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We present a formalism for coupling a density-functional-theory-based quantum simulation to a classical
simulation for the treatment of simple metallic systems. The formalism is applicable to multiscale simulations
in which the part of the system requiring quantum-mechanical treatment is spatially confined to a small region.
Such situations often arise in physical systems where chemical interactions in a small region can affect the
macroscopic mechanical properties of a metal. We describe how this coupled treatment can be accomplished
efficiently, and we present a coupled simulation for a bulk aluminum system.
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I. INTRODUCTION

In performing computer simulations of complex physical
systems, a premium is placed on accuracy and efficiency.
Typically, one of these qualities can be improved at the
expense of the other. In recent years, a new approach
has emerged that addresses a class of problems in which
important small-length-scale phenomena are confined to a
small region of the system but can have an impact on the
behavior over a much larger scale. A typical case is the tip
of a crack, where localized chemical reactions may affect
the strength of interatomic bonding, which in turn can
influence in a dramatic way the macroscopic mechanical
properties of the solid. Such problems fall under the rubric
of “multiscale” phenomena, requiring a treatment that
addresses important aspects at each scale.1 The novel feature
of this type of simulation is to use an accurate but computa-
tionally demanding method to treat the region of the system
in which small-length-scale degrees of freedom are impor-
tant, and a faster but less accurate method with the small-
length-scale physics “coarse-grained” to treat the rest of the
system.

Multiscale approaches rely on successfully coupling the
two sor mored regions involved, which is referred to asseam-
less coupling. There is no single notion as to what constitutes
a seamless coupling, but generally the coupling should be
accomplished in such a way that the fictitious boundary be-
tween the two regions, which only exists in the coupled
simulation and not in the real system, does not introduce any
physical consequences. For instance, recently several papers
have dealt with the issue of ensuring that phonons are not
reflected by the boundary between the two coupling
methods.2,3 In the consummate multiscale method, the result-
ing energetics or dynamics is indistinguishable from what
would result from a calculation with the accurate method
applied to theentire system. This ideal would be achieved
only if the two simulation methods involved were seamlessly
matched at the boundary, and further, only if the part of the
system treated by the faster, less accurate method was indeed
free of important small-scale physics. Another important but
obvious characteristic of a good multiscale method is that the
computational overhead of performing a coupled simulation

is not significant. More specifically, the computation time for
the coupled simulation should be on the order of computa-
tion time required for the accurate method to treat the small
detailed region, since the time required for the less accurate
method to treat the rest of the system is typically several
orders smaller; nothing is gained if the coupling is so costly
that the coupled method takes as long as using the accurate
method to treat the whole system. When the approach re-
quires coupling a quantum-mechanical method to a classical
method, additional complications arise because of the pres-
ence of electronic degrees of freedom in the quantum-
mechanical region; thus boundary conditions on the electron
wave functions must be imposed at the interface between the
regions. Density-functional theorysDFTd provides a signifi-
cant simplification over more direct quantum-mechanical
methods in that the calculation of ground state energies and
forces requires the minimization of a functional of the elec-
tron densityrsr d only.4 Thus, in principle, boundary condi-
tions need only be imposed onrsr d. This statement only
applies to the formulation of the problem that does not in-
voke the explicit calculation of electronic wave functions
sthe most common way of implementing DFT actually does
involve individual electronic wave functions, the so-called
Kohn-Sham orbitals5d. Coupling an approximate DFT calcu-
lation that is based on the electronic density alone to a clas-
sical interatomic potential should be more straightforward
than coupling an orbital-based quantum-mechanical method
to a classical method.

The present article describes a formalism for concurrently
coupling a system consisting of two regions, one treated with
density-functional theoryswithout invoking electronic wave
functionsd and the other with a classical interatomic poten-
tial. Due to the type of approximations involved, the present
approach is particularly well suited for simple metallic sys-
tems; we emphasize, however, that this is not an inherent
limitation of our approach, but rather a limitation imposed by
the shortcomings of the methodologies employed for the
treatment of the various parts of the system, and if these are
eliminated the approach could be generally applicable. In
Sec. II, other methodologies for coupling multiple simulation
approaches and their relevance to the present methods are
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discussed. In Sec. III, the formalism of the present class of
coupling methods is established. In Sec. IV, details of imple-
menting the methods and achieving efficiency are presented
and some tests of the method are reported in Sec. V. Finally
we conclude in Sec. VI with a discussion of the results of the
tests.

