy (2.52)

cell
=~ Flfus] (2.53)

where F is the discrete Fourier transform:

N1—1 Np—1 N3—1

f[fhlzlz] = 171\72 Z Z fl1lzl3

I1=0 lp=0 I3=0

s limy lamy lamg
L2mi(AE + 2+ 502)

(2.54)
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Its inverse, F 1, is given by:

Ni1i—1 Ng—1 N3z—1

‘7:-‘1[-]E‘mlm2m3] = z Z Z fmlmZml’,

m1=:0mo=0mz=0

27.(2(l1m1 + lsz + lsmz)

(2.55)

F and F~! can be computed in O(N log N) time with the fast Fourier transform.
Thus convolutions, which become products in reciprocal space, can be efficiently

computed:

(f +g)(r)

/f g(r —r')dr’ (2.56)
= F'fgl=F " [FUIF] (2.57)

By this means the Hartree potential is efficiently computed by using the FFT:

-~ ﬁm mam
y . s 2.58
( H)l1l2l3 [47r]m1b1 + maoby + m3b3i2 ( )

The FFT is also used to efficiently evaluate convolution terms in the approximate
kinetic energy functionals.

The true non-interacting kinetic energy functional Ty[p] is not defined for negative
p. However, most approximate forms of T} can be analytically continued to negative
p, and thus when carrying out the minimization of Eq. (2.19) over the domain of all
real functions p(r) using such an approximate functional, the possibility exists that
the minimizing p(r) could be negative in some regions of space. To eliminate this

non-physical possibility, we instead work with the real quantity ¢(r), and define:
p(r) = ¢*(x). (2.59)

By minimizing with respect to real ¢, the minimization domain is restricted to only

positive densities.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2: Orbital-free density functional theory 30

2.3.2 Minimization of the energy

We minimize E{p(¢(r))] with respect to ¢(r) using a specialized form of the con-

jugate gradients algorithm. At each relaxation step, the gradient vector is calculated:

OF

G(r) = 560 (2.60)
then G is projected onto the surface of constant particle number:
: (¢lG)
G'(r)=G(r) — —— 2.61
(r) =Glx) o) (r) (2.61)

In this manner, the number of particles in ¢ + €G’ is the same as the number of
particles in ¢ for small e. If gradient preconditioning is to be performed, the follow-
ing reciprocal-space preconditioner is used (this preconditioner is based on removing

the high-frequency components of the gradient that come from the von Weizsacker

energy):
7 . 1 '
G'(a) = 5 Cla) (2:62)
Then we orthogonalize again:
G(g) — G// . <¢’G”> 63
(r) (r) 09) ¢(r) (2.63)

Then we compute the conjugate gradient direction:

(G(?») |G(3)> @
mGold(r> (2.64)

G(4)(r) - G(s)(r) —
Eq. (2.64) is the essence of the conjugate gradient method. The simpler and less-

effective steepest descent method would result if we set G (r) = G®(r). Then we

orthogonalize one more time:

(4)
d%azd%w-%ﬁwbm (2.65)
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Then we do line minimizations along the G® direction. We parameterize the new ¢
" (1) = cos(B)¢(r) + sin(6)GP(r) (2.66)

which by construction maintains the correct particle number. Then we minimize the
energy with respect to 6, and the procedure repeats until sufficient minimization is
achieved.

We can perform molecular dynamics with the Verlet method:

R(t + At) = 2R(t) — R(t — At) + -1-?—75;5)—(&)2 (2.67)

and we have found the limited-memory BFGS algorithm[29] to be efficient and useful

for minimizing the energy with respect to the nuclear coordinates.
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Chapter 3

Local pseudopotentials

The use of pseudopotentials, as described in 2.2.5, make electronic structure cal-
culations much more efficient and allow much larger systems to be studied. In this
chapter we review the theory behind the construction of pseudopotentials and the rea-
sons behind their success. We then discuss why the pseudopotentials that result from
most construction methods are unsuitable for use within OF-DFT. Then we present

our method for generating pseudopotentials that are compatible with OF-DFT.

3.1 Norm-conserving pseudopotentials

The purpose of the pseudopotential is to incorporate the effects of the core elec-
trons with an effective atomic potential, entirely eliminating the need to include the
core wavefunctions in a calculation. Thus central to the theory of pseudopotentials
is the study of the effects of the core.

As mentioned before, for most atoms there is a clear distinction between core and
32
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valence electrons. The core elegtrons are localized near the nucleus and, being deep in
the nucleus’ Coulomb potential, are very tightly bound. When additional electrons
are added to the atom, they can choose to also live deep in the Coulombic hole
and maintain orthogonality with the core states by having either radial or angular
oscillations (i.e. having a different radial or angular quantum number) at the expense
of kinetic energy, or they can choose to live further away from the nucleus, avoiding
the need to have high-energy wiggles but at the expense of not enjoying the deep
Coulombic well; the electrons of course do whatever results in the lowest energy. The
valence states are those electrons that live away from the nucleus.

When two atoms are brought together, the nuclear separation at which the energy
is lowest is several Angstroms. At this separation, and all larger separations, the core
states are typically unaltered and do not overlap. This implies that the binding energy
curve between the atoms is determined by the form of the valence wavefunctions in
the interstitial regions outside of the core. The situation is similar when many atoms
are brought together to form molecules or solids.

The combination of the core electrons and the nuclear potential can be replaced
by a potential, or more generally a Hermitian operator, that “acts like the core,” in
that electrons scatter off the potential in the same way that they would scatter off
the core.

An important result in the theory of wave scattering is that the nature of a
spherical scatterer is contained in the scattering phase shifts between an incoming
spherical wave and the resulting outgoing spherical wave. These phase shifts are

found by determining the right linear combination of spherical waves outside the
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scatterer that continuously and smoothly join to a solution within the scatterer; the
phase shifts are thus determined by the logarithmic derivatives of the solutions at the
boundary of the scatterer. There is a phase shift §;(F) associated with each angular
momentum [ value, and for the continuous spectrum of incoming energies E.

This line of thought suggests that in order to behave like the core, a pseudopoten-
tial should mimic its scattering phase shifts, or, equivalently, the logarithmic deriva-
tives of its solutions to the radial Schrodinger equation. There exists an important

identity relating these logarithmic derivatives at a radius R to the charge within R:

dz[E] 2 B o \2dr
dE - (7"¢E)2/0 ( ¢)E) d )
where z[F] = ad;ln or(r) . (3.1)

where ¢p(r) is a solution of the radial Schrédinger equation at an energy E (not
necessarily an eigenvalue). Eq. (3.1) indicates a direct relationship between the
logarithmic derivatives at R and the amount of charge contained within R. Eq. (3.1)
provides an indirect means of controlling the variation of the logarithmic derivative
at R with respect to the energy: instead one may vary the amount of charge within
a sphere of radius R. The identity of Eq. (3.1) has been extended to include higher
derivatives of In ¢g(R) with respect to E[30].

Another fact important to the theory of pseudopotentials is that a pseudopotential
need not be a local potential, but in general may be any kind of operator. The form

taken by most pseudopotentials used today is:

o(r—r")

{e[VPP|r') ZYM Wi (r) Yim () (3.2)

This form of pseudopotential acts separately on the components of a wavefunction
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with different total orbital angular momentum. This endows the pseudopotential
with more degrees of freedom, allowing it so satisfy more desired properties.

Most pseudopotentials employed in electronic structure calculations are of the
basic style of the norm-conserving pseudopotentials (NCPPs) developed by Hamann,

Schliiter, and Chiang. The NCPP construction scheme proceeds as follows:

o An all-electron (AE) Kohn-Sham calculation is performed on a single atom,
resulting in radial wavefunctions u(r) = r¢(r) that satisfy the radial version of

the Kohn-Sham equations:

1 d? . I(l+1
—5qE PV + (QTQ D] utpr =0,
A
VR (r) =Vl r] 4 Vil r] = — (3.3)

where Vy and V,. are the Hartree and exchange-correlation potentials defined

in Eqgs. (2.25) and (2.26) respectively, and Z is the charge of the nucleus.

e A pseudo-wavefunction ul™ (r) is constructed for each different I quantum num-

ber represented among the valence states. The pseudo-wavefunction is con-

structed such that it is equal to the corresponding valence all-electron function

AE

~2(r) for r > R,, where R, is the core radius, a radius chosen that defines

U
the extent of the core, typically around one or two Angstroms. Within R, the

pseudo-wavefunctions are chosen to have an arbitrary smooth form, but with a

total charge within R, equal to that of ufF(r):

R, R
/O PP (1) [Py = / WP () dr (3.4)

This is the norm-conserving condition that gives these pseudopotentials their

name.
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e An effective pseudopotential leSp’eﬁ is constructed by inverting the Schrédinger

equation for each pseudo-wavefunction:

[1(d?/dr®) + €] ubE(r)

uﬁ:‘zE (r)

lesr”eﬁ(r) = (3.5)

psp,eff
4

e From each , we find the actual pseudopotential components V*** that,

when used in a Kohn-Sham calculation of the atom, yield the pseudo-wavefunctions
psp

w; " (r) at the proper energies €,

[+1
VPP(r) = VPP = g = Vil r) - (LD (36)

These pseudopotentials, placed in Expr. (3.2), define the NCPP operator.

We note some properties of the NCPPs. By construction, they reproduce the valence
eigenvalues of the all-electron atom. The wavefunctions have the same shape as
the all-electron wavefunctions outside the core. This implies that the logarithmic

derivatives at the eigen-energies are correct:
PP [e] = 77 [en] (3.7)

But because of the norm-conserving condition, Eq. (3.4), the logarithmic derivatives
of the solutions of the pseudopotential are correct at energies near the €, as well, via

the identity (3.1):

d d
- .Dsp — AE
o €] =7 €] (3.8)

€€ €=€n]
Thus a NCPP will scatter electrons in a way very similar to the combination of the

nucleus and the core.
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We note that a large degree of flexibility exists still in the construction of the
pseudopotential. The pseudo-wavefunctions can have any convenient form within
R, as long as they are norm-conserving. This flexibility has usually been exploited
to make calculations more efficient: by choosing the pseudo-wavefunctions to be as
smooth a possible, one can usually then get away with using as few basis functions

as possible in a calculation that uses these pseudopotentials.

3.2 Local pseudopotentials

Unfortunately the operator (3.2) cannot be used within an OF-DFT calculation.
It only makes sense within a framework that uses orbitals, as it involves orbital
projectors, and the whole framework of NCPPs is grounded in the theory of wave
scattering. In fact, because the NCPPs are in general operators that are non-local in
real space, i.e. {r|VP®{r’) £ 0 for r # 1/, they are not rigorously applicable within the
Hohenberg-Kohn density functional theory, as Eq. (2.16) would not hold if V,_; were
a non-local potential; one has to reformulate the theory with the basic variable being
the single-particle density matrix (r,r’). Most practitioners of DFT nonetheless use
NCPPs within the Hohenberg-Kohn-Sham framework, as one could take the point of
view that a Kohn-Sham calculation using non-local pseudopotentials and only valence
electrons is a “numerical trick” to approximating the important aspects of a (formally
problem-free) Kohn-Sham calculation using all of the electrons and local Coulombic
potentials to represent the nuclei.

If it happened that all of the V/"(r) were identical, then the pseudopotential
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would be a local operator:

vy = Vo) Y v @ S @) = v 1), (39)
Im

and the electron-ion energy would be expressible purely in terms of the density and

not the Kohn-Sham orbitals:

B = / p(£)VP*P(x)dr (3.10)

The goal of the work of this chapter is the construction of pseudopotentials that
maintain the important properties satisfied by NCPPs, but that exploit the remaining
freedom for pseudopotential construction in order to bring the different /-components
into coincidence; i.e. the construction of local pseudopotentials. First we discuss
some of the limitations that locality entails, and what has been done previously in

the realm of local pseudopotentials.

3.2.1 Fundamental limitations of local pseudopotentials

The eigenvalues of all radial local potentials satisfy the following;:

[>1 = eF > e (3.11)

n nl’

This result is easily demonstrated by noting that the radial Schrédinger equation

contains the orbital angular momentum term:

{1+ 1)
272

(3.12)

which increases with [, and thus going from I’ to [ > [’ is a perturbation process that
increases the energy. Non-local pseudopotentials, on the other hand, act separately

on each [ component and can be designed to have any spectrum whatsoever.
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Eq. (3.12) bears unfortunate relevance to the possibilities of local pseudopoten-
tials. If we consider a typical transition metal like Cobalt, which has an electronic
structure of [Ar]3d"4s?, we see that its outermost electrons are the 3d and 4s electrons;
both sets of electrons are important in determining the properties of Co, and hence
must both be included in any electronic structure calculation involving Co, whether
it uses pseudopotentials or not. But the 3d electrons have a higher [-number but a
lower energy than the 4s electrons. Clearly a local pseudopotential cannot recreate
this situation, unless, as proposed by Starkloff and Joannopolous[31], the entire | = 3
shell is included in the calculation as well. When this sort of thing is done, however,

the computational savings from using pseudopotentials begins to slip away.

3.2.2 Previous work

The majority of pseudopotentials used in electronic structure calculations are of
the basic norm-conserving form (although the “ultrasoft” pseudopotentials of Vander-
bilt, and the closely-related PAW method are becoming mainstream). This is mainly
due to their strong performance. Consequently the body of work dealing with local
pseudopotentials is rather limited.

Prior to the development of NCPPs, local pseudopotentials were more common. A
family of local pseudopotentials that are Coulombic for r > R, but equal to a constant
for r < R, were developed. These potentials incorporate the idea that the valence
electrons are repelled from the core by a particular amount, but do not invoke the full
power of scattering theory. The Starkloff-Joanncpoulos local pseudopotentials were

designed to allow for the treatment of some transition metals, but have computational
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disadvantages in that in reciprocal-space they decay slowly and hence require a large
basis set or a fine grid.

Since the development of NCPPs, Perdew, Fiolhais, and co-workers[32, 33, 1, 34]
have developed a form of local pseudopotential that they have dubbed the “evanescent
core” pseudopotential (ECP), which is intended for the treatment of simple metals.

They have the following mathematical form:

VEP(r) = —RZ—; {i— 11— (14 Bz)e ™ — Ae““’]} , (3.13)
z = /R, (3.14)

R, is a core radius, and Z is the valence of the element in question. The potential
is required to have vanishing first and third derivatives at r = 0, which determines
the parameters A and 3 in terms of «. This results in a rapid decay in reciprocal
space, vECP(q) ~ q~8 as ¢ — o0o. The remaining parameters, o and R,, are set by
requiring that (1) the pseudopotential yield the correct lattice constant for the T =0
phase of the element, and' (2) the pseudopotential should yield the correct “valence
interstitial electron number” Niy, which is defined as the number of valence electrons
in the interstitial region between the polyhedral surface of the Wigner-Seitz cell of a
monatomic crystal and the surface of the largest inscribed sphere.

Given that the ECPs are constructed to reproduce certain bulk properties, it is not
surprising that their general performance with bulk properties is good, including bulk
properties that are not guaranteed simply by construction. The ECPs constructed
for simple metals exhibit bulk moduli (and higher derivatives of the energy with
respect to crystal volume) with an accuracy very similar to that of NCPPs. Most

pseudopotentials are like ECPs in that they are constructed to behave well in one
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[:I = Poor
@ = Fair

. = Good

Figure 3.1: Qualitative summary of the transferability tests of the evanescent core
pseudopotentials made by Nogueira et al.[1].

type of atomic environment; NCPPs by construction reproduce free atom valence
properties well. The ability of a pseudopotential to properly mimic the true atomic
core outside of this environment is the pseudopotential’s transferability. Nogueira et
al. tested the transferability of the ECPs by performing cluster and excited-state
calculations for a number of simple metals and comparing to all-electron calculations.
They find a range of transferability from poor to good. Their findings are qualitatively
summarized in Fig. 3.1 The performance of the ECPs is encouraging in that they
perform well enough to be useful, which is surprising in light of their simplicity.
This gives hope that further improvement might be found with a more sophisticated
pseudopotential.

We also mention the work of Watson et al.[35], who developed local pseudopoten-
tials specifically for orbital-free DFT methods. With their method, a local pseudopo-
tential is derived for use in an OF-DFT calculation with one particular kinetic energy
functional, and in order to use a different functional, the pseudopotential must be

re-derived. This is not a serious drawback; similarly, NCPPs are derived with respect

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3: Local pseudopotentials 42

to a particular approximate exchange-correlation functional. In their approach, the
first step is to perform a Kohn-Sham DFT calculation of an elemental crystal, using
a reliable NCPP. This yields a charge density pgy " (r) that has the translational sym-
metry of the crystal lattice. Then the unique local crystal potential, V2™ (r) that
yields pga™(r) in an OF-DFT calculation is found:

5laxc
op

5Tsapprox
op

[P (O] + = [E™ ()] + 2[R ()] + Vg™ = 0 (3.15)

VS (r) also has the symmetry of the crystal lattice, and can be seen as the convo-

lution of an atomic potential with the structure factor S:
VEE™ (r) = (VEom % S)(r) (3.16)
and thus the atomic potential can be obtained by deconvolving in reciprocal space:

Ve (@) = Vo™ (a)/S(a) (3.17)

but in this manner V3™ is only defined at q vectors where the structure factor is
non-zero, i.e. at the reciprocal lattice vectors. At these points, V3™ is invariant
under the operations of the point group of the crystal lattice. Watson et al. obtain a
local pseudopotential VAP from V™ by averaging over all reciprocal lattice vectors
of equal length. This still defines V5i7(|q|) at a discrete set of |q|, and Watson et al.
essentially interpolate to define Vi (|q|) for all |g|. Later, in chapter 6 we use the
same spherical symmetrization procedure to obtain an atomic charge density from
a crystal charge density, and we show that this procedure is optimal in a particular
sense.

Watson et al. show how the above method results in local pseudopotentials that

show decent performance for bulk properties like bulk moduli and phonon dispersion
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curves. However they do not report on non-bulk properties, leaving the degree of
transferability of their potentials an open question. Their work is interesting in that
they generate pseudopotentials in a unique way from the bulk environment, and that
they use the density as the basic variable, which they connect to the potential via

density functional theory.

3.3 Present work

Although not nearly as general or as transferable as NCPPs, the evanescent core
potentials perform surprisingly well given their simplicity. We explore the possibilities
of local pseudopotentials by utilizing a more sophisticated form that has much more
flexibility and spans much more of “pseudopotential space.” The pseudopotentials of
Watson et al. introduce the use of the charge density as the basic variable determining
the pseudopotential; we utilize density-based potentials as a starting point in our
search for better local pseudopotentials.

We have developed a method for generating local pseudopotentials that proceeds
roughly as follows: an initial-guess local pseudopotential is found by performing a
charge density — potential inversion procedure similar to Watson et al., but with
important differences. Then this initial pseudopotential is slowly perturbed in order
to optimize its scattering properties. The present pseudopotentials are thus derived
with reference to the free atom, and they take full advantage of the freedom available
for the form of the pseudo-wavefunctions within the core.

More precisely, our method for generating pseudopotentials can be described in

four steps:
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1. A reference atomic or ionic configuration is chosen, and an all-electron cal-
culation is performed for this configuration, resulting in a self-consistent AE
potential VAE(r) and an AE walence charge density p*E(r). The charge den-
sity is “pseudized” to a smooth, nodeless form, with the same normalization

as p™E(r), inside some core radius r.. This pseudo-density will be denoted by

P (r).

2. The pseudo-density pP®(r) is inverted to yield the unique local potential V(r)
for which pP®(r) is the ground state density. Then the tail of V1(r) is altered

to yield a potential V(% (r) that serves as an initial guess for the next stage.

3. A parameterized local potential V(a;;7) is considered, where the parameters
a; determine the shape of the potential in the core region. For the values
a; = 0 the parameterized potential corresponds to the initial guess potential,
V(g = 0;7) = VO(r). Starting with an initial guess of ; = 0, the o; are
varied to match the scattering properties of V(cy;7) to those of VAE(r) at
several selected energies. The result of this optimization will be denoted by

VO (r) = V(X ).

K3

4. Steps 1-3 are carried out for a number of reference electronic configurations
i = 1,..., N of the atom, resulting in a set of optimized potentials V@-m (r). A
linear combination of these potentials that produces the best bulk properties is

taken, resulting in the final local pseudopotential,
N
Vir)y=>_ BV ). (3.18)
i=1

Next we describe and justify these steps in detail.
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3.3.1 AE calculation and pseudization

The details of AE calculations are well established and are available in the literature{36].
The pseudized charge density pP*P(r) is constructed by pseudizing the AE wavefunc-
tions in the manner described by Bachelet et al. in [4], and summing the charge

densities from each pseudo-wavefunction multiplied by their occupation.

3.3.2 Inversion of the pseudodensity

A potential must be found that yields pP**(r) as the ground state charge density.
The Hohenberg-Kohn theorem[5] guarantees that should such a (local) potential exist,
it is unique, up to an additive constant. The process of finding this unique potential
is non-trivial, and a number of methods have been developed to carry out this inver-
sion [37, 38, 39, 40, 41, 42, 43). We have found these methods difficult to converge
numerically, and we have developed our own method that behaves in a satisfactory
manner.

We find the potential that generates pP*(r) by exploiting a theorem due to Levy
and Perdew(44] that equates this potential with a Lagrange multiplier which con-
strains the density. As described in chapter 2, in the constrained-search formalism of
DFT the non-interacting kinetic energy functional is defined as:

)

such that S;; = (¢ild;) = &;; (3.20)

and p(r) = 3 léi(r)l’ (3.21)

Ty [p(r)] = min [ZW - %Vzlf,bz-)} (3.19)
As with the derivation of the Kohn-Sham method, we impose the orthogonality con-
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straints with Lagrange multipliers ¢;;. However, now we additionally impose the
density constraint, Eq. (3.21) with a continuous Lagrange multiplier A,(r), and we

find that the ¢;’s minimize the following functional:

TA [p(r)] = Z<¢Z| - %v2l¢2> + /drA [Z ]¢z ’ - p } + ZQ] ¢Zl¢j zy}

(3.22)

Taking the variation with respect to ¢ gives:

(392 4 A (r)] Zemdy (3.23)

With a unitary transformation the matrix €;; can be made diagonal with eigenvalues

—¢; and the corresponding transformed eigenfunctions ¢;’s satisfy:

[—2V% 4+ X, ()] 6i(r) = &ighs(x) (3.24)
This is a Schrédinger equation, with A,(r) playing the role of the potential. The
Hohenberg-Kohn theorem ensures that if such a Lagrange multiplier can be found, it
is the unique local potential that generates p(r).

To find the correct form of the Lagrange multipliers, and hence find the effec-
tive potential that generates a particular charge density, we employ the augmented
Lagrangian method of constrained minimization [45]. This is an algorithm for con-
strained optimization that is designed to enforce constraints with Lagrange multipli-

ers, and simultaneously find the correct values that the multipliers should have. To

the functional 7\ we add two terms:

7o) = Th )] + sex [ v {Zm(rntp(r) e YISy~ byl (325)

ij

1t is possible, in the case of non-V-representable p(r), to arrive at a A,(r) for which eqns. (3.24)
are satisfied, but the resulting ¢;’s will not be the ground state eigenfunctions of the system. This
is easily checked, however, and was not found to occur.
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These additional terms are penalty functions. Their effect is to drive the minimum
of T;\ closer to the desired constraints. The larger the values of ¢y and ¢, are, the
closer the minimizing ¢;’s will satisfy the density and orthonormality constraints. The
minimization proceeds as follows: an initial guess is made for the Lagrange multipliers,
A0 (r) and eg.)). with this choice of Lagrange multipliers T} [p(r)] is minimized with

respect to the ¢;, resulting in a set of orbitals ¢§0’ with overlaps Si(;-) ). Then the

Lagrange multipliers are updated as follows:

2
AP = AP (1) + 0 |§j )| - p<r>}
5 = ) e |SY - by (3.26)

where the superscripts are an iteration index. The Lagrange multipliers are updated
by an amount proportional to the degree to which the minimum avoids the constraint
manifold.

Following the update of the Lagrange multipliers, T, [p(r)] must be minimized
again, and the process repeats itself. From the form of Lagrange multiplier update
formula, Eq. (3.26), it is clear that the Lagrange multipliers continue to be updated
until the minimizing ¢;’s satisfy both the density and the orthonormality constraint.
Using larger values for ¢, and ¢, will result in fewer iterations of this loop, but each
minimization of T} [p(r)] will be more ill-conditioned. In practice, we have found
that ¢y and ¢, can be chosen such that each minimization can be carried out in a
reasonable number of steps, and the update loop need only be carried out between
five and ten times to achieve satisfactory convergence of the Lagrange multipliers.

A method of determining the potential from the density due to Zhao, Morrison,

and Parr[42] also employs a type of penalty functional, but in this method the result
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of increasing the strength of the penalty function to infinity must be extrapolated (in
the present method, this would correspond to increasing cy, ¢. — oo). This results
in an ill-conditioned minimization; the present method bypasses this difficulty by
including Lagrange multiplier terms explicitly that aid in the constraint process.
The method was implemented for the special case of spherically symmetric charge
densities and potentials, and utilized to find the effective potential V!(r) that gener-
ates pPP(r). It is natural to ask why V1(r) is not a suitable pseudopotential itself.
For all densities we have inverted, we found that the resulting potential does not have

a correctly-shaped tail. When this potential is descreened,
VIP(r) = Vi(r) — Vi [pP2(r)] = Vie [07P(r)] (3.27)

the resulting potential VIP(r), if it is to be a realistic pseudopotential, should rapidly
approach —Z/r outside of the core of the atom, where Z is the valence of the element
under consideration. However, all inverted, descreened potentials VP(r) that we
have generated deviate appreciably from —Z/r at values of r significantly outside the
core of the atom (up to ~ 10 Bohr, see Fig. (3.2)). Examining the situation closer,
one can see that there is no fundamental reason why V'P(r), generated as described
above, would have the proper Coulombic tail. The exponentially decaying tail of
PP (r) should come from a potential that goes to zero as r — oo, but not necessarily
as —Z/r. When such a potential is used in a bulk calculation, the deviation from
the proper Coulombic form, although seemingly slight, provides enough repulsion to
prevent the solid from forming.

For each VP (r) generated, a “fixed” potential V(%) (r) was constructed by match-
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ing VIP(r) to —Z/r with a smooth step function:

-7

VO = fir/r)VP(r) + [1 = f(r/ry)] - (3.28)
we have used an exponential form for f(z):
f(z) = exp (—2°°) (3.29)

The “fixing” radius 7 is chosen to be the radius at which |[V®(r) + Z/r| is minimized;
such radii are typically vy ~ 2 Bohr. Thus the fixed potentials VO(r) are explicitly
constructed to have the correct Coulombic tail, while retaining the form of the inverted
potential in the core.

This inversion procedure can be viewed as analogous to the method of Watson et
al., except that it is with respect to the free atom, and that it is an inversion using

the exact non-interacting kinetic energy functional.

3.3.3 Scattering optimization

In this step, a parameterized form for the potential is developed, and the param-
eters are varied to optimize its scattering properties. After completing this work, it
was discovered that a similar optimization approach has been used before, but in the
context of non-local pseudopotentials[46, 47]. The following parameterized form has

been chosen:
Np
V(esir) =VO(r)+ Y oyBi(r) (3.30)
=1

where the B;(r) are basis functions that quickly approach zero for r > r, so that the
form of the potential within 7. may be varied by varying the parameters «;, but the

tail of V(ay;7) will always be equal the the tail of VO (r).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 8: Local pseudopotentials 50

Various forms for the B;(r) were tried, including Gaussians and polynomials; the
results were not very sensitive to the choice of basis functions. Our final choice was

damped cosines:

w(j— Dr

B;(r) = f(r/r.)cos ( ) i=1,..,Np (3.31)

Te
with the same f(z) from Eq. (3.29). A set of energies E; at which scattering proper-
ties should be matched to AE scattering properties is chosen. Note that the scattering
logarithmic derivatives z;[V (a;;7); E;] at the chosen energies E; are determined by
the potential V(ay;7), and thus are functions of the parameters ;. Thus we can
denote the scattering logarithmic derivatives of V(a;,7) by 27" [ay; E;]. We define
the penalty function:

lmaz

Pilog) = 35 (2 o; ] — 2 [VAE B (3.32)

i I=0

which measures deviation from the desired scattering properties. However, unre-
stricted minimization of P; results in unphysical potentials with wild variations. This
can be remedied by requiring the potential to be smooth, which yields a more phys-
ical functional form, and additionally allows the potential to be represented with a
smaller number of plane waves. The smoothness requirement is implemented with a

second penalty function, involving the potential:
co d2 2
Pylo) = /O dr (wvmi; r)> (3.33)
The two penalty functions are combined into an overall penalty function:
P(ey) = Pi(ay) +yPa(ay) (3.34)

and ~ is chosen to balance the strength of the two penalty functions.
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The optimized pseudopotentials V(a;; r) were found by minimizing P(c;) starting
from an initial guess of o; = 0. Generally, P(q;) is a very complicated function
of its arguments so gradient-based minimization techniques like conjugate gradients
algorithms are probably not effective here. Instead, a simple scheme of following the
downhill gradient was employed to minimize P(«;). At each step in the optimization
of the oy, each parameter was varied slightly, a;; — a; + Aq;, the scattering properties

Tf..., i+ Aqy, ...; Ej] were recalculated, and the change in the penalty function (AP),

~ (AP);

was obtained. The gradient of P was approximated as (Vo1 ), = Ao

Then a step
was taken in «y-space, & — & — ﬁﬁath for some small k. The minimization was
pursued until the scattering penalty, P;(q;) did not decrease significantly. A useful
optimization schedule was found: one optimizes P with one basis function, Np = 1,
and one uses the resulting potential as an initial guess potential and one optimizes P
with Np = 2, and so on, until the improvement of P is slight, or until the resulting

optimized potentials start to contain small-amplitude, high-frequency oscillations that

P> does not suppress.

3.3.4 Linear combination of optimized potentials

In general, although the potentials V(«;; r) emerging from the previous step were
found to match the scattering properties of the corresponding AE potentials quite
well, they did not accurately reproduce properties of the bulk phase. However, it
was found that when optimized potentials were generated for several electronic and
ionic configurations of the element under consideration, the lattice constants and bulk

moduli obtained from them were consistently “harder” (smaller lattice constant and
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higher bulk modulus) or “softer” than the experimental values. Furthermore, it was
found that by taking a linear combination of optimized potentials, as in Eq. (3.18), a
potential with accurate bulk properties was obtained. It was this linear combination
that was taken to be the final local pseudopotential.

Although the scattering logarithmic derivatives are not linearly related to the
potential, and thus taking a linear combination of potentials will not result in a
linear combination of logarithmic derivatives, they will be roughly interpolated by
the linear combination. Thus, by taking a linear combination of potentials optimized
to different reference states, one can expect that the resulting potential will match
the scattering properties of all of the reference states, albeit to a lesser degree.

It has been argued that the the reproduction of the AE chemical hardness is
an important pseudopotential transferability criterion[46, 48]. The elements of the
chemical hardness matrix are derivatives of the eigenvalues of a system with respect
to the orbital occupation numbers. Matching the eigenvalues of a particular con-
figuration ensures, via the arguments of section 3.1, good scattering properties of
this configuration. By matching the derivatives of the eigenvalues with respect to
occupation numbers ensures that the scattering properties remain well-matched as
the atomic configuration changes. The linear combination of potentials derived from
different configurations in the present method is, in effect, another way to achieve
good scattering properties simultaneously for different atomic configurations with a

single potential.
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3.4 Application to Al

The above method was first be applied to the case of Al. AE calculations were
carried out with the program described in [36]. The pseudo-density was constructed
from the pseudo-wavefunctions, and inverted to yield a local potential. This poten-
tial, inverted from a ground state Al:3s23p' pseudodensity, deviates from the correct
—Z /7 behavior, which is shown in Fig. 3.2. After fixing its tail as described above,
this potential was used as an initial guess for the next stage of the procedure, in
which the potential’s scattering properties are matched to those of the Al:3s23p' AE
potential. The optimized potential is plotted in Fig. 3.4, and Fig. 3.3 shows a plot
of its scattering logarithmic derivatives as a function of energy; the results from the
pseudopotential compare well with the scattering logarithmic derivatives of the AE
potential.

An optimized potential was similarly determined for the excited ionic configura-
tion Al:3s'3p!, which is also shown in Fig. 3.4. Despite the success in optimizing
the scattering properties of both potentials, neither potential simulates bulk fcc Al
very well. Bulk calculations were done using the exchange-correlation functional of
Perdew and Zunger[49, 21] and Monkhorst-Pack k-point sampling[50]. The potential
optimized to ground state AE scattering predicts a bulk phase for Al with a lattice
constant 9% smaller than experiment, and a bulk modulus nearly a factor of 2 larger
than experiment. On the other hand, the potential optimized to the excited ionic AE
scattering predicts a bulk phase with a lattice constant 9% larger than the experi-
mental value, and a bulk modulus nearly a factor of 1/2 smaller than experiment.

By taking the average of these two potentials () = G2 = 0.5 in Eq. (3.18)), we
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V(r) (Hartree)

r (Bohr)

Figure 3.2: Potential resulting from inverting the Al:3s5>3p' (ground state) pseudo-
density. Note the deviation from the correct —3/r Coulombic form in the tail to large

values of r.
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Figure 3.3: Scattering logarithmic derivatives of the optimized potential compared to
that of the AE potential of Al:3523p'. The logarithmic derivatives were sampled at
a radius of r, = 4.0 Bohr. The vertical arrows indicate the energies E; at which the
logarithmic derivatives were evaluated.
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Figure 3.4: Optimized potentials for aluminum with scattering properties matched
to those of the Al:3s?3p* and Al:3s5'3p' AE potentials; also shown is the linear com-

bination of these two optimized potentials.
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Figure 3.5: Physical properties of the optimized potentials and the linear combination
potential compared with the experimental values. Also shown for comparison are the
physical properties resulting from a non-local norm-conserving pseudopotential of the
BHS type.

obtained a potential with very satisfactory bulk properties; the lattice constant is
smaller than experiment by merely 1%, and the bulk modulus larger than experiment
by 6%. These results are actually better than what is obtained from a non-local
Bachelet-Hamann-Schliiter (BHS) pseudopotential, as shown in Fig. 3.5. Fig. 3.6
displays the energy per atom (relative to the energy of the isolated atom) as a function
of the volume per atom, for the fcc, bee, hep, and sc structures, for the linear combi-
nation pseudopotential, a non-local, norm-conserving BHS pseudopotential, and the
Goodwin-Needs-Heine (GNH) local pseudopotential [2]. Physical properties calcu-
lated with the present pseudopotential match the BHS potential’s properties more

closely than does the GNH pseudopotential, as shown in table 3.1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3: Local pseudopotentials 58

-0.12 |
-0.13 |
’(l-)\ —013 I
@
©
=5
£ -0.14
ko)
<
L
-0.12
-0.13 |
70 110 160

Vol./Atom (Bohr’)

Figure 3.6: Energy/atom plotted versus volume/atom for aluminum in four different
crystal structures, for (a) the present potential, (b) the Goodwin-Needs-Heine[2] local
pseudopotential, and (c) a non-local BHS pseudopotential.
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Table 3.1: Calculated physical properties for bulk aluminum for the Bachelet-
Hamann-Schliiter[4] (BHS) non-local pseudopotential, the Goodwin-Needs-Heine[2]
(GNH) local pseudopotential, and the present local pseudopotential. Atomic units
are used. The ideal ¢/a = 1/8/3 was maintained in the hep calculations.

crystal latt. const. compressibility cohesive energy

struct. (Bohr) (Bohr® /Hartree) (Hartree)

BHS GNH Present | BHS GNH Present | BHS GNH Present
fee 7.50 7.61 7.58 347 426 371 -0.135 -0.143 -0.130

hep | 475 4.81 4.80 386 435 376 -0.134 -0.142 -0.129

bce | 6.00 6.10 6.08 398 461 405 -0.131 -0.140 -0.127
sc 5.07 5.05 5.10 538 556 538 -0.120 -0.134 -0.119

In conclusion, we have developed a method for the generation of local pseudopo-
tentials for electronic structure calculations. Although there are many possible choices
to make during the course of generating a pseudopotential (for instance the scattering
optimization energies F;, the number of optimization parameters, and the reference
states chosen), we have shown that with judicious parameters and a well-motivated
optimization procedure, these pseudopotentials perform well. We demonstrated that
for the test case of Al, the method is very effective in producing a useful local pseu-
dopotential. Typical norm-conserving pseudopotentials are inherently non-local; we
believe that the present method provides a general scheme for producing local pseu-
dopotentials that optimally reproduce characteristics of the corresponding AE poten-
tial, while maintaining the spirit of ab instio calculations to the extent possible. In
particular, we note that no experimental input is needed to construct the optimized
potentials V (a;;7), while the linear combination of such potentials can be chosen in
the manner that suits best specific applications, providing additional flexibility in the

definition of the final potential.
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Orbital-free methods in real space

Electronic structure calculations based on density functional theory[5, 6] (DFT)
and employing an approximate kinetic energy functional[51, 52, 53, 54, 55, 56, 25,
26, 3, 57, 58] have been shown to yield accurate energetics for a variety of physical
systems, with a considerably smaller expenditure of computer effort than traditional
schemes. A drawback of many existing kinetic energy functionals is the necessity to
evaluate them in part in reciprocal space. The benefits of doing electronic structure
calculations exclusively in real space are several. Foremost among them is their abil-
ity to efficiently simulate isolated systems, whereas reciprocal space methods would
require a large supercell with a significant portion of the volume devoted to uninter-
esting vacuum. A direct extension of this feature is the possibility of using arbitrary
boundary conditions rather than the strict periodic boundary conditions underlying
reciprocal space approaches; this should be of paramount importance in dealing with
complex structures which cannot be accommodated by simple periodic boundary con-

ditions, such as dislocations, cracks, etc. Finally, real space methods can be readily

60
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parallelized for efficient computations on parallel computer architectures.

In this chapter we examine the reasons for the evaluation in reciprocal space of
many kinetic energy functionals and propose a new functional form that can repro-
duce the energetics of those functionals but does not require any reciprocal space
evaluations. The performance of the new functionals is evaluated and compared to
the existing reciprocal space functionals as well as to the traditional approaches based
on the calculation of electronic states.

DFT in its usual guise consists of solving the Kohn-Sham (KS) equations[6]. The
fictitious KS wavefunctions allow the exact evaluation of Ty[p], the kinetic energy of
non-interacting fermions with a density p(r). Recent calculations have shown that
for certain systems the solution of the KS equations, usually the most computation-
ally demanding part of electronic structure calculations, can be bypassed using an
approximate form for Ts[p][58]. A fair number of approximate non-interacting kinetic
energy functionals have been proposed for use within such orbital-free methods. A
subset of them are similar in form[55, 51, 54, 52, 56, 25, 26, 3, 57, 58], sharing the

following common traits:

1. A major ingredient of T;[p] is the Thomas-Fermi (TF) energy[17, 18]:

Trelp] = Crr / 3 (x)dr (4.1)

where Crp = % (372)2/ ®  Here and throughout this article atomic units (h =
me = e = 1) are employed. The TF energy approximates the kinetic energy
in an element of space dr with that of a homogeneous non-interacting electron
gas with a density p(r). Hence for homogeneous densities p(r) = po, Trr|p(r)]

is exact.
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2. Another important contribution is the von Weizsdcker energy[27], given by:

Tvlel = 5 [ V/ol®) Vol dr (4.2)

It can be readily shown that the von Weizsacker energy yields the correct kinetic
energy for a non-interacting fermion density that consists of a single orbital, i.e.
a one- or two-electron density. Also, for any density, the von Weizsacker energy
yields the energy that a system of non—interacting bosons of density p(r) would

have. This term is a lower bound of Ti[p].