II. BACKGROUND

A large number of concurrent multiscale methods6–8

approach the problem of coupling two different simulation
methods by writing the energy of the whole system as

EfI + II g = E1fIg + E2fII g + EintfI,II g, s1d

where here and throughout the article, I refers to the small
region where detailed physics are relevant, and II refers to
the rest of the system.E1fIg represents the energy of region I
with region II providing appropriate boundary conditions,
E2fII g represents the energy of region II in the same sense,
andEfI+ II g represents the total energy of the combined sys-
tem. Equations1d expresses the total energy of the system as
the energy of region I evaluated with the accurate simulation
method 1, plus the energy of region II evaluated with the
faster simulation method 2, plus an energy of interaction
between the two subsystems. Typically, the crux of a multi-
scale method lies in its handling ofEint. Although tautologi-
cal, Eq.s1d can be rearranged to yield an expression for the
interaction energy:

EintfI,II g = EfI + II g − E1fIg − E2fII g. s2d

This expression contains no new content, and merely serves
to defineEintfI , II g, but nevertheless provides direction to-
wards its calculation.

The quantum-mechanical/molecular-mechanicalsQM/
MM d methods are designed to achieve a goal similar to that
of the present method, namely, the coupling of a quantum-
mechanical simulation with classical potentials, but in the
context of covalently bonded organic molecules. In such sys-
tems, bonds are localized and typically can be associated
with two atoms at either end. The strategy often employed in
QM and MM methods to couple quantum mechanics to mo-
lecular mechanics is as follows:9 the system is divided into
QM and MM regions with a boundary that cuts across cova-
lent bonds; EQM is evaluated for the QM
subsystem, plus additional “link atoms” placed on the
MM side of the severed covalent bonds to mimic the system
removed from the QM region;EMM is evaluated for the
MM subsystem without the link atoms; andEQM/MM consists
of energy terms such as bond-bending terms that are
left out of EQM+EMM. A similar methodology was developed
by Broughton et al.8 for quantum-classical coupling in
silicon, the prototypical covalently bonded bulk material.
Such approaches rely on a somewhat artificial partitioning
of the total energyse.g., into bond-bending and bond-
stretching termsd, and hence lack a definition that could
be readily generalized. But due to the locality of physics
in covalently bonded systems for which QM and MM
methods are appropriate, errors introduced at the QM/MM

boundary typically do not manifest themselves throughout
the system.

In metallic systems, however, the situation is quite differ-
ent. Bonds are not localized or associated with a distinct pair
of atoms. The embedded-atom picture10,11 provides a more
apt description of the situation. In the embedded-atom pic-
ture of a simple metallic system, the density of the system is
approximately the sum of charge densities of isolated atoms,
and the energetic contribution of an individual atom to the
system energy is approximately the embedding energy of the
atom in a homogeneous electron gas. This picture, in various
forms,11–13 has been used to great effect to create classical
pair functionals for metals. The success of these potentials in
capturing the energetics of simple metallic systems, com-
bined with their foundation on density-functional-theory ar-
guments, makes them ideal candidates for evaluatingE2fII g
in the present formalism.

The notions of the embedded-atom method can be ex-
tended to describe the energetics of a metallic regionsregion
Id within another metallic regionsregion IId; region I is em-
bedded within region II. The exact nature of the embedding
can be formally written in the manner of Eq.s1d with
density-functional-theory arguments. We first decide which
ions will be associated with region I and which will be in
region II, and we will denote those sets of nuclear coordi-
nates byRI and RII . We denote the set of all nuclei with
Rtot;RI øRII . According to the Hohenberg-Kohn theorem,
the total system energy, within the Born-Oppenheimer ap-
proximation, is given by minimizing a functional of the total
charge density:

EfRtotg = min
r

EDFTfrtot;Rtotg. s3d

In order to be explicit, byEDFTfr ; hRjg we mean

EDFTfr;Rg ; Tsfrg + EHfrg + Excfrg

+ o
i
E rsr dVpspsr − Riddr + o

i, j

ZiZj

uRi − R ju
,

s4d

where Ts is the noninteracting kinetic energy functional,
EH is the Hartree energy,Exc is the exchange-correlation
energy, andVpsp is the ionic pseudopotential. ThusEDFT
represents the combined electronic and ion-ionsMadelungd
energy.