3. The response of a homogeneous non-interacting Fermi gas to a small perturba-
tion is known exactly[28]. This response can be related to the second functional
derivative of Ts[p| evaluated at uniform density p(r) = py. The Fourier trans-

form of this functional derivative is given by:

A 62T, 1
F s = — 4.3
{5p(r)5p(r’) pj XLind(q) 43
ke[l 1-¢ |l4g
Xeinald) = == {2 e In ‘ e (4.4)

where Yrina(g) is the Lindhard response function, F[f(r)] = [ f(r)e™*dr de-
notes the action of the Fourier transform on the function f(r), q = k/2kp, and
g = |q|. In order to satisfy Eq.(4.3) in addition to items 1 and 2 above, the
kinetic energy functionals under consideration here include a term Tk [p], which

will be hereafter referred to as the kernel energy:

Tl = [ £ 6le) K = ¥)g(ote))ir ar 45)

where for the moment f(p), g(p) are arbitrary functions that can be chosen to

satisfy known limits of the exact Ts[p].
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The total kinetic energy functional is taken to be the sum of these terms:

Tilp] = Trelel + Towlp] + Txp) (4.6)

By plugging Eq.(4.6) into Eq.(4.3), it is seen that Tj[p] exhibits the correct linear

response, provided:

0*T N
6p(r)op(r’) |, T Xzina(q)
~ 52TTF - 52TvW
7 ap(r)op(r) pj -F dp(r)dp(r’) pj 4D

The functional derivatives of Ty and T, are well known, and the second functional

derivative of Tk can, by design, be easily evaluated, so that Eq. (4.7) takes the form:

2kp

—5 ' (po)g (po) K (g) = K(9) (4.8)
0= g 4s

For any choice of the functions f and g, K(g) can be readily chosen such that the total
kinetic energy functional exhibits the correct linear response. The different kinetic
energy functionals considered in this paper differ mostly in the choice of the functions
f and g.

In order to use kinetic energy functionals in actual electronic structure calcula-
tions, an algorithm must be developed for their action on discrete representations of

the charge density. It is clear that Trp[p(r)] and T,w{p(r)] can be computed easily

and efficiently on a grid in real space:

Trp {Pz} = QCrp Z P?/g (4.10)
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Q
Towipi] = 3 E Vi Dij/P; (4.11)
ij

where €0 is the volume per grid point, and A;; is a discrete representation of the
Laplacian operator. In principle, we could also compute the kernel energy Tk [o(r)]

in real space as follows:

Txlpi] = Zf (pi) K(r; — ;)9 (ps) (4.12)

However, this is impractical because of the specific form of K(r). K(r) is the Fourier
transform of K (q) (see Eq.(4.9)), which is a non-trivial Fourier transform. Herring[59]
has shown how it may be evaluated numerically. The quantity K (r) is shown in Fig.

4.1, indicating that K(r) does not decay rapidly. In order to evaluate

/K(]r —')h(x')dr’ (4.13)

accurately, the integral needs to be evaluated over a sphere centered at r of a radius
equal to A, with A a large value. Such a convolution integral can be computed

efficiently in reciprocal space:
F {/ K(|r —¢'|)h(r))dr'| = f[K(r)] F [h(r)] (4.14)

Starting from K(r) and h(r) in real space, three Fast Fourier Transforms (FFTs) are
required to evaluate the convolution: two forward transformations, and one reverse
transformation. The drawback of computing the kinetic energy functional with FFTs
is that this approach maps the problem to a periodic tiling of the system of interest.
This periodicity can have consequences on the resulting physics that in many cases

are undesirable and can lead to erroneocus results.
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Figure 4.1: Kinetic energy functional kernel K (z), where z = 2kpr, multiplied by 72,
showing its long-ranged nature.
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The problem with evaluating the kinetic energy functionals described above in real
space lies in the efficient evaluation of convolution integrals. Convolution integrals
with a long-ranged kernel can sometimes be evaluated efficiently in real space in an
indirect way. For instance, the electrostatic potential of a charge distribution p(r) is

the convolution of p(r) with the very long-ranged 1/r:

()
d(r) = / ,‘d (4.15)

r —r
The integral in this expression can be computed e‘fﬁciently in real space by solving

the Poisson equation:
V2®(r) = —47p(r), (4.16)
In general, as an alternative to evaluating the convolution
V(r) = /G(r — 1) f(r")dr', (4.17)

one may equivalently solve the integral equation:
/H(r —YV({)dr' = f(r'),
- 1
Hr)=F" |——]|. (4.18)
FIG(x)]
In discretized form, this integral equation is a standard linear problem:

Hi;V,=f (4.19)

which can be solved by an iterative linear solver[60}; the efficiency of such approaches
depends on the efficiency of multiplying an arbitrary vector by a matrix. For the

case of the Poisson equation, the matrix H;; becomes a discrete representation of
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the well-localized Laplacian operator, and hence matrix-vector multiplications are
efficient. However, when the integral equation that corresponds to the convolution of
Eq.(4.5) is constructed, the resulting function Hg(r) is found to be long-ranged. The
long-ranged nature of both K(r) and Hg(r) is due to the logarithmic divergence of
the slope of xrina(q) at ¢ = 1, which causes long-ranged oscillations to appear in its
Fourier transform. Thus, matrix-vector multiplications by H;; = Hg(|r; — r;]), and
the solution of the integral Eq.(4.18), are inefficient.

We are therefore interested in developing a method that circumvents these diffi-
culties. As a first step toward this goal, we note that the kernel appearing in the
class of kinetic energy functionals under consideration, K (q), can be fit well by the

rational function:

K(q) = Nog? + -+ + Nowg™™
Do+ Dag? + -+ + Dong™™’

(4.20)

with appropriate choices of the real coefficients N; and D;. The odd powers of g are
omitted because in the Taylor expansions of K (¢) about 0 and oo only even powers
of g appear. The quality of the fit is shown in Fig. 4.2 for several values of m. Next

we note that K (g) can be separated into terms of the form:

k@:z:ﬂf (4.21)

2 !
= q +Qg

where the P; and @, are now complex numbers. With this expression, the convolution

of a function f(r) with K(r) in reciprocal space becomes:

V(q) = K(g)f(a) = Vila) + - + Vu(), (4.22)
where
P
A®~&+%ﬂ® (4.23)
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Figure 4.2: The difference between the rational fitting functions K(q) (Eq.(4.20)) and

K(g) (Eq.(4.9)) with the number of terms ranging from m =1 to m = 4. The inset
shows K(q).
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The Vi(r) can be computed efficiently in real space by solving:

(@*+Q;)V;(@) = Pid’f(a)

1 2 Vi) = — P oo
= [Emr e e = g 424

that is, V;(r) is the solution of a complex Helmholtz equation. A shortcut in comput-
ing the V;(r) results from the fact that K(g), and thus the sum of the V;(r), is purely
real. For every pair of coefficients {P;, Q;}, another pair { Py, Qx} = {F}, Q}} must
also appear in the expansion. It follows that Vi (r) = V;*(r), and thus only half of the
V;(r) need be computed. A generalization of the kinetic energy functional with the
form of Eq.(4.5) has been developed by Wang et al.[3]. These functionals can also be
treated in real space with the present method, as discussed in section 4.1.

The following issue regarding the form of the approximation of Eq.(4.20) deserves
further discussion: an important feature of the Lindhard response function lies in
the logarithmic singularity in its slope at ¢ = 1. As discussed above, this singularity
manifests itself mathematically in the long-ranged nature of K(r) and Hg(r). Not
surprisingly, this singularity also has important physical consequences, such as Friedel
oscillations and the Kohn effect[61]. The approximate kernel K (q) does not exhibit
the singularity. It may seem then that from a physical standpoint, K(q) may not
adequately describe the kinetic energy of the electron gas. However, it should be
noted that in a discrete representation of the problem, the exact singularity at ¢ =1
will not be seen. Furthermore, at non-zero electronic temperatures, however small,
the singularity in xzinq(¢) disappears. Thus, one could think of the fitting form K (q)
as representing K(gq) for a small but finite electronic temperature. The use of a

fictitious, finite electronic temperature is a trick routinely employed to aid numerical
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convergence in standard DF'T calculations of metals.

We have therefore reduced the problem to solving the complex Helmholtz equation,
which by itself provides a special challenge due to the fact that the operator is non-
Hermitian. Typical iterative methods for solving linear systems, like the conjugate-
gradient algorithm, fail for non-Hermitian matrices. The complex Helmholtz equation
is an important problem, arising frequently in the context of electrodynamics. Several
iterative methods have been developed for the special class of complex symmetric ma-
trices, into which complex Helmholtz operators fall[62, 63, 64]. For the present tests,
the biconjugate-gradient algorithm, specialized to complex symmetric matrices[62],
has been employed to solve Eq.(4.24).

Solving the discretized version of Eq.(4.24) in real space suffers from another
source of inaccuracy, beyond that introduced by the fitting of K (¢) by K(q). A dis-
cretized version of the Laplacian operator must be employed, which, in reciprocal
space, deviates from the exact g* behavior. The two sources of error can be easily
separated for the purposes of numerical tests. To measure the error due to the ap-
proximation of K (¢) by K(q) alone, the kernel energy Tk[p] can be computed with
the reciprocal space convolution method, Eq.(4.14), but using K(q) instead of K (g).
The error due to the use of the discretized Laplacian, in addition to the fitting error,
is present when the full real space evaluation method is used. We found that the error
due to a fourth-order discrete Laplacian operator was negligible compared to the error
introduced by the fitting of K, and throughout the numerical tests this fourth-order
Laplacian was employed. The kinetic energy evaluated with the present real-space

method is denoted by Tz [p], while the kinetic energy evaluated in reciprocal space
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Figure 4.3: The fractional deviation of Ty [p] from Tx[p] for densities p(r) obtained
from bulk Al calculations (see text).

with K (g) is denoted by Tx[p]. The kinetic energies Tx[p] and Ty [p] are evaluated
and compared for a realistic set of charge densities p(r) in Fig. 4.3. The Tk[p] used is
due to Wang et al.[3], and has parameters {o, 8} = 2 + %, and for T [p], successive
fitting orders m = 2, 3, and 4 were tried. The fitting coefficients for m = 4 are given
in Table 4.1. The charge densities considered are generated by minimizing the total

energy:

Eiw = Trplpl + Towlp] + Tklp) + Eulp] + Eion|p] + Exclp] (4.25)

(where Ey, Fxc, and E,,, are the Hartree, exchange-correlation, and electron-ion
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Table 4.1: Optimized fitting parameters for K(g) with an order-eight (m = 4) ra-
tional function of Eq.(4.21). The parameters with even indices j = 2,4 are complex
conjugates of the ones given: Py = Pf, Py = P;, Qs = (@}, and Q4 = Q5.
| j=1 Jj=3
P; 0.026696 + 70.145493 —0.826696 + 70.691930
Q; | —0.818245 —¢0.370856  0.343051 — 0.689646

interaction terms), for a bulk fcc aluminum system, with a wide range of lattice con-
stants. Aluminum was represented by the Goodwin-Needs-Heine local pseudopotential[2],
and exchange and correlation were treated with the LDA[49]. At each lattice con-
stant, after minimizing the electronic energy with the kernel energy represented by
Tk|p], the kernel energy is also computed with Ty[p] and compared to Tk[p]. As
can be seen from Fig. 4.3, the use of more terms in the fitting (higher m) results in
a smaller deviation, and at m = 4 the accuracy is quite satisfactory (less than 1%

deviation for the entire range of lattice constants considered.)

We have performed a different set of tests, in which at each value of the lattice
constant the total energy with the kernel energy represented by either Tk [p] or Tx[p]
is minimized with respect to the density. In the test discussed earlier the density
was fixed to that obtained from minimization of the total energy using Tx[p]. The
equilibrium lattice constant and the bulk modulus obtained from these calculations
are given in Table 4.2. As seen from this Table, m = 4 offers an acceptable level of
accuracy: the values obtained with this approximation to the true kernel are essen-
tially the same as those from the exact kernel, differing only by 0.1% for the lattice
constant and by 0.5% for the bulk modulus.

In conclusion, the convolution integrals that appear in the class of kinetic energy
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Table 4.2: Lattice constant ao, in A, and bulk modulus B, in GPa, for bulk fcc
aluminum with the WGC kinetic energy functional[3] with a density-independent
kernel, and with {a, 5} = % + —?, compared to those values determined with the
present real-space method with m = 2, 3, and 4. Also shown is ag and B from the
Kohn-Sham (KS) calculation.

KS reciprocal space m=4 m=3 m=2

ag(A) 4.027 4.035 4.030 4.045 4.063

B (GPa) 685 71.9 72.3 686  68.0

functionals under consideration in this paper cannot be efficiently evaluated directly
in real space, and the corresponding inverse integral equations cannot be efficiently
solved. The kernels of the convolutions can be approximated by a sum of sub-kernels.
This approach makes it possible to evaluate the convolution efficiently in real space
by solving the inverse integral equations that correspond to the sub-kernels, which
are complex Helmholtz equations. We have demonstrated that this method yields
excellent results in numerical tests, in the sense that the error introduced by the real
space method is negligible compared to the error inherent in the approximate kinetic

energy functionals.

4.1 Real-space evaluation of kinetic energy func-
tionals with density-dependent kernels

Wang, Govind, and Carter[3] (WGC in the following) have developed a class of
kinetic energy functionals that include the Thomas-Fermi and von Weizsécker terms,

as well as a term analogous to Eq.(4.5), but with a density-dependent kernel in the
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convolution:

[p] = Crpx

Ty
/ 7 (o)) K(p(x), p(x'): [t — g p(x'))drdx’ (4.26)

where

K(p(r), p(r'); [r — ¥'|) = K(p(r'), p(r); |r — ¥'}).

Numerical tests indicate that these kinetic energy functionals are more transferable
to systems that deviate significantly from the bulk, like surfaces.

Even by utilizing FFTs, a straightforward evaluation of the convolution in Eq.
(4.26) would require O(N?) operations, where N is proportional to the size of the
system. WGC have demonstrated how this convolution can be efliciently, but ap-
proximately, evaluated. By Taylor expanding K (p(r), p(r'); |r — r'|) with respect to

p(r) about some chosen average density p, one obtains:

K(p(x), p(r'); [r = r']) = Ko(|r — 1'|)

+ Kalr =) [Ap(r) + Ap(r)

+ %Kn(}r =) [APP(r) + AP(T)]

+ Kip(lr — ' Ap(r)Ap(r') + - - (4.27)
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where Ap(r) = p(r) — p, and

Ko(lr —=7')) = K(pplr—71)),

e ) = PR
. CCY S

Ku(r — ') 82K<()()(:()1;,‘)r D,; (4.28)

Then Eq.(4.26) can be evaluated as a sum of separate convolutions with kernels K,
K, etc. WGC also demonstrated that only a few terms of the expansion in Eq.(4.27)
are necessary to evaluate the convolution accurately for physical systems.

The present real space method is clearly applicable to such kinetic energy func-
tionals, provided Ky(g), K1(q), etc., where § = k/(2kp) and kr = (372p)'/3, can
be fit well by functions of the form of Eq.(4.20). For the kernels other than K, a
fitting form slightly different than Eq.(4.20) is necessary, because for § — oo, Ky(§)
approaches a constant, as does the rational form Eq. (4.20), but the higher order

kernels decay as g~2. Thus they are fit with the modified form:

No@® + -+ + Ny 1y @™

. 4.29
Do+ D@ + -+ - + Do @®™ (4.29)
Functions of this form decompose into the following terms:
N Ry
)= . (4.30)
= 7°+ S

Now the Vj(r) are obtained by solving a modified form of Eq. (4.24):
——V*+8;| Vj(r) = R; 4.31
Y | B = R, (431
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]
q q

Figure 4.4: The fitting of the various density-dependent kernels of WGC[3] by the
forms of Eqs. (4.20) and (4.29) with m = 4. Notice the vastly increased scale for K,
K11, and K», necessary to show their features, since they are negligible on the scale

of K.

which is still a complex Helmholtz equation. The kinetic energy functionals of WGC
have three parameters, «, 3, and ~. Presently, only the case of {a, 8} = g— + %—é>
v = 2.7, (suggested by favorable numerical tests) is considered. In Fig. 4.4, the best
fit to these kernels with a rational function of order eight (m = 4) is shown. The
quality of the fit is excellent for Ko(g) and K;(q), and reasonable for the second order
kernels K711(7), K12(g). WGC have shown that second order terms contribute much
smaller parts of Tk[p] (which is already a small part of the total energy) than the
zeroth and first order terms, and thus a higher fraction of error can be tolerated in

these terms. The P;, Q; of the decompositions of the fits to Ky (Eq.(4.21)) and the
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Table 4.3: Optimized fitting parameters P;, Q;, R;, and S; of Eqgs. (4.21) and (4.30)
for fits to the kernels Ko(q), K1(q), K11(@), and K15(7) of the WGC density-dependent
kinetic energy functional with {«, 8} = % + %5: and v = 2.7. The parameters with

even indices, j = 2,4, are complex conjugates of the ones given: X, = X7, and
Xy= X} where X =P, Q, R, or S.

j=1 j=3

K P; 0.108403 + 0.079657 —0.908403 + :0.439708
O Q; | —0.470923 —i0.465392  0.066051 — 0.259678
5K R; | —0.030515 + ¢0.015027  0.028915 — 40.008817
P S; | —0.597793 —i0.294130 —0.087917 — 40.164937
2 R; 0.008907 — 40.032841 -0.034974 + ¢0.009116
P S; | —0.537986 — i0.233840 —0.041565 — 0.196662
25 R; 0.012423 — i0.034421 —0.031907 + 40.007392
P S; | —0.511699 —i0.266195 —0.034031 — ¢0.188927

R;, S; of the fits to K3, Ki1, and Ky (Eq.(4.29)) are given in Table 4.3.
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Chapter 5

Efficient computation of forces in

electronic structure calculations

A wealth of efficient methods have recently been developed [65, 10, 66, 67, 14, 68,
69, 70, 71, 72, 15, 73, 74, 75, 3] for calculating electronic properties of an extended
physical system that require an amount of computation that scales linearly with the
size of the system N. This size can be defined to be the number of atoms or the
number of valence electrons, or the volume of the system, all of which are linearly
related for large condensed systems. In this chapter we present a quasi-linear-scaling
(O(Nlog N)) method for computing the ionic potential, the ionic forces, and the
stress tensor in electronic structure calculations. Atomic forces are necessary for the
calculation of many physical properties of a system, including the determination of
the optimal structure and simulation at a finite temperature. Some linear-scaling
methods achieve linear computational scaling for the computation of the energy but

not for the forces on all of the ions[15]. Other linear-scaling methods achieve efficient

78
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force calculations by working with a basis of localized functions[70, 73, 74], which
are less efficient at representing delocalized electronic states found for example in
metallic systems. The present method applies to calculations performed in a periodic
parallelepiped supercell, not necessarily orthogonal, in which the electronic charge
density p(r) is represented on a uniform grid.

As a result of the Hellmann-Feynman[76, 77| theorem, the force on the pth ion
(within the Born-Oppenheimer approximation) is given by the sum of the partial
derivatives of the ion-ion energy (the Ewald energy) and the electron-ion energy with

respect to the atomic coordinates:

) 3EEwald 8Ee—i
. mFEwald e—1i __
Fy= B 4 By = - = (5.1)

where

pei = /ce V) (5.2)

and the ionic potential is defined as:

Nat
Vi) =33 VPP(r—t, — R) (5.3)

R p=1
where here the t, are the atomic positions within the unit cell; V() is the pseudopo-
tential representing the ions; and the outer sum over R is over all lattice translation
vectors R = nja; +ngas +nsag for all integers n;, where the a; are the lattice vectors
defining the unit cell. For simplicity of presentation, we will consider systems that
involve only one type of pseudopotential, but the methods presented here generalize

readily to systems with multiple pseudopotentials. Furthermore, non-local pseudopo-

tentials can be split into a short-ranged non-local part and a long-ranged local part;
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only the long-ranged local part of VPP will be considered here. It should be noted
that the present methods make only part of the electronic structure calculation effi-
cient, and in the context of the Kohn-Sham method, the overall electronic structure
calculation will still scale as N3 due to the need to orthogonalize N wavefunctions
or to diagonalize an N x N matrix. Thus the present methods are particularly rele-
vant to the orbital-free density functional methods|75, 3], which deal only with local
pseudopotentials and can achieve O(N) scaling for the entire calculation.

The Smooth Particle Mesh Ewald Method[78] (SPME) is an efficient scheme
(O(Nlog N)) for computing the Ewald energy EF*? and its derivatives with re-
spect to the atomic coordinates, E¥%4/9t,. Here we show how similar ideas can
be used to yield efficient methods (also O(N log N)) for determining the ionic poten-
tial V% (r), and the other component of the Born-Oppenheimer forces, 0E¢~*/dt,.

We begin presentation of our method by expressing V**(r) in terms of the struc-

ture factor, S(r):

Vir(r) = %/V”Sz’(r —)S(r")dr’ (5.4)
where
Nai
Sr) =) > 6(r—t,—R) (5.5)
R p=1

and ) = |a; - (ay X a3)| is the unit cell volume.

In reciprocal space, the expression for V%" becomes:

- 1 / A .
fon Vion(p ezQ-rdr
@ Q cell ( )
1~ ~
= EVM’(Q)SQ (5.6)
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where
VPP(Q) E/VpSp(r)eiQ'rdr (5.7)
and, using Eq. (5.5),
Sq = - S(r)e’ T dr
@ = Q cell
Nat

= ) O (5.8)
p=1

Inversely, we have:

Vier(r Z e (5.9)

where the Q-sum ranges over all integer multlples of the reciprocal lattice vectors b,
defined by a; - b; = 2md;;.

For the purposes of the present work, we assume that p(r) is represented on a

N1 x Ny x Nj grid of points Ty, = 4-a1 + ay + Hag, with ; =0,..., N; — 1. We

will denote quantities such as p(ryz,1,) as p(l1,ls,l3). The Fourier transform of p(r)

is approximated by:
p(miby + maby + mabs) = Flp(ly, by, 13)] (5.10)

where F is the discrete Fourier transform:

Nij—1 Na—1N3—1

Flflh, 1)) = — Z E ZthZQ:ZS

ll_'O lo=0 I3=
limg lzmz lams
€2m( T+ AT 4 NS)

(5.11)
where N = N;NoNs. Its inverse, F 1, is given by:
N Ni1—1 Na—1 N3—1 _
FHF(my,me,ms)] = Z Z Z f(mi, ma, mg)
m1:0m220m3:0
-/ lim ! l3m
o ) 512
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Using Eq. (5.6), and transforming back to the real space grid, we can determine

Vior(y) via:

Vion(lly l27 l3) =

1 ~ -
'ﬁf_'l [P(ml,mg,mg)S(ml,mg,mg)] (513)

where P(my, ma, ms) is the array given by:
]B(ml, ma, m3) = f/psp(mllbl -+ m'2b2 + mgb3> (514)

and m/ = m; for 0 < m; < N;/2 and m, = m;— N, otherwise. The array S(my, ma, ms)

is given by
g(ml, Mo, M3) = §(m1b1 + mobgy + msbs) (5.15)

Calculation of the structure factor via Eq. (5.8) will scale with the square of the
system size, because it needs to be computed at every reciprocal space grid point
(my, me, ms), and at each of these points a sum must be performed over each atom in
the system. However, Essmann et al., as part of their efficient Smooth Particle Mesh
Ewald method[78], provide an elegant method for computing the structure factor
efficiently (albeit approximately), requiring an amount of computation that scales as
only Nlog N. By incorporating this algorithm to compute the structure factor, the
present methods for computing both the ionic potential V" (r) and the electron-ion

contribution to the forces Ff,'i achieve the same O(N log N) quasi-linear scaling.
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5.1 The smooth particle mesh Ewald method

Here we summarize the method of Essmann et al. for efficiently computing the
structure factor, but refer the reader to the original reference [78] for full details. The
crux of the algorithm lies in the approximation of the exponential in Eq. (5.8) with
(complex) cardinal B-splines. The nth order cardinal B-spline function, M,(z), is
defined as follows: My(z) =1 — |z — 1| for 0 < z < 2, and My(z) = 0 otherwise; and
the higher-order cardinal B-splines are defined recursively:

My(e) = — -~ =M1 (z) + Z:an_l(x ~1) (5.16)

We define the grid coordinates of the pth atom as u;, = Njt, - b;, or equivalently

_ wp uzp usp - ~
t, = Rfar + jrag + Rras. The structure factor, expressed in terms of the grid

coordinates, is:

Nat
g(ml, Mo, m3) = Zexp <2ﬁi%ulp>

p=1

X exp (ZWi%u2p> exp (QWi%u3p> (5.17)

The exponentials can be approximated by nth order cardinal B-splines, where n

is even, as:

.M =
exp (271'7,—]\—[?—1@p> ~ bj(mj) Z Mn(’d]’p - k)
7 k=—00
m;j

X exp (m-ﬁ > (5.18)

i
where b;(m;) is:

N exp(2mi(n — 1)m;/N;)
bi(m;) = —
L;O M. (k+1) exp(?vri%k)}

(5.19)
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When this B-spline approximation of the exponential is used in Eq. (5.17), it becomes

a discrete Fourier transform:

S’(mla ma, m3) = B(mla ma, m3>

Na.t o0

X Z Z Mn<ulp - kl)Mn(UQp — ko)

p=1 ky,k.k3=—00

- i (mjkl + maka + msk:z)
N N- N:
XMn(’U,gp — kg)e ! 2 3

= NB(my, ma, m3) FQ(ly, Iy, I3)] (5.20)
where
B(my, ma, mg) = by (my)by(ma)bs(ms) (5.21)
and:
Nat o0

Q(Zh ls, la) = Z Z Mn(ulp - — C1N1)

p=1 ¢1,62,63=—00

XMn(’U,gp - lg — CzNg)Mn(U3p - l3 - 63N3) (522)

The array Q(l1, ls, I3) can be computed quickly (O(N%)), because it is only non-zero
for sub-cubes of dimension n xn xn located near each atom. It is because F[Q)] can be
computed with the fast Fourier transform (FFT) (which is performed in O(N log N)
operations) that the structure factor itself can be computed with O(N log N) opera-

tions.

5.2 The present methods

It is now easily seen how the structure factor algorithm provided by the SPME

method can be used to yield an efficient method for computing V*(Iy,1l5,13). By
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substituting Eq. (5.20) into Eq. (5.13), we obtain:

. N . -
Vor(ly, by, ls) = ﬁf_l[ P(my, my, ms)B(my, ma, ms)

xFQ(l, I3, 1s)] (5.23)

In practice, Eq. (5.23) could be used to efficiently compute V*°"(ly, l,,I3) with the
following algorithm. First Q(l,12,13) is computed via Eq. (5.22). Then F[Q)] is
obtained via the FFT. F[Q] is then multiplied by B and P, defined by Egs. (5.21)
and (5.14). Then the inverse FFT of this product is computed and multiplied by
N/Q, yielding the array V*"(I1, Iy, 13).

The calculation of the electron-ion contribution to the ionic force, dE¢*/dt, can
also be made efficient, and again this comes from expressing 9F*™*/dt, in terms of
the structure factor. In the discrete variable representation, the expression for the
pseudopotential energy, Eq. (5.2), becomes:

Z (I, 1o, 1)V (11, I, 13) (5.24)
o

2|©

which can be viewed as a dot product of p and V*"; we can also evaluate this dot
product in reciprocal space, and taking into account that p is an array of real numbers,
the expression becomes:

S Floll o, )] F [V (1,1, 1) (5.25)

m1,m2,m3

then, using Eq. (5.23) for V%", this becomes:

Ee_i >~ N Z f[p(ll,l%lg)}*f’(ml,mg,mg)

my,m2,m3

x B(my, ma, ms) FIQ(l1, Iz, 13)] (5.26)
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Following this substitution, we now express the dot product in real space again:

B S QU b ) F N [ F ol b )]

l1,l2,l3

x P(mq, mg, ms)* B(my, ma, mg)*} (5.27)

Because the only factor that depends on the atomic positions is @), we can readily

differentiate with respect to the atomic positions:

oFet 0
8 = Q .7:%1 [.7: [p(ll, lg, l3>]
tpa lylads P2
XP(ml, Mo, mg)*B(ml, Mo, mg)*} (5.28)

where o = 1,2,3 is the vector component of the force. Egs. (5.23) and (5.28) (and
the expression for the stress tensor, Eq. (A.3)) constitute the central results of this
chapter.

The partial derivatives 0Q)/0t,, can be evaluated readily with the definition of @),

Eq. (5.22), and with the aid of the following B-spline identity:
_Mn(x) = Mn—l(x) - Mn——l(x - 1) (529>

Computing the partial derivatives of Eq. (5.28) for all of the atoms in the system
requires an amount of computation that scales as Nlog N. As with @, the partial
derivative array 9Q/0t,q(l1, l2, I3) is only non-zero in sub-cubes near the atomic posi-
tions, so computing it requires O(NV) computation. The fast Fourier transforms scale
as Nlog N.

The application of Eq. (5.28) for rapid computation 6f the electron-ion forces F¢*
can proceed algorithmically as follows. The Fourier transform of p(l3,ls,l3) is com-

puted; then F|p] is multiplied by P* and B*. Then the inverse Fourier transform of
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this product is found. Then by utilizing Eq. (5.29), the derivatives 9Q /0ty (11,12, 3)
are computed during the summing over the [;’s, yielding 0E®™%/0t,q.

Similar ideas can yield an efficient expression for the computation of the stress
tensor. The details of the efficient stress tensor method are covered in section A.

Although these methods have been presented assuming that only one type of pseu-
dopotential (and hence only one type of ion) is present in the system, multiple types
are readily treated. Since the ionic potential is a linear function of the pseudopoten-
tials, then with multiple types of pseudopotentials the total ionic potential is a sum
of ionic potentials of the different types,

Vi (i, lo Is) = Y Vi (l, o, Is) (5.30)

T

where 7 indexes the pseudopotential type. The individual V°" are each computed
with Eq. (5.23) using the @-array associated with this set of ions, and the P—array
associated with this pseudopotential type. Likewise to compute the ionic forces, Eq.
(5.28) is used to compute the forces on all ions of a given pseudopotential type, using
the Q-array associated with this set of ions, and the ﬁ—array associated with this
pseudopotential type.

Several tests have been performed to examine the accuracy of these methods. The
accuracy of the approximate structure factor, Eq. (5.20), increases when the number
of grid points N increases, and when the B-spline order n is increased. However,
in an electronic structure calculation, one is not simply free to choose the number
of grid points for computing S. It is clear from Egs. (5.23) and (5.28) that S
and the electronic charge density p must exist on the same grid, and typically energy

convergence considerations dictate a minimum grid density on which p is represented.
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So it must be established that for a given grid density, the error incurred by using
the approximate S when generating V" and calculating the forces (i.e. the present
methods, Eqgs. (5.23) and (5.28)) is not much more than the error that would be
present using the same finite number of grid points and the exact structure factor S
when generating V%" and calculating the forces. In other words, it must be shown
that the error in the total energy and forces that comes from using an approximate S
is smaller than the error due to using a grid of finite density. Furthermore, in order to
establish that these methods are indeed (quasi)linear scaling, it must be demonstrated
that for a fixed grid density N/Q and fixed B-spline order n, the error per atom due
to the approximate S does not increase when the system size is increased.

All tests here have been done on systems of aluminum atoms simulated with
orbital-free density functional theory[75, 3]. The present methods for generating
Vior(r;) (ie. the method of Eq. (5.23)) and F¢~* (Eq. (5.28)) were tested as follows:
first, in order to test the error due to the approximate S compared to the error from
the rest of the calculation, 32 Al atoms were placed in a cubic box 8.08A on a side,
and displaced randomly by about 0.5A from their fcc crystalline positions. Then V"
was generated using the exact S (Eq. (5.8)), and the present method (Eq. (5.23))
with B-spline orders n = 6, 8, 10, 12, and separate electronic relaxations were done in
each of these V¥™’s, yielding corresponding total energies. After electronic relaxation,
electron-ion forces F¢~* were calculated using derivatives of the exact S, and with the
present method (Eq. (5.28)). This was done for successively higher grid densities.

The results are shown in Fig. 5.1. The relative error between the energy and the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5: Efficient computation of forces in electronic structure calculations 89

10 100
107 | .
107 ]

B

240" | .

il

(0]

IZ 2

B 107 ¢ -

®

e
107 :
10° | .

10 100
grid density (points/A®)

Figure 5.1: (a) Relative error in the energy compared to infinite grid density limit,
Eq. (5.31). (b) Relative error in F¢™* compared to the infinite grid limit, Eq. (5.32).
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converged energy, as measured by:

\E— B
B

(5.31)
(where E* is the energy in the limit of infinite grid density) is plotted as a function of
grid density for different choices of V*™: V%" generated with the exact method and
the present method. E* is taken to be the total energy evaluated with a grid density
of 800 points/ A3, a considerably higher density than plotted in Fig. 5.1; thus the
deviation from this grid’s energy from the true E* is of a smaller order of magnitude
than the energy deviations found at the grid densities explored in Fig. 5.1, making
it a suitable energy to use as E™. It is clear that with a B-spline order of n = 10 the
error due to the use of the approximate V*°" is negligible compared to the error due to
the finite grid density. Also plotted is the relative error in the calculated electron-ion
forces F¢~*. The method used for calculating the force corresponded to the method
used to calculate V**; e.g. the data for the forces calculated with the present method
and a 6th order B-spline were done with charge densities relaxed in a V™" generated
with the present method with a 6th order B-spline. Thus errors in the forces that
were calculated with the present method have some error contribution from using the

present method for generating V*". The relative force error was measured as the

fractional root-mean-square deviation of each force component on each atom:
1/2
Nat o0 2
i=1 Za(Fm - Fia)
Nat oo\ 2

where the F°’s are the forces in the limit of infinite grid density, in the same sense as

(5.32)

expained above for £°°. In this case, already at a B-spline order of n = 8 the forces
are almost as accurate as those calculated with the exact method, and for n = 10,12

the forces are indistinguishable.
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Figure 5.2: The relative difference between the total energy (circles) and forces
(squares) calculated with the present methods and with the exact structure factor
methods, as a function of system size (see Eqgs. (5.31) and (5.32)).

Second, in order to verify the scaling of these methods for different system sizes,
four different systems were considered. For systems of 32, 64, 96, and 128 Al atoms,
displaced from crystalline positions as before, Vi was generated with the exact S,
and with an approximate S generated with 8th-order B-splines. The grid density in
each case was 237 points/ A®. After electronic relaxation, forces were calculated using
the exact S or with the present method, again corresponding to the method used to
generate V", The relative error between these energies and forces as a function of
system size is plotted in Fig. 5.2. The relative errors are measured as before, with
expressions like Eqs. (5.31) and (5.32), but instead of comparing to the energy and
forces of the infinite grid density limit, the energy and forces are compared to those

calculated using the same grid density and the exact structure factor of Eq. (5.8).
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Figure 5.3: The computation time required to generate V" and evaluate the F¢="’s
as a function of number of atoms, for the traditional and present methods. The
numbers on each curve represent the exponent of a power law fit.

The relative error in the energy is seen to be constant as a function of system size,
and the relative error in the forces is actually seen to decrease slightly with increasing
system size. Thus sufficient accuracy can be achieved with the present methods for
calculating V" and the F¢~* using a fixed B-spline order and grid density, confirming
that these methods will scale quasi-linearly with system size.

Finally, the time required to generate V*" with the exact and present methods,
and to evaluate the electron-ion forces with the exact and the present methods is
plotted in Fig. 5.3. One unit of time in the figure corresponded to 1.38 seconds of
execution time on a 450 MHz Pentium III processor. The present methods are far

superior even for modest numbers of atoms. It is also noted that the present methods
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are readily parallelized.

In conclusion, we present accurate and efficient methods for computing the ionic
potential and the Born-Oppenheimer forces on atoms by utilizing an approximate
form of the structure factor. It has been demonstrated that the errors due to the
present methods do not increase with increasing system size. As is typically the
case with approximate numerical methods, there is a trade-off between accuracy and
efficiency with the present methods. Accuracy can be systematically improved by
increasing the grid density or by increasing the B-spline order n, both at the expense
of more computing time. However, it was demonstrated that the errors introduced
by using the present methods at a B-spline order of n = 10 are small compared to
errors in other parts of the electronic structure calculation that arise due to the use
of a finite grid density. Thus a B-spline order of 10 is recommended as the optimal

compromise for simple metals like Al, which was used here as a test case.
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Chapter 6

Multiscale simulations in simple

metals: methodology

6.1 Introduction

In performing computer simulations of complex physical systems, a premium is
placed on accuracy and efficiency. Typically, one of these qualities can be improved at
the expense of the other. In recent years, a new approach has emerged that addresses
a class of problems in which important small-length-scale phenomena are confined to
a small region of the system but can have an impact on the behavior over a much
larger scale. A typical case is the tip of a crack, where localized chemical reactions
may affect the strength of interatomic bonding, which in turn can influence in a
dramatic way the macroscopic mechanical properties of the solid. Such problems fall
under the rubric of “multiscale” phenomena, requiring a treatment that addresses

important aspects at each scale. The novel feature of this type of simulation is to

94
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use an accurate but computationally demanding method to treat the region of the
system in which small-length-scale degrees of freedom are important, and a faster but
less accurate method with the small-length-scale physics “coarse-grained”, to treat
the rest of the system.

Multiscale approaches rely on successfully coupling the two (or more) regions in-
volved, which is referred to as seamless coupling. There is no single notion as to what
constitutes a seamless coupling, but generally the coupling should be accomplished
in such a way that the fictitious boundary between the two regions, which only exists
in the coupled simulation and not in the real system, does not introduce any physi-
cal consequences. For instance, recently several papers have dealt with the issue of
ensuring that phonons are not reflected by the boundary between the two coupling
methods[79, 80]. The consummate multiscale method would be one for which the re-
sulting energetics or dynamics is indistinguishable from those that would result from
a calculation in which the accurate method was used for the entire system. This
ideal would be achieved only if the two simulation methods involved were seamlessly
matched at the boundary, and further, only if the part of the system treated by the
faster, less accurate method was indeed free of important small-scale physics. An-
other important but obvious characteristic of a good multiscale method is that the
computational overhead of performing a coupled simulation is not significant. More
specifically, the computation time for the coupled simulation should be on the order of
computation time required for the accurate method to treat the small detailed region,
since the time required for the less accurate method to treat the rest of the system

is typically several orders smaller; nothing is gained if the coupling is so costly that
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the coupled method takes as long as using the accurate method to treat the whole
system. When the approach requires coupling a quantum mechanical method to a
classical method, additional complications arise because of the presence of electronic
degrees of freedom in the quantum mechanical region; thus boundary conditions on
the electron wavefunctions must be imposed at the interface between the regions.
Density functional theory (DFT) provides a significant simplification over more di-
rect quantum mechanical methods in that the calculation of ground state energies and
forces requires the minimization of a functional of the electron density p(r) only[5].
Thus, in principle boundary conditions need only be imposed on p(r). This state-
ment only applies to the formulation of the problem that does not invoke the explicit
calculation of electronic wavefunctions (the most common way of implementing DFT
actually does involve individual electronic wavefunctions, the so-called Kohn-Sham
orbitals[6]). Coupling an approximate DFT calculation that is based on the electronic
density alone to a classical interatomic potential should be more straightforward than
coupling an orbital-based quantum mechanical method to a classical method.

The present chapter describes a formalism for concurrently coupling a system con-
sisting of two regions, one treated with density functional theory (without invoking
electronic wavefunctions) and the other with a classical interatomic potential. Due to
the type of approximations involved, the present methods are particularly applicable
to simple metallic systems. In section 6.2, other methodologies for coupling multiple
simulation approaches and their relevance to the present methods are discussed. In
Section 6.3, the formalism of the present class of coupling methods is established.

In Section 6.4, details of implementing the methods and achieving efficiency are pre-
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sented and some tests of the method are reported in Section 6.5. Finally we conclude

in Section 6.6 with a discussion of the results of the tests.

6.2 Background

A large number of concurrent multiscale methods[81, 82, 83] approach the problem
of coupling two different simulation methods by writing the energy of the whole system
as

ElI 4+ I1] = E\[I|+ E,[1I] + E™[I,II] (6.1)

where here and throughout the chapter, I refers to the small region where detailed
physics are relevant, and II refers to the rest of the system. FE;[I] represents the
energy of region [ in the absence of region 11, Fy[I]] represents the energy of region
IT in the absence of region I, and E[I+11] represents the total energy of the combined
system. Eq. (6.1) expresses the total energy of the system is expressed as the energy of
region I evaluated with the accurate simulation method 1, plus the energy of region I7
evaluated with the faster simulation method 2, plus an energy of interaction between
the two subsystems. Typically, the crux of a multiscale method lies in its handling of
E™ . Although tautological, Eq. (6.1) can be rearranged to yield an expression for

the interaction energy:
EM™[[, 11 = E[I + II] — By [I] — Ey[IT] (6.2)

This expression contains no new content, and merely serves to define E™ (1, II], but
nevertheless provides direction towards its calculation.