If rtot is partitioned into two subdensities,rI andrII , such
that rtot=rI +rII , then theEDFT can be partitioned:

EDFTfrtot;Rtotg = EDFTfrI ;RIg + EDFTfrII ;RIIg

+ EintfrI,rII ;RI,RIIg, s5d

whereEint is defined as in Eq.s2d. By varying the total en-
ergy with respect torI, we find that the potential acting upon
rI is equal to the sum of the potential from region I alone,
plus an embedding potentialVembsr d that completely repre-
sents the effect of region II upon region I:
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dEDFTfrtot;Rtotg
drI =

dEDFTfrI ;RIg
drI + Vembsr d,

s6d

Vembsr d ;
dEintfrI,rII ;RI,RIIg

drI .

By using different approximations for the terms in Eq.s6d,
different coupled methods are obtained. Wesolowski
and Warshel,14 building on the formalism of Cortona,15

used this partitioning to describe an efficient DFT method. In
their schemeEfIg and EfII g are treated with Kohn-Sham
DFT, but Eint is evaluated with “orbital-free” density func-
tional theory sOF-DFTd, i.e., pure density-functional
theory in which the Kohn-Sham orbitals are not used and the
noninteracting kinetic energy is approximated with an ex-
plicit functional of the density.16–20 This allows EfIg and
EfII g to be alternately minimized in the embedding potential
of the other. Govindet al.7 utilized the partitioning of Eq.s5d
to obtain a quantum chemistrysQCd–DFT coupled method.
There E1fIg was calculated with QC,E2fII g with DFT,
and againEint was based on OF-DFT. They used this method
to explore the electronic structure of molecules adsorbed
on metal surfaces. Recently Klüneret al.21 have extended
this formalism to treat adsorbed molecules in their excited
state.

III. FORMALISM

The present method follows in the same vein as the last
few examples, to achieve a DFT–classical potential coupling.
The general idea of the present methods is as follows.E1fIg
is to be calculated with DFT.E2fII g is calculated via a clas-
sical potential. A choice can be made for the calculation of
Eint, which results in distinct coupling methods, which we
examine in detail below.

A. Classical interaction energy

Eint can be calculated using the classical potential:

EintfI,II g = EclfI + II g − EclfIg − EclfII g. s7d

Although this interaction energy is intended to represent the
same DFT interaction energy that appears in Eq.s5d, it is not
contradictory to use the classical potential to evaluate it,
since the classical potential energy, evaluated for a given
ionic configurationR, can be viewed as an approximation to
the DFT functional that has been minimized with respect to
the density; that is,

EclfRg . min
r

EDFTfr,Rg. s8d

This choice of interaction energy results in a total energy of

EfRtotg = EclfRtotg − EclfRIg + min
rI

EDFTfrI,RIg. s9d

In this scheme, the forces on all atoms in region II are
identical to forces on corresponding atoms if the classical
potential were used for the entire system; i.e., the DFT
region has no effect on these atoms. If the cutoff length of

classical potential isrc, then atoms that lie within region I
and are farther thanrc from the boundary will experience
a force entirely fromEDFTfIg; these atoms feel a force
no different than corresponding atoms in a DFT calculation
of region I. The force on atoms in region I that are within
rc of the boundary do not come entirely fromEDFTfIg, but
also have contributions fromEclfI+ II g−EclfIg. These
contributions should in principle be corrections to the surface
forces experienced by these atoms fromEDFTfIg. Classical
potentials have been developed to mimic the energetics,
forces, and geometries obtained from DFT calculations
of various configurations, including surfaces;22 such
potentials should be particularly apt for the present coupling
scheme.