The QM/MM methods are designed to achieve a goal similar to that of the present
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method, namely the coupling of a quantum-mechanical simulation with classical po-
tentials, but in the context of covalently bonded organic molecules. In such systems,
bonds are localized and typically can be associated with two atoms at either end.
The strategy often employed in QM/MM methods to couple quantum mechanics to
molecular mechanics is as follows[84]: the system is divided into QM and MM regions
with a boundary that cuts across covalent bonds; Fgas is evaluated for the QM sub-
system, plus additional ‘link atoms’ placed on the MM side of the severed covalent
bonds to mimic the system removed from the QM region; Ejysy is evaluated for the
MM subsystem without the link atoms; and Fga/ma consists of energy terms such
as bond-bending terms that are left out of Egas + Eas. A similar methodology was
developed by Broughton et al.[83] for quantum-classical coupling in silicon, again a
covalently-bonded material. Such approaches rely on a somewhat artificial partition-
ing of the total energy (e.g. into bond-bending and bond-stretching terms), and hence
lack a definition that could be readily generalized. But due to the locality of physics
in covalently-bonded systems for which QM /MM methods are appropriate, errors in-
troduced at the QM /MM boundary typically do not manifest themselves throughout
the system.

In metallic systems, however, the situation is quite different. Bonds are not local-
ized or associated with a distinct pair of atoms. The embedded-atom picture[85, 86]
provides a more apt description of the situation. In the embedded atom picture of a
simple metallic system, the density of the system is approximately the sum of charge
densities of isolated atoms, and the energetic contribution of an individual atom to

the system energy is approximately the embedding energy of the atom in a homoge-
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neous electron gas. This picture, in various forms[86, 87, 88], has been used to great
effect to create classical pair functionals for metals. The success of these potentials in
capturing the energetics of simple metallic systems, combined with their foundation
on density functional theory arguments, make them ideal candidates for evaluating
E,[I1] in the present formalism.

The notions of the embedded-atom method can be extended to describe the ener-
getics of a metallic region (region I') within another metallic region (region I7); region
I is embedded within region 7. The exact nature of the embedding can be formally
written in the manner of Eq. (6.1) with density functional theory arguments. We
first decide which ions will be associated with region I and which will be in region 17,
and we will denote those sets of nuclear coordinates by R! and R’!. We denote the
set of all nuclei with R** = R/ URY. According to the Hohenberg-Kohn theorem,
the total system energy, within the Born-Oppenheimer approximation, is given by

minimizing a functional of the total charge density:
E[Rmt} = min EDFT [ptOt; R,mt} (63)
p
In order to be explicit, by Eppr[p; {R}] we mean:

Eprrlp; R] = Tilp] + Eulp] + Exclp]

+}:/ Vosp(r = Ry)dr + Y =0 IR RI (6.4)

1<j

where T is the non-interacting kinetic energy functional, Fy is the Hartree energy,
Ey. is the exchange-correlation energy, and Vg, is the ionic pseudopotential. Thus
Eppr represents the combined electronic and ion-ion (Madelung) energy.

If pt is partitioned into two sub-densities, p! and p’/, such that p'* = pf + p!!
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then the Fppr can be partitioned:

Eprr[p"; R*] = Eppr[p’; R]

+EDFT[pII;RII] +Eint[p1,pII;RI,RII] (65)

where E'™ is defined as in Eq. (6.2). By varying the total energy with respect to p,
one finds that the potential felt by p’ is equal to the sum of the potential from region
I alone, plus an embedding potential Vo, (r) that completely represents the effect of
region /[ upon region I:

SE tot.Rtot E I-RI
DFTESPPI ; ] - iﬂ*“%%__’_ﬁi + Vemn (1)
5Eint[p[,pH;RI,RH]
Vemb(r> 5pI

(6.6)

By using different approximations for the terms in Eq. (6.6), different coupled meth-
ods are obtained. Wesolowski and Warshel[89], building on the formalism of Cortona
[90], used this partitioning to describe an efficient DFT method. In their scheme F[I]
and E[II] are treated with Kohn-Sham DFT, but E'™ is evaluated with “orbital-
free” density functional theory (OF-DFT), i.e. pure density functional theory in
which the Kohn-Sham orbitals are not used and the non-interacting kinetic energy
is approximated with an explicit functional of the density[52, 54, 51, 58, 3]. This
allows E[I] and E[II] to be alternately minimized in the embedding potential of the
other. Govind et al.[82] utilized the partitioning of Eq. (6.5) to obtain a quantum
chemistry(QC)/DFT coupled method. There E;[I] was calculated with QC, E,[I1]
with DFT, and again E£™ was based on OF-DFT. They used this method to explore
the electronic structure of molecules adsorbed on metal surfaces. Recently Kliiner

et al.[91] have extended this formalism to treat adsorbed molecules in their excited
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state.

6.3 Formalism

The present method follows in the same vein as the last few examples, to achieve
a DFT/classical potential coupling. The general idea of the present methods is as
follows. E1[I] is to be calculated with DFT. Es[I] is calculated via a classical po-
tential. A choice can be made for the calculation of E™, which results in distinct

coupling methods, which we examine in detail below.

6.3.1 Classical interaction energy
E™ can be calculated using the classical potential:
E™ I, 11 = Eg[l + 1] — Ey4[I] — Ey[II] (6.7)

Although this interaction energy is intended to represent the same DFT interaction
energy that appears in Eq. (6.5), it is not contradictory to use the classical potential
to evaluate it, since the classical potential energy, evaluated for a given ionic config-
uration R, can be viewed as an approximation to the DFT functional that has been

minimized with respect to the density; that is:
Ecl [R} ~ mpin EDF‘T [p, R] (68)
This choice of interaction energy results in a total energy of:

E[R™) = E4[R™] — Eq[R’] + min Eppr[p’, R (6.9)
p
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In this scheme, the forces on all atoms in region I are identical to forces on cor-
responding atoms if the classical potential were used for the entire system; i.e. the
DFT region has no effect on these atoms. If the cutoff length of classical potential is
e, then atoms that lie within region I and are farther than r. from the boundary will
experience a force entirely from FEppr[l]; these atoms feel a force no different than
corresponding atoms in a DFT calculation of an isolated region I. The force on atoms
in region I that are within r, of the boundary do not come entirely from Epgr[/], but
also have contributions from Ey[l + II] — Eq[I]. These contributions should in prin-
ciple be corrections to the surface forces experienced by these atoms from Eppr[I].
Classical potentials have been developed to mimic the energetics, forces, and geome-
tries obtained from DFT calculations of various configurations, including surfaces[92];
such potentials should be particularly apt for the present coupling scheme.

The implementation of this method demands nothing beyond what is required for
a DF'T calculation and a classical potential calculation. It should be noted, however,
that the DFT calculation, Eppr|[I], is a non-periodic calculation, and if OF-DFT is
to be used, special considerations may need to be made for the calculation of non-

periodic systems[93].

6.3.2 Quantum interaction energy

Alternatively E™ can be calculated more accurately with a quantum mechanical
method. Although we only represent region /7 by the coordinates of the ions of region
IT atoms and calculate the energetics with a classical potential, there is an implicit

charge density p!! associated with E4[R’!] via Eq. (6.8). Because of this, we can
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consider a more sophisticated coupling scheme where the interaction energy is based
on density functional theory. However, in order to compute the interaction energy via
DFT when all we know about region /7 is an approximation of its charge density, the
traditional Kohn-Sham scheme of DFT is not suitable. In the Kohn-Sham scheme, we
start with a potential and obtain the density and energy of electrons in this potential.
Instead, we need a means of calculating the energy of a system of electrons given their
density. OF-DFT allows us to do this. Thus we can write down the interaction energy

in terms of OF-DFT energy functionals:
E™I, 11| = Eop[l + II] — Eop|[I] — Eor|[I]] (6.10)

At first glance this seems like a useless scheme, because if DFT is used to calculate
E™[], IT], we may as well use DFT to calculate E[I+1I], and thus no computational
expense is saved with the coupled method. But because of the nature of many of
the useful OF-DFT functionals, this will turn out not to be the case. If E™[I, I[]
is calculated with OF-DFT, for typical approximate kinetic energy functionals the
computation in Eq. (6.10) will require a computation time that is on the order of
the computation time required to compute Eop[/], the small subsystem, rather than
the time required to compute Eop[l + II]. This is because significant cancellation is
implicit in Eogp[l + 1] — Eop[{1].

Various approximate kinetic energy functionals exist, differing in accuracy and
computational efficiency, and different choices of functional can be made for the eval-
uation of E[I] and E™, which further increases the number of possible coupling
methods. This possibility is important, because the degree to which the computation

of £ can be made efficient depends on the choice of kinetic energy functional; and
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the functionals that will most efficiently treat E™ are not accurate enough to treat
EI].

Regardless of the choice of kinetic energy functional, the evaluation of E™[I, IT]
within this coupling scheme requires knowing the electronic density of region 17,
p'(r). In the present method, p'/(r) is approximated as the sum of atomic charge

densities p*(r) centered at the region I7 nuclei:

Z P — R (6.11)

This approximation is supported by the embedded-atom picture of simple metallic
systems. In principle, p?*(r) could be a non-spherically symmetric density. For ex-
ample, if the arrangement of the region /1 atoms is always close to the bulk lattice
arrangement, then a non-spherically-symmetric charge density that reproduces the
bulk charge density when periodically tiled may be more appropriate. However in
this chapter p®(r) is always taken to be spherically symmetric.

The density in region 7 is never explicitly represented in the calculation, but is
given a precise form via Eq. (6.11). Thus region /[ is entirely described by the ionic
coordinates R/, and p'’, the form of which is needed to evaluate E'™, is implicitly
determined by R/

The second coupling method is summarized by the expression for the energy as a

function of nuclear coordinates within the method:

E[R‘Got] — ECI [RII] £ m}n [EOF [ptot; Rtot]
P
— Eorp™; RY] = Eorlp; R + Eppr[p’; RI]}

(6.12)
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The last term, Eppr[p’; RY], is written as such (and not as Eorp[l]) to emphasize that
we could choose to compute it either with a Kohn-Sham-type calculation or with
OF-DFT, but utilizing a more accurate kinetic energy functional than the other OF-
DFT terms. This would allow for three distinct levels of accuracy in the calculation:
Kohn-Sham accuracy within region I, OF-DFT accuracy for the coupling between
regions I and 71, and the accuracy of the classical potential in region I1. In this
case, p! would consist of a set of Kohn-Sham orbitals, p!(r) = Y, |¢:(r)|?, and we

would minimize over the ;:

E[Rmt] — ECI[RIq + %111 [EOF[ptot; Rtot}
— Eorlp";R"] — FEorlp"; R'] + Exs[ts; RI]} (6.13)
pto= Y il e, (6.14)
o= > il (6.15)
However, this interesting possibility is not explored presently; instead we use the same
type of OF-DFT calculation for the last four terms of Eq. (6.12). It should be noted
that in this case the last two terms cancel, and then the total energy is given by:
E[Rtot} — ECI[RII]+

min Eor[p™h: R™ — Egp[p’; R (6.16)

p

6.3.3 Orbital-free DFT and approximate kinetic energy func-

tionals

Orbital-free DFT is a necessary part of the second coupling method, because the

electronic structure of region /7 is represented ounly in terms of its density via Eq.
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(6.11); thus in order to utilize that information, E™ must be based only on the charge

density and the ionic coordinates. Here we describe some key ideas of OF-DFT.
Hohenberg and Kohn[5] showed that the ground state energy of a system of elec-

trons moving in an external potential is given by minimizing a density functional.

Kohn and Sham[6] wrote a useful partitioning of this energy functional:

Elp] = Tulp] + Ealp] + Exclo] + / Veoi(r)p(r)de (6.17)

where T is the non-interacting kinetic energy functional, Ey is the Hartree energy,
Ey. is the exchange-correlation energy, and V,_; is the ionic potential. By introducing
a set of fictitious non-interacting particles, we can obtain a set of single-particle
equations, the Kohn-Sham equations, that allow for the evaluation of E[p] with an
approximate E,.. The Kohn-Sham method results in an exact evaluation of Ti{po)
for the density po that minimizes E[p|, but the method does not provide a means of
evaluating T[p| for an arbitrary density p.

The Kohn-Sham partitioning of the energy, Eq. (6.17), has turned out to be
useful beyond the Kohn-Sham method. Because a number of limits of the exact non-
interacting kinetic energy functional Tg[p] are known[94], T;[p] has been approximated
by explicit density functionals constructed to satisfy one or more of these known limits.
The orbital-free DFT methods are based on minimizing E[p} with Ty replaced with
an approximate kinetic energy functional.

OF-DFT methods are typically more computationally efficient than the Kohn-
Sham method. If the approximate T can be evaluated with an amount of computation
that scales linearly with the system size, then minimizing For[p] will require an

amount of computation linear in the system size. Since within OF-DFT all terms of
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the energy are explicit functionals of the density, there is no need for the introduction
of fictitous orbitals, and the density p is the only represented variable. Thus the
OF-DFT methods also use less memory than the Kohn-Sham method.

Moreover, unlike the Kohn-Sham method, the total energy functional Eop[p| can
be evaluated for a given p(r). This property makes OF-DFT a suitable candidate
for computing E™[p!, p’!] in the second coupling method discussed in the previous
subsection.

The number of available approximate kinetic energy functionals is sizeable, and
the choice of functional is made based on considerations of efficiency and the types of
systems to be treated. Because the systems to be considered are simple metals with
free-electron-like charge densities, an important property that should be included
in the approximate kinetic energy functional is the correct linear response around

uniform densities:

} S (6.18)

. 8T,
XLind(k)

T 500

where F is the Fourier transform, and xpima(k) is the Lindhard response function:

14+
11—z

XLind(k) =

2 4z

kF 1 1—.’]3’2
72

— + lnI

} (6.19)

with kr = (372p9)"/% and z = k/2kp.

A significant number of efficient functionals have been developed that satisfy the
linear response limit for a particular chosen average density[52, 54, 51, 58, 3]. Such
functionals often consist of several terms that are local or localized functionals, such

as the Thomas-Fermi energy and the von Weizsacker functionals, plus one or more
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convolution terms:

Txld] = / ) K(r — )glp(a’))drdr’ (6.20)

By choosing the kernel K(r) properly, the approximate functional can be made to
satisfy the correct linear response, Eq. (6.18), around some chosen uniform density
po- Numerical tests indicate that among the current available efficient kinetic energy
functionals, the ones of this form are most suitable for simple metallic systems.
However, kinetic energy functionals that contain a convolution part with a long-
ranged kernel make the efficient evaluation of E™[I,I]] more difficult; the conse-

quences of this will be discussed in the following section.

6.4 Implementation of coupling

6.4.1 Classical interaction energy

The calculation of the energetics and ionic forces with the first coupling scheme
described above involve only DFT calculations and classical potential calculations.
However, if an ionic relaxation is to be done on the whole system, there are several
possible techniques, the optimal choice depending on the system being relaxed.

If the partitioning of the system into regions 1 and 2 is such that the time required
to calculate Eppr|/] is comparable with the computation time of Ey[l + II], then
ionic relaxation of the total system may be done by using a gradient-based minimizer
such as conjugate gradients methods or quasi-Newton methods like BFGS[29]. How-

ever, if the system partitioning is such that the time required to evaluate Eppr|[!]
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is considerably more than that required for the computation of Eq[l + 1], as is of-
ten the case, then an alternate relaxation scheme may be more efficient. We may
relax the total system by using a gradient-based minimizer on the region [/ system
alone, while fully relaxing the region I7 ions between each ionic update of region I.
Gradient-based minimizers like BFGS are only effective if the gradients involved are
indeed gradients of an underlying object function. It is not immediately apparent
that such is the case in this alternate-relaxation scheme, but we can demonstrate it
as follows.

The energy calculated with the first coupling scheme, as a function of all ionic
coordinates, is given in Eq. (6.9). A secondary function that only depends on the

region I ionic positions can be defined as:

'Rl — tot
F'R'] = 1%{1}}1]3[1—{ ] (6.21)

The useful aspect of E' is that its gradient with respect to R can be easily evaluated:

OF' OE[RtY] OE[R¥@] ORIL

GRT - Rl T ORI OR! (6-22)
1 1 ] 7
8E Rtot
_ a[RI ] (6.23)

where the second term on the right of Eq. (6.22) vanishes because all derivatives are
evaluated at the minimum of E[R¥!] with respect to R!!. This result is analogous to
the Hellmann-Feynman theorem[76]. The introduction of the E’ function allows for

the following relaxation algorithm:

e minimize E[R'**] with respect to R/ while holding R’ fixed. This only involves

the classical potential, Ey[R™"].
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e Calculate min,r Eppr[p’; R] and Ey[R’], and the forces on the region I ions.

Using Eq. (6.23) the gradient of E’ is obtained.
e Perform a step of a gradient-based minimization of F’.
e Repeat until the system is relaxed.

In this manner, the number of DFT calculations performed is greatly reduced, albeit

at the expense of more classical potential calculations.

6.4.2 Quantum interaction energy

Implementation details of the second coupling method require more elaboration.
One important point is that p! must be confined to lie within a fixed region 2f. This
region can (and should) overlap with p’/. But if p’ were not confined to lie within a
finite volume €, it could in principle spread throughout the combined system, and
during the course of minimizing with respect to p’ (Eq. (6.12)), we would essentially
be performing a DFT calculation of the whole system. On the other hand, ! should
be chosen large enough so that p! is not artificially confined. In the test systems we
have examined, we have found that when increasing the size of Qf, a point is reached
where the results (e.g. the shape of p! and the forces on the ions) change little. The
confinement of p! within Qf is illustrated in Fig. 6.1.

The second coupling method maintains efficiency due to the cancellation that
occurs when EBYL is computed. Consider the computation of a local term of Eine,

such as the exchange-correlation functional within the local density approximation|[5]
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4
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R RI RH

Figure 6.1: An illustration of the partitioning of the system according to the second
coupling method.

(LDA):

E)Icrét = /fxc(ptOt)dr~/§21 fxc(pl)dr—/fxc(pn)dr
- /QI [fxc(pmt) - fxc(ﬂl) - fxc(pn)] dr (624>

where fi.(p) = pexe(p) and we have used the fact that p'’(r) = p*(r) for r ¢ QL.
Thus calculation of EX™ is an integral over Q! and not the entire system, in accord
with our efficiency criterion. Any local functional of p will obviously be efficient in
the same manner. We note that in the case that the same kinetic energy functional is
used for the interaction energy and Eop[I] (which is the case for the tests performed in
this paper), the cancellation exhibited in Eq. (6.16) occurs. In this case it is wasteful
to compute the interaction energy as in Eq. (6.24), and then compute and add on

E..[p"], as it exactly cancels the second term of Eq. (6.24). Instead, we compute:

Ext = /Q LFee0) = felp™)] dr (6.25)

Similar considerations apply to the other parts of the energy.
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We have formulated an efficient method for evaluating the interaction kinetic
energy, 1., for more sophisticated functionals with convolution terms such as Eq.
(6.20); its derivation is contained in section B.

Attention must be paid to the non-local terms of E™. As usual, cancellation
occurs between electron-electron, electron-ion, and ion-ion terms that eliminates long-

ranged interactions. The Hartree interaction energy is given by:

me L [P r)p () = p(x)p" (¢)) = p" (x)p" (X)), .,
Ef* = 5/ o) drdr

_ /pf<r>p”<r'> e

v — |

= / Z —RINd (6.26)

where

Vi'(r) = / P (6.27)

v —r|

Similarly the electron-ion interaction energy EX reduces to:
B = [ 003 Vool — R
+ / S e RN Vi —R{)dr (6.28)
j i

where Vpsp(7) is the pseudopotential representing the ion, and we have used Eq. (6.11)

to express p'!(r) as a sum of p*. Finally the ion-ion interaction energy is given by:

EM = 6.29
1= Z ’R R”] ( )
The combination of all three Coulomb terms can be expessed as:
e Em e = [ 0| S| a
Q! -

+ Y 65(R{ - R (6.30)

2‘7.7

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 6: Multiscale simulations in simple metals: methodology 113

where we have defined:

V;lec( ) = V}?t’(r) +‘/I>Sp(r)7
7,7,
R - R

+ / Vosp(r — R)p* (r — R )dr (6.31)

¢y (R —Rj) =

Both V2 (r) and ¢;;(R) are short-ranged functions in which the 1/R dependence of
the constituent terms cancel.