The implementation of this method demands nothing
beyond what is required for a DFT calculation and a classical
potential calculation. It should be noted, however, that
the DFT calculation,EDFTfIg, is a nonperiodic calculation,
and if OF-DFT is to be used, special considerations
may need to be made for the calculation of nonperiodic
systems.24

B. Quantum interaction energy

Alternatively Eint can be calculated more accurately
with a quantum-mechanical method. Although we only
represent region II by the coordinates of the ions of region
II atoms and calculate the energetics with a classical
potential, there is an implicit charge densityrII associated
with EclfRIIg via Eq. s8d. Because of this, we can consider
a more sophisticated coupling scheme where the interaction
energy is based on density-functional theory. However,
in order to compute the interaction energy via DFT when
all we know about region II is an approximation of its
charge density, the traditional Kohn-Sham scheme of DFT
is not suitable. In the Kohn-Sham scheme, we start
with a potential and obtain the density and energy of
electrons in this potential. Instead, we need a means of
calculating the energy of a system of electrons given their
density. OF-DFT allows us to do this. Thus we can write
down the interaction energy in terms of OF-DFT energy
functionals:

EintfI,II g = EOFfI + II g − EOFfIg − EOFfII g. s10d

At first glance this seems like a useless scheme, because
if DFT is used to calculateEintfI , II g, we may as well
use DFT to calculateEfI+ II g, and thus no computational
expense is saved with the coupled method. But because
of the nature of many of the useful OF-DFT functionals,
this turns out not to be the case. IfEintfI , II g is calculated
with OF-DFT, for typical approximate kinetic energy
functionals the computation in Eq.s10d will require a
computation time that is on the order of the computation
time required to computeEOFfIg, the small subsystem,
rather than the time required to computeEOFfI+ II g. This
is because significant cancellation is implicit inEOFfI+ II g
−EOFfII g.

The existing approximate kinetic energy functionals differ
in accuracy and computational efficiency. Moreover, differ-
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ent choices of functional can be made for the evaluation
of EfIg and Eint, which further increases the number of
possible coupling methods. This possibility is important
because the degree to which the computation ofEint can be
made efficient depends on the choice of kinetic energy
functional and the functionals that will most efficiently treat
Eint are not necessarily accurate enough to treat the interac-
tions within EfIg.

Regardless of the choice of kinetic energy functional,
the evaluation ofEintfI , II g within this coupling scheme
requires knowing the electronic density of region II,rIIsr d.
In the present method,rIIsr d is approximated as the sum
of atomic charge densitiesratsr d centered at the region II
nuclei:

rIIsr d = o
i

ratsr − Ri
IId. s11d

This approximation is supported by the embedded-atom
picture of simple metallic systems. In principle,ratsr d could
be a nonspherically symmetric density. For example, if
the arrangement of the region II atoms is always close to
the bulk lattice arrangement, then a nonspherically symmet-
ric charge density that reproduces the bulk charge density
when periodically tiled may be more appropriate. However,
in this article ratsr d is always taken to be spherically
symmetric.

The density in region II is never explicitly represented in
the calculation, but is given a precise form via Eq.s11d. Thus
region II is entirely described by the ionic coordinatesRII ,
andrII , the form of which is needed to evaluateEint, is im-
plicitly determined byRII .

The second coupling method is summarized by the ex-
pression for the energy as a function of nuclear coordinates
within the method:

EfRtotg = EclfRIIg + min
rI

†EOFfrtot;Rtotg − EOFfrII ;RIIg

− EOFfrI ;RIg + EDFTfrI ;RIg‡. s12d

The last term,EDFTfrI ;RIg, is written as suchsand not as
EOFfIgd to emphasize that we could choose to compute it
either with a Kohn-Sham-type calculation or with OF-DFT,
but utilizing a more accurate kinetic energy functional than
the other OF-DFT terms. This would allow for three distinct
levels of accuracy in the calculation: Kohn-Sham accuracy
within region I, OF-DFT accuracy for the coupling between
regions I and II, and the accuracy of the classical potential in
region II. In this case,rI would consist of a set of Kohn-
Sham orbitals,rIsr d=oiucisr du2, and we would minimize
over theci:

EfRtotg = EclfRIIg + min
ci

†EOFfrtot;Rtotg − EOFfrII ;RIIg

− EOFfrI ;RIg + EKSfci ;R
Ig‡, s13d

rtot = o
i

uciu2 + rII , s14d

rI = o
i

uciu2. s15d

However, this interesting possibility is not explored pres-
ently; instead we use the same type of OF-DFT calculation
for the last four terms of Eq.s12d. It should be noted that in
this case the last two terms cancel, and then the total energy
is given by