Within the second coupling method: (1) we minimize the energy with respect to
pf, and (2) we calculate the forces on all of the ions and update their position. In
order to minimize the energy with respect to p’, the derivative 6 E™ /§p’(r) needs to

be calculated for r € . This derivative can be evaluated efficiently for the local

functionals like Fy.:

5E>1£:t ! tot
W - fxc( ) - xc(pI) (632)

where fl. = dfx./dp. For the long-ranged Coulombic functionals, the derivative is

given by:

int int int] __ at _ plI
5o (1) {EH + B2 “‘EH] = Zvelec(l' R;%) (6.33)

B

Evaluating this combined contribution to 6™ /8p’ is a simple matter of evaluating

Vat

atfor region I/ ions located near the boundary with region 7. And so the gradient

of the total energy with respect to p is:
oF N 5EDFT[,{)[; RI} 5E)1(%t 5Tsint
p'(r) op'(r) op'(xr) ~ 6p'(r)
Z elec r— R‘II (634)
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The calculation of the ionic forces proceeds differently for region I and region /7
ions. Calculation of the region I ionic forces is facilitated by the Hellmann-Feynman
theorem|[76]. If we denote the part of the energy (Eq. (6.12)) that is minimized with

respect to pf by G[p!; RI,RH]:

Glp"; R, R"] = Eor[I + 1I] — Eop[I1]

— Eor[I] + Epprll], (6.35)
then we have, for the second coupling scheme:
BR"] = EYRY] + min G[p"; R", R"] (6.36)
p

and when forces on region [ ions are computed, the expression simplifies:

GER™| G 5G Bpl,(r)
SRI. ~ ORI )y 5o ORI T (6.37)
8G
- & (6.38)

where the last term in Eq. (6.37) vanishes because we have minimized G with respect
to pl, and so 8G/8p!| o = 0. So the forces on the region I ions are determined
solely by the terms of G that explicitly depend on R’; these terms are the electron-

ion energy and the ion-ion energy. Using Eq. (6.30), the force on the ith region [ ion

is given by:
OE[R™]
o G bad whdl
¥ OR!
- 5%_1 E.i[I] + B [I) + E™[I, 1] + E™[I, 1]
0
= g [Pelll+ Bl + > Véu(R{ - R})

’ (6.39)
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Thus it can be seen from Eq. (6.39) that forces on region [ ions are given by the sum
of the electron-ion and ion-ion forces present in subsystem 1 alone, and short-ranged
interactions with region /7 ions that are nearby region /.

The forces on the region /7 ions come mostly from the classical potential, but
they have contributions from E™*[I, I1I] because p'’ is a function of Ri’. Since we
have not minimized with respect to p!?, there is no Hellmann-Feynman simplification
when calculating the forces on region I ions, and all terms in the interaction energy

contribute. The force on the jth region /7 ion is given by:

__FU a E{Rmt]
2 aRBT I
OEYRI]  OE™[I, 11]
ORI ORI

Local functional parts of E™ such as the XC energy will have a contribution to the
force given by:
pEm
T
OR;

=/ Vo (r = R fe(0) = fro(p™)]dr (6.41)

with analogous expressions for other local contributions that may exist in the kinetic
energy functional such as the Thomas-Fermi energy. These local force contributions
are only non-zero for region I/ ions with an atomic density that extends into Q. It
is also worth noting that the integral in Eq. (6.41) need not be carried out over all

of O, but only over the intersection of Qf with p*(r — RI7).
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The Coulomb contributions to the region /7 ionic forces are given by:

sy [+ B+ Bf) = — 3 96, (R~ RY)
’ 7

- [ 9~ Ritr (6.42)

This contribution also is non-zero only for region I7 ions near the boundary of QY.

If a more sophisticated kinetic energy functional with a convolution term like
Eq. (6.20) is used in E™, then such a term adds considerable complication to the
calculation of the forces on region 77 ions, but these contributions nonetheless die
off as we move farther from region I. Thus within the framework of this coupling
scheme, the forces on region I7 ions take the intuitively satisfying form of being equal
to the force that arises from the classical potential, plus a correction force for ions
near the boundary of Q7.

If the partitioning of the system between parts I and 77 is such that region [
requires much longer computation than region I, the second coupling method, like
the first, allows for an efficient algorithm for ionic relaxation. We define a different
partitioning of the ions as follows: we denote by RY the set of region I ions plus
all region 11 ions R}’ for which the interaction force E™ /ORI’ is not negligible,
and we denote by R!”" the rest of the R/Z ions. The point is that the forces on the
R ions only depend on the classical potential (as seen from Eq. (6.40)), and also
that p’ does not depend on the R ions (as seen from Eq. (6.34)). Thus the same
algorithm for relaxing the system in the first coupling scheme can be used, but with
R’ replaced with R”, and R replaced with R, That is, before each relaxation

step of the R”, the R!" are to be fully relaxed.
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6.5 Tests

In order to test the present coupling methods, we have focused on a simple coupled
system that is readily analyzed. The system consists of 10 x 10 x 10 cubic unit cells
(4 atoms each) of crystalline fcc aluminum. The innermost 2 x 2 x 2 unit cells (32
atoms total) are considered to be region I, and all atoms outside are considered to
be in region I1. region II, which is treated with the classical potential, is treated as
a periodic system in order to remove effects of surfaces from the simulation. So in
fact the test system consists of an infinite array of (accurately simulated) 32-atom Al
clusters embedded in an Al bulk. Obviously, if there is good coupling between region
I and region 11, the entire system should simply behave like pure bulk fcc Al, making
it easy to evaluate the quality of the coupling. This test system is illustrated in Fig.
6.2.

In all of the present tests, region [ is treated with OF-DF'T. However, the particu-
lar kinetic energy functional used differs among the tests. The Al ions are represented
with the Goodwin-Needs-Heine local pseudopotential[2]. For all tests, the classical
potential used is the “glue” potential of Ercolessi and Adams[87], which has the
embedded-atom method (EAM) form:

+5 3 6 Ry) (6.43)
i#j

ER]=)_F

%

> ARy )

i#j

The EAM potential has been scaled both in r and in energy:

Flp| — aFlp],
PPMR) - pPAM(BR),

»(R) — ap(fR) (6.44)
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Figure 6.2: A cut-away view of the test system. White atoms belong to region I, and
dark atoms belong to region I1. For the second method, the region Q! is shown by
the white cube.
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with o and 8 chosen so that the potential yields precisely the same lattice constant
and bulk modulus of fcc Al simulated with OF-DFT employing the particular kinetic
energy functional used in that test. This is in accord with the philosophy that the
coupled simulation should behave as if the accurate method were used for the entire
system. But this procedure is also done so that a “fair” assessment of the coupling
itself can be made; we wish to examine errors in the present coupling methods them-
selves and the approximations involved in them, but not the errors coming from a
trivial incompatibility between energy methods. To make the‘ classical potential even
more compatible with the OF-DFT method, we could re-determine the form of the
classical potential using the method that Ercolessi and Adams originally used to de-
velop their potential[92]: perform a large number of reference energetic calculations
of Al using OF-DFT, and find the EAM-type potential that best reproduces these
results. This would be a rather involved procedure, so we have chosen to simply scale

the potential.

6.5.1 Test of classical ineraction energy method

In the first coupling method (Eq. (6.9)), the energetics of region I was treated
with OF-DFT, and the kinetic energy functional used was one developed by Wang
et al.[3], with a density-dependent kernel, and parameters {«, 3,7, p.} = {5/6 +
V5/6,5/6 —/5/6,2.7,0.183 A"} (in the notation of Ref. [3]), as suggested by their
numerical experiments. This functional has six convolution terms of the form of Eq.
(6.20). The classical potential was scaled to match the lattice constant (4.033 A) and

bulk modulus (55.7 GPa) of fcc Al obtained by this kinetic energy functional.
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The system was initially arranged in the perfect fcc lattice configuration The forces
on the region 71 atoms were identically zero, since they come entirely from E°[I+11],
which is at a minimum in the initial configuration. However, the forces on the region
I atoms are not zero, as the OF-DFT and EAM forces do not perfectly cancel each
other. The average magnitude of the force difference per atom between the OF-DFT
and EAM calculations of region I was 0.34 eV/ A. These initial forces on the region
I atoms are shown in Fig. 6.3(a), with the drawn force vectors scaled so that a force
of 1 eV/A would extend one lattice constant. Then the coupled system was relaxed.
After relaxation, it was found that the atomic positions deviated from the correct fcc
lattice positions by an average of 0.004 A per atom. The average deviation of just the
region I atoms was 0.076 A per atom. The atomic deviation is shown in Fig. 6.3(b),
in which the relaxed atomic positions for the region I and region /1 atoms are drawn
as white and black balls, respectively, and the correct lattice positions are drawn as
gray balls of very slightly smaller radius. Note that only the four (100) layers that
include region I are shown. From this diagram it can be seen that in general the
relaxed atomic positions deviate from the the perfect lattice positions by bulging out
from region I slightly, with the deviation decreasing with increasing distance from

region /1.

6.5.2 Test of coupling method with quantum interaction en-

ergy

The second coupling method was applied to the same simple test system. Here the

kinetic energy functional used was different. The functional employed was again from

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 6: Multiscale simulations in simple metals: methodology 121

Figure 6.3: Test of coupling method with classical interaction energy. (a) The forces
on the region I atoms when the atomic positions are at the perfect lattice positions.
The force factors are scaled so that a vector of one lattice constant is 1 eV/A. (b)
The relaxed region I and 2 atomic positions shown in white and black, respectively.
The perfect lattice sites are drawn as gray spheres of slightly smaller radius.
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Ref. ([3]), but in this case it was a functional with a density-independent kernel, with
parameters {a, 8} = {5/6 +/5/6}. A different functional was chosen for this test
because of its simpler form: it contains only one convolution term of the form of Eq.
(6.20), while the functional used in the test of the first coupling method has six. This
makes the evaluation of the kinetic interaction energy, 70, simpler. Furthermore,
this functional performs well for structures that do not deviate much from the bulk
system. This functional was found to be inapplicable to the test of the first coupling
method, because in the first coupling method, the Eqp[I] calculation is essentially a
cluster calculation; unlike with the second coupling method, there is no embedding
potential from region /I, and it turns out that the first coupling method, using this
simpler functional, the minimization with respect to p’ does not converge. For bulk
fce Al, however, this functional performs well, yielding a lattice constant of 4.035
A and a bulk modulus of 71.9 GPa.

Another aspect of the second coupling method is the choice of atomic density
functions p* representing p!! through Eq. (6.11). Two different choices of p* were
tried. One choice, 8% was the valence density from a Kohn-Sham calculation of
an isolated Al atom, represented with the same pseudopotential[2]. The other choice,
PPUeYSt was again a spherically symmetric charge density chosen such that the charge
density that results from periodically superposing it on an fcc lattice most closely
matches the charge density coming from an OF-DFT calculation of bulk fcc Al. The

desired spherically symmetric charge density p®>¥*')(r) minimizes:

/Q [(5fcc « pat,cryst)(r) _ pfcc(r)]2 dr (6.45)

where 6%¢(r) is an infinite fcc lattice of delta functions, * denotes convolution, and
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is one umit cell; p(r) is the valence charge density of the fcc crystal. In reciprocal

space, this becomes:
- 2
03 [ Q) — 4l (6.46)
a

where Sq is the structure factor. This is minimized by requiring:

~fce
ﬁat,cryst(Q) — (qu >Q (647)

<Sq>Q

where (- - }¢ denotes an averaging over reciprocal lattice vectors q of length ). This

PYH(Q) was then used to construct a radial charge density p®<¥st(r) that was
commensurate with p*¥(Q) at the values of Q where the latter was defined. The
two charge density choices are shown in Fig. 6.4.

The second coupling method was tested on the same system used to test the first
coupling method. With the second method, however, we must choose the form of
the atomic density representing p/, and the extent of the region Q. With respect
to the choice of ), we have found the following general behavior: if Q7 is chosen to
be too small, then after minimization with respect to p!, there is an excess buildup
of charge near the boundary of Y. This in turn results in a net attraction of the
region [ ions toward the boundary of Qf. This is remedied by an increase in the
size of ). When )/ is increased further still, the results (the ionic forces, and p!)
are found to change only very slightly. We note that regardless of the size of {7,
the total density is always found to be continuous at the boundary due to the high
energy that the kinetic energy functional assigns to a discontinuity in the density. In
Fig. (6.5) we have plotted the total charge density after minimizing with respect to

p’, with p!! given by (a) a superposition of p™#% and (b) a superposition of paheryst,
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Figure 6.4: The two atomic densities used to represent p'!.
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Table 6.1: Summary of the performance of the two coupling methods, and the two
choices for p* in the second method. Shown are the maximum force on region [
atoms (FL_), the maximum force on region I/ atoms (FL, ), and the maximum
displacement from the perfect lattice positions upon relaxation for region I (dt

max)
and region I] atoms (d.f.).

FI FII dl d]]
(eV/A) (eV/A) (A) (A)
method 1 0.45 0 0.12  0.048

method 2, p?t&% 0.12 0.27 012 0.15
method 2, gt 0.094 0.37  0.217 0.265

The particular slice of the charge density is a (100) plane that passes through one
of the central atomic planes of the region I cluster. In (c¢) and (d) we have plotted
the difference between these coupled charge densities and the density of this system
when computed entirely with OF-DFT. In general, using p*“¥** results in a better
total charge density. From (c¢) and (d) several observations can be noted. It is clear
that the superposition of p* reproduces the pure OF-DFT crystal charge density
better than p*8%. Although for both choices of p* the total density is quite close to
the OF-DFT charge density for points r well within Qf, the situation is better when
p* = pAterysts the density is matched better at the boundary of Q.

It turns out, however, that the forces on the ions, for both choices of p**, are
comparable. Also comparable is the amount of deviation from the perfect lattice
positions upon atomic relaxation for both choices. The exact numbers for these

quantities for both coupling methods and the two choices of p** are summarized in

Table 6.1.
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Figure 6.5: Results for the quantum interaction energy method. (a) and (b) are

contour plots of p*°*

with p!! given by superpositions of p*83 and p* ¥t respectively.

The boundary of () is shown with a dashed line, and the positions of the region 7
atoms lying in this plane are indicated by (+), and region /T atoms by (x). (¢) and
(d) show the difference between these two densities and the “correct” density coming
from a purely OF-DFT calculation of the whole system.
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6.6 Conclusions

We have presented two methods for combining classical and quantum mechanical
simulation of simple metals. Both are based on a similar partitioning of the energy of
the system, but they differ in how the energy of interaction between the classical and
quantum mechanical parts of the system are treated. We have presented numerical
schemes that allow both coupling methods to be efficient.

Within the first coupling method, in which the interaction energy is determined
from the classical potential, forces in the classical region are fully determined by
the classical potential. Forces in the quantum region are determined by both classical
and quantum energetics, the quantum energetics dominating well within the quantum
region. It is worth noting that if region I contains many atomic species, one need not
have a classical potential for each species and their interactions; if these atoms are
well within region I, then the potential representing them does not matter at all.

Within the second coupling method, in which the interaction energy is determined
via OF-DFT, forces in the classical region are determined mostly by the classical po-
tential, with quantum contributions to atomic forces near the boundary of the regions.
Forces in the quantum region are determined fully by quantum energetics. Within
the quantum region, the charge density accurately reproduces the correct charge den-
sity, and smoothly joins with the implicit density (a sum of atomic densities) of the
classical region.

Test results indicate that the second coupling method yields better forces on the
atoms in the quantum region than the first method, but that the first method yields

better forces for the atoms in the classical region. This may be due to some extent
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to the less-accurate OF-DFT method used in the test of the second coupling method.
The first coupling method also yielded a better relaxed structure, probably due to its
better treatment of forces on the classical atoms. However, unlike the first method,
the second coupling method results in an accurate charge density within the quantum
mechanical region, allowing for an accurate treatment of physical problems such as
the introduction of impurities, where the background density in which the impurities
are introduced is important. We also find that a superposition of atomic charge
densities can reproduce the actual charge density well for a simple metallic system,
given an appropriate choice for the atomic charge density; this allows for a gentle
density transition at the boundary between regions.

Clearly an important issue affecting the coupling quality for both methods is
the agreement between forces from the DFT methods; within both methods there
are atoms whose forces are determined by a combination of quantum and classical
energetics, and the more closely the two energetics agree, the better the coupling
will be. An improvement in the quality of the coupling might be seen if a classical
potential is optimized to reproduce the DFT energetics; this is also in accord with
the multiscale philosophy that a coupled simulation should strive to act as if the most
accurate method involved is used to simulate the entire system.

The coupling of classical and quantum simulation in metals involves a set of chal-
lenges quite different than those that arise in the coupling of covalently-bonded ma-
terials and molecules, and hence requires a different set of approaches. We have

presented several possible methods for accomplishing this.
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Multiscale simulations in simple

metals: applications

In this chapter we apply the coupling method of chapter 6 to several physical
systems. This serves to both demonstrate the capabilities and realm of applicability
of the method, but additionally it is an exploration of the interesting physics of

dislocation-impurity interactions.

7.1 Isolated dislocations in fce aluminum

The simulation of an isolated dislocation presents a surprisingly difficult challenge.
Most of the important properties of a dislocation are related to the structure of its
core. The dislocation dissociation, the Peierls barrier, and the interaction of the
dislocation with impurities are all related to the core structure. The core of the

dislocation produces a long-ranged strain field, and conversely the core is strongly
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affected by any modification of its natural strain field. For example, Olmsted et al[95]
report that the Peierls stress of a dislocation in aluminum is overestimated by a factor
of two, due to finite-size effects, when the dislocation is simulated in a cylinder of a
large but finite diameter of 180 A. This example is typical for dislocations, where the
property of interest (in this example, the Peierls stress) is of a very small magnitude,
but the elastic energy of the long-ranged field is large (infinite!), and does not decrease
quickly with distance from the core.

The long-ranged strain field of the dislocation, although important in that it can
strongly affect the core, does not carry much information. In fact, one only has to
move a short distance from the core before the strain field can be accurately described
by (anisotropic) continuum mechanics. As such, dislocations are a prime candidate
for study via multiscale simulation.

In fact, a multiscale simulation of dislocations in which the core was treated
with a quantum method has been performed before. Woodward and Rao[96] present
calculations of isolated dislocations in bece Mo and Ta. Their method proceeds as
follows. First the lattice Green’s function (the linear map from small atomic forces on
atom ¢ to small displacements of neighboring atoms j) is determined for the material
and crystal structure in question. This is found by simulating a small piece of the
crystal with DFT, and applying a small force on an atom and observing the relaxed
positions of nearby atoms. Then a periodic supercell containing a dislocation is
established, and divided into three concentric cylindrical regions centered on the
dislocation line, region 1 being the innermost region containing the dislocation, which

is surrounded successively by regions 2 then 3. The supercell is simulated with DFT,
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and the region 1 atoms are relaxed while holding the remaining atoms fixed. This
produces “incompatibility forces” in the region 2 and 3 atoms. The incompatibility
forces on the region 2 atoms are used to find displacements via the lattice Green’s
function for all of the atoms. Then the region 1 must be relaxed again, and so forth,
until convergence is achieved. In this manner, region 1 atoms are essentially relaxed
under forces from a quantum calculation, while the region 2 atoms respond to the
displacements of the region 1 atoms the way the infinite lattice simulated with DFT
would, via the lattice Green’s function. Stated another way, region 2 acts as a “DFT
infinite lattice” boundary condition to the dislocation.

Woodward and Rao’s method is an elegant solution to the isolated dislocation
problem, but has several conceptual disadvantages. For one, there is still an issue of
dealing with the boundary of their quantum mechanical region. They explore two
possibilities: 1) terminating region 3 with vacuum, and 2) having the atoms of region
3 extend right up to their periodic counterparts. In either case, there is an artificiality
added, and Woodward and Rao simply hope (but convincingly demonstrate, for the
systems they study) that it does not affect the regions of more physical significance,
regions 1 and 2. Although their method can yield an accurate core structure and
Peierls stress, it is not clear how it could yield total energetic properties, such as
the Peierls energy. Finally, their method is limited to treating systems that are
coupled to a near-perfect lattice, for otherwise the lattice Green’s function would not
be a translationally invariant, simple object, and the effort of calculating it would
overwhelm the effort of simply performing a DFT calculation of the whole coupled

system to be ultimately studied.
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These issues do not arise in the coupling methods developed in chapter 6. These
methods deal very explicitly with the termination of the quantum mechanical region.
Furthermore, they are total energy methods, and as such can be used to calculate
energetic quantities such as the Peierls energy. And they are not resfricted to physical
systems in which the classical region is very close to crystalline.