EfRtotg = EclfRIIg + min
rI

†EOFfrtot;Rtotg − EOFfrII ;RIIg‡.

s16d

C. Orbital-free DFT and approximate kinetic energy
functionals

Orbital-free DFT is a necessary part of the second cou-
pling method, because the electronic structure of region II is
represented only in terms of its density via Eq.s11d; thus in
order to utilize that information,Eint must be based only on
the charge density and the ionic coordinates. Here we de-
scribe some key ideas of OF-DFT.

Hohenberg and Kohn4 showed that the ground state
energy of a system of electrons moving in an external
potential is given by minimizing a density functional. Kohn
and Sham5 wrote a useful partitioning of this energy
functional:

Efrg = Tsfrg + EHfrg + Excfrg +E Ve-isr drsr ddr , s17d

whereTs is the noninteracting kinetic energy functional,EH
is the Hartree energy,Exc is the exchange-correlation energy,
and Ve-i is the ionic potential. By introducing a set of ficti-
tious noninteracting particles, we can obtain a set of single-
particle equations, the Kohn-Sham equations, that allow for
the evaluation ofEfrg with an approximateExc. The Kohn-
Sham method results in an exact evaluation ofTsfr0g for the
density r0 that minimizesEfrg, but the method does not
provide a means of evaluatingTsfrg for an arbitrary density
r.

The Kohn-Sham partitioning of the energy, Eq.s17d,
has turned out to be useful beyond the Kohn-Sham method.
Because a number of limits of the exact noninteracting
kinetic energy functionalTsfrg are known,25 Tsfrg has
been approximated by explicit density functionals
constructed to satisfy one or more of these known limits.
The orbital-free DFT methods are based on minimizing
Efrg with Ts replaced with an approximate kinetic energy
functional.

OF-DFT methods are typically more computationally ef-
ficient than the Kohn-Sham method. If the approximateTs
can be evaluated with an amount of computation that scales
linearly with the system size, usually denoted by the total
number of atomsN, then minimizingEOFfrg will require an
amount of computation linear in the system sizefOsNd
methodg. Since within OF-DFT all terms of the energy are
explicit functionals of the density, there is no need for ficti-
tious orbitals, and the densityrsr d is the only represented
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variable. Thus, there is no need to solve the single-particle
Scrhödinger equations for the fictitious particles while
maintaining their orthogonality, operations that typically re-
quire most of the computational effort in the Kohn-Sham
approach and scale as a high power of the system size
fOsN3d or higherg. Moreover, with the densityrsr d as the
only quantity of interest in the system, the OF-DFT methods
use less memory than the Kohn-Sham method, since the lat-
ter requires the storage and update of a number of fictitious
orbitals proportional to the system size, each of which con-
sumes twice the storagesas complex quantitiesd needed for
the density alone. Orbital-free DFT methods can thus be used
to study much larger systems than can be treated with
orbital-based schemes,26 but with current computer capabili-
ties are still limited to systems consisting of a few thousand
atoms.

In addition to computational advantages, unlike the Kohn-
Sham method, the total energy functionalEOFfrg can be
evaluated for a givenrsr d. This property makes OF-DFT a
suitable candidate for computingEintfrI ,rIIg in the second
coupling method discussed in the preceding section.

The number of available approximate kinetic energy func-
tionals is sizable, and the choice of functional is made based
on considerations of efficiency and the types of systems to be
treated. Because the systems to be considered are simple
metals with free-electron-like charge densities, an important
property that should be included in the approximate kinetic
energy functional is the correct linear response around uni-
form densities:

F̂FU d2Ts

drsr ddrsr 8d
U

r0
G = −

1

xLindskd
, s18d

where F̂ is the Fourier transform, andxLindskd is the
Lindhard response function:

xLindskd = −
kF

p2F1

2
+

1 − x2

4x
lnU1 + x

1 − x
UG s19d

with kF=s3p2r0d1/3 andx=k/2kF.
A significant number of efficient functionals have

been developed that satisfy the linear response limit for a
particular chosen average density.16–20,27 Such functionals
often consist of several terms that are local or localized
functionals, such as the Thomas-Fermi energy and the
von Weizsäcker functionals, plus one or more convolution
terms:

TKfrg =E f(rsr d)Ksur − r 8udg„rsr 8d…dr dr 8. s20d

By choosing the kernelKsrd properly, the approximate
functional can be made to satisfy the correct linear response,
Eq. s18d, around some chosen uniform densityr0. Numerical
tests indicate that among the current available efficient
kinetic energy functionals, the ones of this form are
most suitable for simple metallic systems. However, kinetic
energy functionals that contain a convolution part with
a long-range kernel make the efficient evaluation ofEintfI , II g
more computationally demanding; the consequences of

this will be discussed in the following section. Although
OF-DFT methods are more efficient than orbital-based
DFT schemes, and have been successfully used to treat
interesting physical systemsssee, for example, Ref. 28d,
they are not as transferrable, and are better suited for
metallic systems in which the electronic charge density
does not deviate significantly from the uniform density
limit.

IV. IMPLEMENTATION OF COUPLING

A. Classical interaction energy

The calculation of the energetics and ionic forces
within the first coupling scheme described above involve
only open-boundary DFT calculations and classical potential
calculations. As such, it is straightforward to use this method
to perform multiscale simulations that combine the
Kohn-Sham method for treating region I, and classical
potentials for treating region II. We have successfully
implemented this combination, but we leave the results
of these calculations for a future presentation, since they
treat a particular aspect of the coupling problem. Currently
we focus on testing the merits of the multiscale methodology
itself, and set aside the exploration of possible choices for
the underlying energetic methods. Throughout this article
OF-DFT is used to treat region I.

If the first coupling scheme is to be used for ionic
relaxation, there are several possible numerical techniques,
the optimal choice depending on the system being relaxed.
If the partitioning of the system into regions I and II is
such that the time required to calculateEDFTfIg is comparable
with the computation time ofEclfI+ II g, then ionic relaxation
of the total system may be done by using a gradient-based
minimizer such as conjugate gradient methods or quasi-
Newton methods like the Broyden-Fletcher-Goldfarb-Shanno
sBFGSd method.29 If, on the other hand, the system partition-
ing is such that the time required to evaluateEDFTfIg is con-
siderably more than that required for the computation of
EclfI+ II g, as is often the case, then an alternate relaxation
scheme may be more efficient. The total system can be re-
laxed by using a gradient-based minimizer on the region I
system alone, while fully relaxing the region II ions between
each ionic update of region I. Gradient-based minimizers like
BFGS are only effective if the gradients involved are indeed
gradients of an underlying object function. It is not immedi-
ately apparent that such is the case in this alternate-relaxation
scheme, but we can demonstrate it as follows.

The energy calculated with the first coupling scheme, as a
function of all ionic coordinates, is given in Eq.s9d. A sec-
ondary function that only depends on the region I ionic po-
sitions can be defined as

E8fRIg ; min
RII

EfRtotg. s21d

The useful aspect ofE8 is that its gradient with respect toRi
I

can be easily evaluated:

]E8

]Ri
I =

]EfRtotg
]Ri

I + o
j

]EfRtotg
]R j

II

]R j ,min
II

]Ri
I s22d
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=
]EfRtotg

]Ri
I , s23d

where the second term on the right of Eq.s22d vanishes
because all derivatives are evaluated at the minimum
of EfRtotg with respect toRII . This result is analogous
to the Hellmann-Feynman theorem.30 The introduction
of the E8 function allows for the following relaxation
algorithm:

sid Minimize EfRtotg with respect toRII while holding
RI fixed. This only involves the classical potential,
EclfRtotg.

sii d Calculate minrI EDFTfrI ;RIg and EclfRIg, and the
forces on the region I ions. Using Eq.s23d the gradient ofE8
is obtained.

siii d Perform a step of a gradient-based minimization of
E8.

sivd Repeat until the system is relaxed.
In this manner, the number of DFT calculations per-

formed is greatly reduced, albeit at the expense of more clas-
sical potential calculations.