The second of these coupling methods, in which the interaction energy is computed
with a quantum mechanical method, is employed to simulate isolated screw and edge
dislocations in fcc aluminum. The method is readily generalized to the treatment of
systems that are periodic in one direction, as is the case with the line dislocations. The
kinetic energy functional of Wang et al.[3], with a density-independent kernel, and
parameters {c, 6} = {5/6++/5/6,5/6 —/5/6} was employed. The energy of region I
and the coupling energy are both computed with orbital-free density functional theory
using the density-independent kinetic energy functional described in Sec. (6.5.2).
Region I is treated with the Ercolessi-Adams glue potential[92], scaled such that
the lattice constant and bulk modulus match that of aluminum simulated with OF-
DFT. The Goodwin-Needs-Heine local pseudopotential[2] was used to represent Al in

the OF-DFT parts of the calculations.

7.1.1 Screw dislocation

The screw dislocation line lies in the [110]-direction. The simulation consists of a
minimal two (110)-planes. The dimensions of the region QY to which the density o

was confined has dimensions of 31.85 x 31.85 x 2.85 A in the [112], [111], and [110]

directions, respectively. This extends slightly beyond the region I atoms and into the
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region I atoms (see Fig. 7.1). The EAM region (region II) extends to a radius of 95
A, and the atoms between a radius of 85 and 95 A are fixed in positions determined
by the anisotropic elastic strain field of a screw dislocation in a continuous anisotropic
material with elastic moduli of OF-DFT-simulated aluminum.

The detailed structure of a dislocation is best displayed with a differential dis-
placement map (DDM). In the case of the screw dislocation, the DDM displays a
circle at the position of every column of atoms that extends in the [110]-direction
in the undistorted crystal. The circles are placed at the undistorted positions of the
column of atoms. Between each neighboring column of atoms is drawn an arrow, the
magnitude and direction of which is given by the differential displacement of the two
columns of atoms. The differential displacement of two atomic atomic columns is the
difference in the displacement of the two columns along the [110]-Burgers direction;
and since each column of atoms can be translated by the Burgers vector b without
change, the differential displacement can always be considered to be in the interval
[—b6/2,b/2]. The arrow is scaled such that a differential displacement of £b/2 extends
all the way between the two circles representing the atomic columns.

From Fig. 7.1 it can be seen that the overall structure of the screw dislocation
simulated with purely the EAM interatomic potential is quite similar to that of the
screw dislocation simulated with the coupling method. Both simulations show a
similar dissociation of the dislocation on the [111] plane. The overall similarity is
partially due to the closeness in energetics between the EAM potential and OF-DFT
over the relatively “safe” realm bf configuration space explored by a screw dislocation:

the neighborhoods of most atoms in the system are fairly close to the bulk structure.
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Figure 7.1: Differential displacement maps of a screw dislocation in aluminum (a)
simulated with the Ercolessi-Adams interatomic potential, and (b) the quantum-
interaction-energy coupling method of chapter 6. The region (' to which the density
p' is confined is shown with a dashed line, and the R’ atoms are displayed as black
circles. Note that only a portion of the simulated system is shown.
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But also implicit in the similarity is the fact that the disturbance introduced by the
coupling itself is fairly small.

Differences between the structures do exist, though. These are more easily revealed
by plotting the relative [110]-displacement of the two (111) planes that sandwich the
dislocation. This is shown in Fig. 7.2. From this figure several key features can be
noticed. Most prominently, the screw dislocation is more spread-out in the coupled
simulation. If the spread of the dislocation is defined as the distance between points
where the relative slip equals 1/4 and 3/4 of the full Burgers-vector slip, then the
spread of the dislocation simulated with the EAM potential is 10.1 A, while the
spread of the dislocation simulated with the coupling method is considerably more
at 17.6 A. It can also be seen from the figure that there is a somewhat distinct
splitting of the dislocation into two partial dislocations when simulated with the
coupling method: slip proceeds quickly across the partials, but between the partials
slip occurs less rapidly. Finally, there is a small but strange feature at around —20 A.
This is probably a manifestation of the coupling. It should be noted, however, that
the features of Fig. 7.2 should not be considered in too much detail, because the full
curve is an interpolation from the fairly coarse displacement data that is available

only at each column of atoms.

7.1.2 Edge dislocation

We also simulated the edge dislocation with the quantum interaction coupling
method. The edge dislocation line lies in the [112]-direction, with a Burgers vector

in the [110] direction. The simulation was periodic along the [112]-direction, with a
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Figure 7.2: The relative displacement along the [110]-direction of the two (111)-
planes that sandwich the screw dislocation, for both the EAM simulation and the
OF-DFT/EAM coupled simulation. The locations where the relative displacement
equals 1/4 and 3/4 of the full Burgers-vector slip is indicated.
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periodicity of a\/g/—i where a is the lattice constant. The edge dislocation dissociates
further than the region €} that contains the density p’ had dimensions of 40.48 x
23.88 x 4.94 A in the [110], [111], and [112] directions, respectively. Region I again
extends to a radius of 95 A, and the atoms with a radius between 85 and 95 A are
fixed at positions specified by anisotropic elasticity theory.

The displacement maps of the edge dislocation simulated with the EAM potential
and the coupling method are shown in Fig. 7.3. In the case of the edge dislocation,
the arrows between neighboring [112]-columns of atoms indicate the difference in the
displacement along the [110] direction (the z-direction in the figure) between the two
columuns.

As with the screw dislocation, the differences between the EAM and the coupled
simulations of the edge dislocation are more apparent when the relative displacement
of the two (111)-planes above and below the slip plane are plotted (see Fig. 7.4). As
with the screw dislocation, the edge dislocation is seen to be more spread out in the
coupled simulation compared to the EAM simulation. And again, the dislocation in
the coupled simulation shows more characteristics of two distinct partial dislocations
when compared to the EAM simulation. The dislocation spreads, measured as with
the screw dislocation, are 16.4 A for the EAM simulation, and 24.7 A for the coupled
simulation. The slight noise in the coupled simulation curve that occurs near £20
A is at the edge of region I, and again is probably a slight manifestation of imperfect
coupling between the two regions.

A feature common to both dislocations is that the dissociation is seen to be wider

in the coupled simulation compared to the EAM simulation. This suggests a dif-
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Figure 7.3: Differential displacement maps of an edge dislocation in aluminum (a)
simulated with the (unscaled) Ercolessi-Adams interatomic potential, and (b) the
quantum-interaction-energy coupling method of chapter 6. The relaxed positions of
the atoms in the (112) plane are shown in (c). The region Q! to which the density
o' is confined is shown with a dashed line, and the R! atoms are displayed as black
circles. Note that only a portion of the simulated system is shown.
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Figure 7.4: The relative displacement along the [110]-direction of the two (111)-
planes that sandwich the edge dislocation, for both the EAM simulation and the
OF-DFT/EAM coupled simulation. The locations where the relative displacement
equals 1/4 and 3/4 of the full Burgers-vector slip is indicated.
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ference in energetics between the EAM potential and OF-DFT using the particular
kinetic energy functional. This possibility was explored by performing a stacking fault
calculation. A periodic simulation cell consisting of six (111)-planes, each with one
aluminum atom, was established. The lattice translation vectors were a; = %[101],
a; = L[110], and a3 = 2[111] + ¢[211], where « ranges from 0 to 1 and induces a
stacking fault in the fcc system. When o = 0 or 1, the cell is a perfect fcc lattice. A
value of a = 1 introduces an intrinsic stacking fault, as the standard ABCABC'-- -
fcc stacking becomes |ABCABC|BCABCA|CAB---, with the '’ representing the
stacking fault that occurs between the simulation cell and its periodic neighbor in
the as direction. The six atoms in the unit cell were then allowed to relax in the
[111] direction. This was done using Kohn-Sham DFT, then OF-DFT, and finally
the EAM potential. The results are shown in Fig. 7.5.

The Kohn-Sham stacking fault had an energy of 108 mJ/m?. The EAM stacking
fault had a nearly identical energy of 105 mJ/m?2, which is not surprising, since the
reproduction of the stacking fault energy was one of the constraints in the construction
of the EAM potential[92]. The OF-DFT stacking fault had a much lower energy of 43
mJ/m?. This provides an explanation of the observed wide dislocation dissociation
in the coupled calculations. The width of dissociation is determined by the interplay
of elastic and stacking fault energetics. A wider dislocation has a lower elastic energy,
but has more stacking fault area. OF-DFT exhibits a comparable bulk modulus but
a much smaller stacking fault energy than the EAM potential, thus resulting in wider

dislocations.
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Figure 7.5: The stacking fault energy curves as a function of the slip parameter «,
for Kohn-Sham DFT, OF-DFT, and the EAM potential.
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7.2 Dislocation-hydrogen interaction

As a means of demonstrating the capabilities of the coupling method, we have
also studied the interaction of hydrogen with the edge dislocation in aluminum.
Dislocation-hydrogen interaction is of considerable technological interest, as it is a
component problem of the more general issue of the embrittlement of metals in the
presence of hydrogen. Decades of experiments and theories have not definitively elu-
cidated the dominant mechanisms of H embrittlement, but have in general indicated

that the real answer must be rather complex[97].

7.2.1 The physics of the hydrogen-dislocation interaction

The jellium model of the hydrogen impurity[98] often provides a simple but rea-
sonable description of the energetics of hydrogen in metals. In this model, the energy
of interaction between hydrogen and a material is approximated to be equal to the
energy of interaction between hydrogen and a homogeneous electron gas of a density
equal to the electron density at the point (or region) where the hydrogen is placed
(before the hydrogen is placed there). The hydrogen-homogeneous electron gas inter-
action energy has been calculated[99] with DFT, and the result is that hydrogen binds
most strongly to a homogeneous electron gas of density 0.0026 electrons/Bohr® with a
strength of 1.8 eV. Note that the average electron density in aluminum is much higher
at 0.027 electrons/ Bohr®. These facts lead to a picture of hydrogen being attracted
to regions of relatively lower charge density in aluminum.

The jellium model would suggest that hydrogen prefers to occupy the octahedral

sites of the fcc lattice over the tetrahedral sites. To test this, we performed an
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OF-DFT calculation using a kinetic energy functional developed by Wang et al.[3],
with a density-dependent kernel, and parameters {c, 3,7, p.} = {5/6 + V5/6,5/6 —
V/5/6,2.7,0.08 Bohr™®}. A simulation cell was constructed which consisted of 32 Al
atoms arranged in 2 x 2 x 2 4-atom cubic unit cells. A hydrogen atom was placed
at a tetrahedral site in one calculation, and at an octahedral site in another, and the
ionic forces were relaxed. The system with the hydrogen residing in the octahedral
site was lower in energy than the system with the hydrogen in the tetrahedral site by
0.1 eV, in agreement with the jellium picture. We note, however, that Lu et al.[100]
found the tetrahedral site to be lower in energy than the octahedral site by 0.07 eV
when simulated with the Kohn-Sham method.

The jellium model suggests that dislocations affect the distribution of hydrogens
in a metal. Because hydrogen has a lower energy when embedded in a region relatively
lower electronic density in the metallic host, hydrogen should be attracted to regions
under tensile strain. The strain field of the screw dislocation is mostly of shear
character and has little hydrostatic component, and should not affect hydrogens much.
But the edge dislocation puts the host material into compressive strain on one side
of the slip plane and into tensile strain on the other side, and thus should, according
to the jellium model, attract hydrogen to the side with tensile strain.

In order to get an idea of the strength with which strain affects the embedding
energy of a hydrogen, we can perform some simple simulations. We can define the
embedding energy of hydrogen in a metallic system that has undergone a homogeneous

deformation with a strain tensor €;; as:

Eempléi;] = Emetal, €;; + H] — E[metal, ¢;;] — Elisclated Hi (7.1)
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We can then define a useful quantity, the “embedding coefficient of compression,”

which we define as:

(7.2)

This coeflicient measures the change in hydrogen binding energy per unit change
of hydrostatic strain. We performed four OF-DFT calculations using the 32-atom
supercell used above in order to determine K,.;. Calculations were performed with
and without hydrogen occupying an octahedral site, and with and without a small
strain applied. By computing the numerical derivative of the energies, we found a
Kemp of —1.47 eV, The sign of this quantity indicates that as strain increases (tensile
strain), the embedding energy of hydrogen becomes more negative (becomes stronger),
in accord with the jellium picture.

However, the jellium model is only the simplest picture. It has been shown,
for instance, that this picture undergoes significant quantitative alteration when the
effects of hybridization between the hydrogen’s s electrons and the host metal’s d
electrons are taken into account, however such considerations are not relevant to the
case of aluminum, which has no d electrons. Further, it does not take into account
the effects and energetics of the relaxation of the lattice around the hydrogen. The
picture of hydrogen-dislocation presented above certainly breaks down at the core
of the dislocation, where the precise atomic arrangement is important. Multiscale

simulation is one means of studying the problem more precisely.
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7.2.2 Multiscale simulation of hydrogen-edge dislocation in-

teraction

We have studied the energetics of hydrogen in the same edge dislocation system
studied in Sec. 7.1.2. However, we have used a different kinetic energy functional than
that used to examine the edge dislocation core structure. Rather, we have used the
one described in Sec. 7.2.1. This functional, with its particular choice of parameters,
was chosen to deal with the problem at hand. Unfortunately, this functional exhibits
a stacking fault energy even smaller (and further from the Kohn-Sham calculation)
than the functional used above for the isolated dislocation calculations. However,
it was found that the functionals with density-independent kernels, like that used in
Sec. 7.1, were not suitable for simulating aluminum systems that contained hydrogen:

“when the systems were ionically relaxed, inevitably the hydrogen would be drawn to
one of the nearby aluminum atoms and the two atoms would collapse to a point,
with the forces and energy diverging. This problem is rectified by using other kinetic
energy functionals from the same work|[3] that have density-dependent kernels. This
latter variety of functional, although more computationally demanding, is intended to
be more accurate over a wider range of densities, and were shown to be transferrable
to a wider range of atomic environments, including surfaces and vacancies. However,
switching to functionals with density-dependent kernels was not sufficient; the p,-
parameter needed to be increased as well. This parameter represents the density
around which the density-dependent functionals most accurately reflect the proper
linear response, and as such, for bulk-like systems we have usually set this parameter

to the average electron density in the system. However, we have found that increasing
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this average density tends to alleviate the kind of collapse problems described above.
This seems to be a shortcoming of these kinetic energy functionals. We speculate
that typical electronic relaxations performed with these functionals that result in a
physical-looking charge density may actually be finding some local energy minimum
of the functional, and that the global minimum energy may be —oo, with the charge
density collapsed to a point.

Using the the edge dislocation structure found in Sec. 7.1.2 as an initial starting
point, we relaxed the structure using the functional with the density-dependent kernel.
Then using this relaxed structure, we introduced a hydrogen atom at various sites
around the dislocation, and relaxed the system again. The sites where the hydrogen
atoms were introduced were chosen by selecting a number of octahedral sites in the
un-dislocated crystal, and identifying the six Al atoms that make up the octahedral
cage around the site. The location for introducing the hydrogen in the distorted
system containing the edge dislocation was then taken to be the average distorted
position of the six atoms that made up the octahedral cage in the undistorted crystal.

In Fig. 7.6 we display the positions at which we have placed hydrogen and com-
puted the relaxed energy of the system. For each hydrogen position, we have calcu-
lated the embedding energy of the hydrogen atom as the energy of the dislocation
system plus hydrogen, minus the energy of the dislocation system without hydrogen
(and, technically, minus the energy of an isolated hydrogen atom, but since this term
appears in all hydrogen embedding energies, and throughout this chapter we are only
interested in the difference between embedding energies, the isolated hydrogen energy

has not been calculated). We compare these embedding energies to the embedding
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Figure 7.6: The selected sites of the hydrogens around the edge dislocation are shown
in bold circles. The differential displacement of neighboring atomic columns are shown
for reference.
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energy of a hydrogen in an undislocated crystal, which we have also calculated with
the coupling method. In principle, we could have used the data from the calculations
used to derive the embedding coefficient K., for the hydrogen-in-crystal embed-
ding energy, which were calculated with a fully periodic OF-DFT calculation. But
a difference was found between this and the hydrogen-in-crystal embedding energy
calculated with the coupling method, the latter being 0.05 eV higher. This difference
is most likely an unfortunate manifestation of the coupling boundary.

In Table 7.1 we list the difference between the hydrogen-in-dislocated-crystal em-
bedding energy and the hydrogen-in-undislocated-crystal embedding energy, for the
hydrogen positioned at the nine sites. We also report the percentage change in vol-
ume of the octahedral cages around the hydrogen sites between the dislocated crystal
(without hydrogen) and the undislocated crystal (without hydrogen). Finally, we
report the change in embedding energy at the nine sites as predicted by the jellium

theory, which we approximate as:

. _Vv
Apin o D, (7.3)
0

where V; is the octahedron volume in the dislocated crystal without hydrogen, and
Vo is the octahedron volume in the undislocated crystal without hydrogen.

From the few octahedral sites examined, it is difficult to draw very general con-
clusions. To a reasonable extent, the physics of the jellium model seem to hold. The
two hydrogen locations of highest energy, sites 4 and 6, are both located on the com-
pressed side of the slip plane. And the sites located on the tensile side of the slip
plane all have a lowered embedding energy. The fact that the octahedral sites that

lie directly on the slip plane (sites 1, 2, and 3) have a change in embedding energy
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Table 7.1: The hydrogen embedding energy at each site minus the hydrogen em-
bedding energy in the undistorted lattice (AFey), the fractional change in volume
of the octahedral sites going from the undislocated crystal to the dislocated crystal
(AV/V), and the change in embedding energy that the jellium picture would suggest

(Apm,

Site # | Aoy (€V) AV/V (%) AET™ (aV)
1 -0.03 +2.4% -0.035
2 +0.17 +0.8% -0.012
3 +0.06 +2.5% -0.036
4 +0.01 -0.6% +0.009
5 +0.04 +0.3% -0.004
6 +0.02 -0.1% +0.001
7 -0.03 +3.1% -0.046
8 -0.01 +2.0% -0.030
9 -0.02 +1.9% -0.027

different than the prediction of the jellium picture is not contradictory: the change
in energy suggested by the jellium picture is based on the change in volume of the
octahedral site, but in the dislocated system, the octahedra that surround sites 1,
2, and 3 have vertices (Al atoms) that lie on both sides of the slip plane, and hence
the octahedra get severely drawn out. The aluminum atoms most relevant to the
energetics of the hydrogens at these sites may not be the six atoms that define the
octahedral site in the undistorted crystal. The scale of the energetic effect of the
dislocation on the hydrogen is on the same order of magnitude as room temperature
thermal energetics. Thus at room temperatures and below, dislocations in Al would
have a significant effect on the distribution of interstitial hydrogen.

The present set of calculations serve to highlight the kind of problem that the
multiscale methods developed in this thesis can uniquely attack. In order to calculate

the interaction between hydrogen and a dislocation, it is necessary to use a quantum
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mechanical method in order to capture the energetics of how the hydrogen affects the
valence electrons of the metal. But in order to allow the dislocation to assume its
natural core structure, the correct long-ranged strain field must be imposed. Without
a multiscale method, one may be left with only the option of simulating the system
with a very large supercell. But even this alternative would entail using a supercell
with multiple dislocations (a topological necessity for periodic systems), and the core
structure can be strongly affected by dislocation-dislocation interaction (particularly
in the case of dislocations in fcc metals, where the dislocation energy scales tend to

be much smaller than in bee metals.)
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Chapter 8

Concluding remarks

In general, there is some sort of an inverse relationship between the efficiency of
a simulation method and its accuracy or information content. This is rather obvious,
actually, since if this relationship were not the case, then no one would have bothered
to develop the less accurate methods! But it is the case, and physicists will always
continue to search for new methods that achieve a better balance of both qualities.
The orbital-free density functional theory methods, a central theme of the present
thesis, occupies a position somewhere between Kohn-Sham DFT and tight-binding
methods both in accuracy and efficiency in the context of simple metals. The goal of

this thesis has been the general improvement of OF-DFT methods.

8.1 Pseudopotentials

If OF-DFT methods are to make use of pseudopotentials that are anything like the

potentials of the established methods, then the pseudopotentials used must be local.
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Local pseudopotentials are suitable for simple metals, and possibly a few transition
metals if one is willing to include some core electrons in the calculation. But local
pseudopotentials have not been developed significantly since the inception of non-local
norm-conserving pseudopotentials. We have developed a method for generating local
pseudopotentials in which the important qualities of norm-conserving potentials are
maintained to the greatest possible degree. ‘Speciﬁcally, the method involves starting
with a good guess for the potential, then searching “local pseudopotential space” for
the local potential that yields an optimal combination of scattering properties and
smoothness.

We have used this method to produce a local pseudopotential for aluminum, a
simple metal, but a non-trivial one both technologically and physically, exhibiting a
significant amount of covalent bonding character. Although the present method pro-
duces pseudopotentials from a free-atom context, the aluminum potential is found to
yield accurate bulk properties. The aluminum potential is a linear combination of two
local potentials with shapes optimized to reproduce scattering off of a ground-state
Al atom and an Al atom with one electron missing. Individually these two potentials
did not exhibit good bulk properties, suggesting that the scattering properties in both

atomic occupancies are important in the bulk environment.

8.2 Efficient methods for OF-DFT

The study of OF-DFT is largely tied up with the kinetic energy functional, since
it is the only thing that formally distinguishes OF-DFT from the Kohn-Sham meth-

ods. The kinetic energy functionals that show promise for application to materials
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science problems are designed to correctly reproduce the perturbation response of a
homogeneous, non-interacting electron gas. This introduces a long-rangedness into
the functionals, making them inefficient to evaluate in real space with direct methods,
and thus making the whole OF-DFT method inefficient. We have developed an effi-
cient method for real-space evaluation of these functionals. The functionals are split
into separate parts, and each part is reformulated from a convolution integral into an
equivalent differential equation. The method is shown to be efficient and accurate.
The real space formulation allows for OF-DFT calculation of finite and other systems
for which periodicity is undesired or inapplicable. This method turns out to be crucial
to the OF-DFT-classical potential coupling method developed in chapter 6.

We have also developed an efficient method for evaluating atomic forces in elec-
tronic structure methods. Although not limited to the OF-DFT context, the method
is particularly relevant to OF-DFT, for several reasons. First, the method only cal-
culates forces on objects represented by local potentials, which we use if OF-DFT
calculations anyway, and second, this method, when used in an OF-DFT context,
makes the whole method efficient, while with the Kohn-Sham scheme calculating
forces is not the computational bottleneck, so a Kohn-Sham calculation in which the
present force method is used will not necessarily be efficient overall. The method
is based on an efficient scheme for calculating the structure factor, borrowed from a
fast method for calculating the Ewald energy. We demonstrate that the present force

method can simultaneously achieve speed and accuracy.
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8.3 Coupling OF-DFT and classical potentials in
simple metals

The above developments come into play in the quantum-classical coupling method
developed in this thesis. Coupling quantum and classical regions is essentially about
preserving the correct bonding across the interface between the two regions and dis-
turbing the sea of electrons as little as possible. Given the clear difference between
the bonding in simple metallic systems and in covalent insulators or semiconductors,
it is not surprising that a good quantum-classical coupling cannot be achieved for
both types of system with the same specific methods.

We have developed a family of coupling methods for simple metals that utilizes
the “embedding” picture of the metallic bond rather than the “pair-bond” picture
that has been previously used to couple covalent solids and molecules. In order to
achieve the simplest possible coupling, the quantum formalism chosen was DFT, in
which the basic variable, the density, is in many ways the simplest possible variable
that can be used. Through the DFT formalism, we show that coupling a quantum
and classical region essentially only involves a boundary condition for the density,
which in practice is much simpler to work with than, say, wavefunction boundary
conditions. Our coupling formalism builds on previous work of others in which the
basic DF'T problem was partitioned in real space ({ “subsystem” DFT). In our method,
the classical energetics is seen as an approximation to DFT energetics, and the clas-
sical subsystem is seen to carry an implicit charge density which we approximate as a

sum of charge densities centered on each classical atom. Via the subsystem DFT for-
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malism, the classical subsystem generates an effective potential in which the quantum
subsystem lives.

An interesting feature of one of the methods is that it explicitly requires orbital-
free density functionals. Furthermore, in order for the whole calculation of a coupled
quantum-classical system to be efficient, an efficient real-space OF-DF'T method is
needed, and we employ our own method of chapter 4.

A family of coupling methods results from our formalism due to the freedom to
choose the manner in which the energetics of interaction between the classical and
quantum subsystems is calculated. This interaction itself can be calculated classically
or quantum mechanically. We find that when the interaction is treated classically, the
imperfection in coupling is seen in the forces on the atoms in the quantum mechanical
region. Conversely, when the interaction is treated quantum mechanically, the forces
on the atoms in the classical region are imperfect. The classical interaction energy
method has the upper-hand in terms of simplicity. It is very readily implemented
in practice by simply creating a “wrapper” layer around a DFT code and a molecu-
lar dynamics code. The quantum mechanical interaction method, however, has the
advantage that the electronic charge density throughout the quantum region is seen
to be very close to the charge density that would result if quantum mechanics were
used to treat the entire system. This makes it suitable, for example, for introducing
impurities, and in general simulating systems in which an accurate electronic charge

density is needed.
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8.4 The future

The methods developed in this thesis push forward the applicability and efficieny
of orbital-free density functional methods. Yet they are not free of shortcomings. It
is worthwhile to look at what might be done in the future to improve the methods
and to consider possible applications of them.

We look first at pseudopotentials. While the method we have developed for creat-
ing local pseudopotentials seems to work well for Al, it would be interesting to carry
out a detailed study to determine how useful local pseudopotentials can be across the
periodic table. Unfortunately, our method requires too much human interaction to
execute a completely thorough study’.

An interesting thing to contemplate is a more radical twist of the pseudopotential
ideas for use within OF-DFT. Traditional non-local pseudopotentials do not make
sense without orbitals, but some sort of non-local “pseudopotential density func-

tional” might take the form:

EPP[p] = / PV (1) (x)dr (8.1)

and might be able to usefully go beyond local pseudopotentials. This form is clearly
a generalization of the local potential, to which it reduces if o = 1/2 and V(r,r’) —
§(r —t/)VPP(r). Another interesting and more radical possibility is that of some sort
of environment-dependent pseudopotential. One might concieve of a local pseudopo-
tential with a shape that depends on its atomic environment, or perhaps the amount

of electron density in its vicinity.

Itraditional pseudopotential construction has been considered to be a bit of a “black art,” and
the present method is not entirely free from that characterization!
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The family of coupling methods developed in chapter 6 leave clear room for further
exploration and improvement. It would be very interesting to explore some of the
other possible choices one could make for the energy methods used in the coupling
scheme. In particular it would be worthwhile to study the effectiveness of using the
classical coupling scheme (Sec. 6.3.1) and employing the Kohn-Sham method for the
DFT energetics.

When we tested the coupling methods on bulk aluminum embedded within bulk
aluminum, a physical situation in which all atomic forces should be zero, we find that
they are small, but not exactly zero. There is a pattern to these force errors which
hints at why the errors are there. When classical energetics is used for computing the
subsystem interaction, forces on the atoms in the quantum region are non-zero. We
note that with this choice of coupling, the total system energy within our formalism
is the classical energy of the whole system, minus the classical energy of the quantum
atoms, plus the quantum energy of the quantum atoms. The forces on the atoms at
the boundary of the quantum region are non-zero because the quantum and classical
energetics do not match for these atoms. Conversely, when quantum energetics is used
to calculate the subsystem interaction, forces on the atoms in the classical region that
lie near the boundary of the subsystems are non-zero. And we note that for this choice
of coupling, the total system energy is the quantum energy of the whole system, minus
the quantum energy of the classical atoms, plus the classical energy of the classical
atoms. And again, the atoms with significantly non-zero forces are the atoms in the
classical subsystem that lie near the interface of the two subsystems, because the

quantum and classical energetics there do not precisely cancel.
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Thus it appears that the imperfections in the coupling method show themselves
for atoms that end up being at a surface in some part of the calculation. The quan-
tum and classical methods both define an energy that is a function on configuration
space. For configuration-space points that are far from the bulk environment, such
as surfaces, it is typically harder to achieve a matching between the quantum and
classical energy functions. Because the present coupling methods ultimately both
depend on cancellation of energetics of configurations far from the bulk, it is difficult
to achieve a perfect coupling.

Omne would obviously improve the coupling if one had at one’s disposal an orbital-
free DFT method and a classical potential that gave very similar energetics for surface-
like atomic configurations. One might protest that having such a potential would
render the whole coupling method superfluous: if the classical energy function is very
close to the orbital-free DFT method energy function, why do we need the computa-
tionally expensive orbital-free energetics in the first place? To this we respond that
requiring good bulk energetic agreement and good surface energetic agreement is a
far weaker condition that agreement over all of configuration space. Secondly, much
of the potential power and usefulness of the coupling method also comes from the
ability to easily introduce impurities and study the effects of chemistry on multiscale
systems, something that is not easy to achieve with classical potentials.

Nevertheless the disagreement between classical and DFT energetics for surface
configurations is a feature of the present state of affairs of classiscal potentials. These
considerations demand that we ask an important question: could there be a coupling

formalism that somehow only involves calculations of near-bulk configurations? We
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do not know the answer to this. But if the answer is yes, then it seems likely that

the method would be both theoretically and practically very satisfactory.
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Appendix A

The electron-ion contribution to

the stress tensor

The methods of Chap. 5 are readily applied to the computation of the electron-
ion contribution to the stress tensor. The stress tensor can be calculated with the
methods of Nielsen and Martin[101]. One constructs an ionic potential skewed by a

strain tensor €, and a density similarly skewed and scaled to preserve normalization:

vier(e) = VI(( +) ), (A1)

it

pe(r) = [det( +e)]7p(( +€)7'r)

The electron-ion contribution to the stress density tensor is then given by:

dEC
8eag

0
N a€ag

QO’Z? =

/ ) p(r) V2" (x)dr (A.2)

e—0

Under the strain transformation, the structure factor is unchanged, and the Fourier
components of the density, Flp(l1,l2,13)], are simply scaled by [det( +¢€)]7*. The

reciprocal lattice vectors, to first order in €, become b; — ( — €)b;, and hence

168

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendiz A: The electron-ion contribution to the stress tensor 169

by [O€np = —0oybig. Differentiating Eq. (5.26) with respect to €45, one obtains an

efficient method for the electron-ion stress density tensor:

i Eet N QaQ,@ 7 ~ *
Oap = _—Q—(saﬁ - 5 Z IQ' Pl(ml>m2’ mg)f[p(ll, la, l3)]

X B(my, ma, m3)FQ(l, 2, 13)] (A.3)

m1,m2,m3

where Q = m/by + mjby + mibs, and P’ (my, me, ms) = dVP?(Q)/d|Q|. This
method has been subjected to simple tests comparing the derivative of the energy
with respect to the crystal lattice constant to the components of the stress tensor.
These tests indicate an accuracy similar to the present force method. It must be
noted, however, that unlike the ionic forces, the cell stress has contributions from all

terms in the energy, and 0;? is merely one of them.
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Appendix B

The interaction energy for complex

kinetic energy functionals

We describe here how the interaction energy (defined in Chap. 6) can be effi-
ciently calculated when the approximate kinetic energy functional used is of a more
complicated form, containing a convolution term of the form of Eq. (6.20). That is,

we will describe a method for evaluating:

T, /f12 (r — 1) g1 (r")drdr’
/f1 (r — r')g;(¢")drdr’
/f2 (r — 1) go(r")drdr’, (B.1)

where we have defined fi(r) = f(p'(r)), fralr) = f(p'(r) + p'(r)), and so on. Then

we define two new functions,

F(r) = fiolr) — folr),
G(r) = gi2(r) — golr) (B.2)
170
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Note that F(r) and G(r) are zero for points r ¢ Q. Using F and G we can re-express
Eq. (B.1) as

T = /QIF WK+ G)(r)dr — /QI fr(0)(K * g1)(r)dr

+/ F(r)(K * go)(r )dr+/ G(r)(K * fo)(r)dr
0! 0l
(B.3)
where we have now defined:
(K *G)( /K r — ' )G(r')dr, etc. (B.4)

We point out that if this interaction energy is being calculated in a coupled simulation
in which the energetics of region I are calculated using the same kinetic energy (i.e.
E[I] and E™[I, I]] being treated at the same level of theory), then the final term of
Eq. (B.3) is equal to and will cancel with the corresponding term in E[I].

So with Eq. (B.3) we have expressed Ti2* purely in terms of intergrals over Qf;
the problem is now reduced to efficiently calculating the functions (K x fo)(r) and
(K % go)(r) for points r within Qf. A straightforward integration for each point
r € O is not an option, because K(r) is typically long-ranged, and thus determining
(K * fo)(r) at one single point r would require an integration over the volume of the
whole coupled system, which would be highly inefficient. We now describe a method
for determining (K x fo)(r), and (K * go)(r) can be determined with precisely the
same method.

In earlier work[93] we have developed a method for efficiently evaluating convo-
lutions like Eq. (B.4) when the convolution kernel K(r) is of the particular form

typically encountered in kinetic energy functionals involving convolution terms[52,
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54, 51, 58, 3]. We will invoke this method to determine (K * f,). In this method, the

kernel is fit in reciprocal space with the following form:

1

K(k) = ) Kilk),

5 Pk?
Ki(k) = Z10 (B.5)

where P;, (); are complex fitting parameters. The kernels encountered in many kinetic
energy functionals are well-fit with this form, with 4 terms. The kernel in real space

can be expressed as the sum of the inverse Fourier transform of each term of Eq.

(B.5):

=
=
R

Z Ki(r),

e~ V@i
Pio(r) — PQ;

drr

=
=

G)
I

Thus (K * f3) can be written as the sum of separate convolutions:

(K= o)) = 3 (Kix o)), (B.7)

(K% f)(r) = / Ki(r — ') fo()dr’ (B.8)
Because in reciprocal space the (K;  f5) satisfy:

(K2 + Q] (K * f2)(k) = PR fa(k), (B.9)
in real space they satisfy:

[V? = Qi] (Ki % f2)(x) = PV fo(x) (B.10)

i.e. they are solutions to (complex) Helmholtz equations which can be solved with

conjugate-gradient-based methods[63]; such methods are efficient and only involve op-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendiz B: The interaction energy for complex kinetic energy functionals 173

erations within Q7. The solutions to Egs. (B.10) are only well-defined when boundary
conditions for (K; x f)(r) are supplied.

We propose the use of Dirichlet boundary conditions. The value of (K; x f3)(r)
for points r on the boundary of Qf can be found by evaluating the convolutions, Eqs.
(B.8). Because of the regular nature of p’/(r), being the sum of atomic densities, an
efficient method for evaluating these convolutions exists. The form of the convolution

that needs to be evaluated is:

(K * fo)(r /K (r—1') (Z P — RJU)) dr’ (B.11)

If f(p) were a linear function, then this would reduce to a sum of pair functions. For
many kinetic energy functionals, f(p) is not linear, but equal to some power of p:
f(p) = p>. This leads us to consider a Taylor expansion of f(p) about some average
density po. This Taylor expansion suffers in places where p/!(r) is near 0, which
occurs, for instance, in the center of {2/. An expansion that is much more accurate
down to small values of p is obtained if we Taylor expand the function h(p) = f(p)/p

and express f(p!!) in terms of this expansion:

f (Z pat(r/ . RII ) (Z pat RII )
. {h(PO) + H(po) [}: P~ RYT) - ﬂo} i } (B.12)

In Fig. B.1 we illustrate the effectiveness of (B.12) compared to expanding f(p)
directly when f(p) = p*® and py = 1. Although the h-expansion is taken only to first
order, while the f-expansion is taken to second order, the h-expansion is seen to be

more accurate at small p.
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2 - i ' !
R f(p)=p1‘5 /
—-—- 2nd-order f-expansion -

———- 1st-order h—expansion
1.5 | P |
1 ——————————————————————————— ( )
0.5 | | ‘
0 b= | -

P

Figure B.1: A demonstration of the Taylor expansion of Eq. (B.12) compared to a
direct Taylor expansion of f(p) = p about py = 1.
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Upon substitution of the expansion of Eq. (B.12) in the convolution, Eq. (B.11),
we find:
(Ki= 2)(r) = [h{po) = polt (p0)] Y L (x — R]')

J
+1(po) > L (r — R r — RY),

i}
&
I

ik
/ Ki(')o™ (R - ')dr’,
I¥(R,R) = /Ki(r’)pat(R )™ (R —1')dr
(B.13)
Lgl) is the convolution of an atomic density with Kj(r). LZ@ (R, R’) is the convolution
of the product of two atomic densities with K (r), and consequently vanishes when the

two atomic densities do not overlap. The integrand is non-zero only where the overlap

occurs. It thus makes sense to express Lz@ in terms of new coordinates, illustrated
in Fig. B.2:
Mi(Rca Rrel) = ng) (Rc - %Rrela Rc + %Rrel) (B14>

In the case of a spherically symmetric p®(r), LO)(R) is a function only of |R/, and

)

M;(Re¢, Ryq) will depend only on |R.|, |Re|, and R - Ryq. We now argue that the

dependence on R, - R.q is weak. We can write the expression for M; as:
M;(R¢,Rpq) = /Ki(RC —1)p*(r — $Ra)
x p(r + 3Rya)dr (B.15)
If we expand K about R, we find:
Mi(Re Res) = [ (R - VH(RD) + -]

X p(r — 5Rye))p* (r + $Ruqr)dr (B.16)
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Fi(g)ure B.2: New coordinates R. and R, for evaluating the three-center integrals of
L.

)

The integrals over the odd powers of r in the expansion of K; vanish by symmetry.
Thus if we truncate the series at first order, the first order term vanishes, leaving only

the Oth order term:

Mi(RcaRrel> i~ Kz(|RCDP<|R’T€1D’ (B17)

P(|Real]) = / )P — Reg)dr (B.15)

Truncating the expansion of K at the first order is reasonable, because K;(r) oscillates
around the Fermi wavelength of the system, a length scale close to that of p**. This
approximate form, Eq. (B.17) will behave quite badly at small R, because K; diverges
at the origin, and the radial averaging of this divergence that occurs in Eq. (B.15) is
not reflected in Eq. (B.17). Thus we replace K;(|R.|) there with the convolution of

K; with a Gaussian of unit weight and a variance ry given roughly by the length-scale
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of the overlap regions of the atomic densities (i.e. some fraction of the range of p**(r)):

Mi(RcaRrel) i K:(‘RCDP(IRTelDa
Ki(r) = (Kixw)(r),

w(r) = 732530/ (B.19)

Summarizing these results, we find that we can approximately evaluate (K;  f5)
as:

(K # f2)(r) = [h(po) — poh'(po)] S L (r — RY)

)
+H(po) D K (Jr = 5(R{' + R{)|) P (R ~RY))
<jk>

(B.20)
where the summation over < j,k > indicates that we need only sum over pairs of
region [7 atoms with overlapping densities. The derivation of Eq. (B.20) involved
several approximations, and thus is not expected to be precise. We only propose
that Eq. (B.20) be used to generate the boundary conditions for Egs. (B.10) that
determine the (K * f5)(r) within region €/, and we have found that the resulting
(Ki * f2)(r) is more dependent on the source term than the boundary conditions.
Nevertheless, because of the inaccuracies of Eq. (B.20), we define a new region, Q'
that contains and extends a bit beyond , and we use Eq. (B.20) to obtain the
boundary conditions for points r that lie on the boundary of ¥, and we solve Egs.

(B.10) for all r € QF', so that the resulting (K; * f,)(r) are accurate for all r € Q.
Thus we have all the pieces necessary to compute 702, In summary, we do this

as follows:
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e Using Eq. (B.20), we can evaluate (K; * f5)(r) and (K * g2)(r) for points r on

the boundary of a region Q! that is slightly larger than Q7.

e Using those boundary conditions, the Helmholtz equations (B.10) are solved,

yielding (K; * fo)(r) and (K; * go)(r) for all points r € Q.

e Then (K = f3)(r) and (K * g9)(r) are constructed with Eq. (B.7), and we can

evaluate T2 via Eq. (B.3).

Ther kernel interaction energy Tif" also gives a small contribution to the forces on

region IT atoms near the 1-2 boundary. By differentiating Eq. (B.1), we find:

g-};- = — [ Vo= RY) )5 G))
+ela0)(K + F) (1) + F/()(K * g)()
+G'(r)(K * f3)(r)]dr, (B.21)
(KxF)(r) = /KI‘*I‘ r')dr/,
fia(e) = ')+ p" (1)),
F@) = fiulr) = Fo7(0), et
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