B. Quantum interaction energy

Implementation details of the second coupling method
require more elaboration. One important point is thatrI must
be confined to lie within a finite volumeVI. This
region should have significant overlap with the region where
rII lies, in order to provide coupling of the two regions.
But if rI were not confined to a finite volumeVI, it could in
principle spread throughout the combined system, and during
the course of minimizing with respect torI fEq. s12dg, we
would essentially be performing a DFT calculation of the
whole system. On the other hand,VI should be chosen large
enough so thatrI is not artificially confined. In the test sys-
tems we examined, we found that when increasing the size of
VI, a point is reached where the resultsse.g., the shape ofrI

and the forces on the ionsd change little. We found that a
useful rule for determining the optimal size ofVI is the fol-
lowing: Define]rII to be the surface on whichrII =0. Let the
range of the atomic densitiesrat beRat. VI should be chosen
large enough so that for any pointr within ]rII , and any
point r 8 outside ofVI, we haveur −r 8u.Rat. The confine-
ment of rI within VI, and the choice ofVI, is illustrated in
Fig. 1.

The second coupling method maintains efficiency
due to the cancellation that occurs whenEOF

int is computed.

Consider the computation of a local term ofEint, such as the
exchange-correlation functional within the local density
approximation4 sLDA d:

Exc
int =E fxcsrtotddr −E

VI
fxcsrIddr −E fxcsrIIddr

=E
VI

ffxcsrtotd − fxcsrId − fxcsrIIdgdr , s24d

where fxcsrd;rexcsrd and we have used the fact that
rIIsr d=rtotsr d for r ¹VI. Thus calculation ofExc

int is an
integral overVI and not the entire system, which demon-
strates our criterion for efficiency. Any local functional
of r will obviously be calculated efficiently in the same
manner. We note that when the same kinetic energy func-
tional is used for the interaction energy andEOFfIg swhich is
the case for the tests performed in this paperd, the cancella-
tion exhibited in Eq.s16d occurs. In this case, it is wasteful
to compute the interaction energy as in Eq.s24d and then
compute and add onExcfrIg, as it exactly cancels the second
term of Eq.s24d. Instead, we compute directly the following
quantity:

Exc
int+I =E

VI
ffxcsrtotd − fxcsrIIdgdr . s25d

Similar considerations apply to the other parts of the
energy that are simple functionals of the density. The only
term that does not fall in this category is the interaction
kinetic energy Ts

int, when it involves more sophisticated
functionals with convolution terms such as Eq.s20d. For
this case, we have developed an appropriate efficient
methodology, the derivation of which is contained in the
Appendix.

Particular attention must be paid to the nonlocal terms of
Eint. As usual, cancellation occurs among electron-electron,
electron-ion, and ion-ion terms, which eliminates long-
ranged interactions. The Hartree interaction energy is given
by

EH
int =

1

2
E rtotsr drtotsr 8d

ur − r 8u
dr dr 8

−
1

2
E rIsr drIsr 8d + rIIsr drIIsr 8d

ur − r 8u
dr dr 8

=E rIsr drIIsr 8d
ur − r 8u

dr dr 8

=E
VI

rIsr do
i

VH
atsr − Ri

IIddr , s26d

where

VH
atsr d ; E ratsr 8d

ur − r 8u
dr 8. s27d

Similarly the electron-ion interaction energyEe-i
int reduces to

FIG. 1. An illustration of the partitioning of the system accord-
ing to the coupling method with quantum interaction energy.
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Ee-i
int =E

VI
rIsr do

i

Vpspsr − Ri
IIddr

+E o
j

ratsr − R j
IIdo

i

Vpspsr − Ri
Iddr , s28d

where Vpspsrd is the pseudopotential representing the ion,
and we have used Eq.s11d to expressrIIsr d as a sum
of rat. Finally the ion-ion interaction energy is given
by

Ei-i
int = o

i,j

ZiZj

uRi
I − R j

II u
. s29d

The combination of all three Coulomb terms can be ex-
pressed as

EH
int + Ee-i

int + Ei-i
int =E

VI
rIsr dFo

i

Velec
at sr − Ri

IIdGdr

+ o
i,j

fi jsRi
I − R j

IId, s30d

where we have defined

Velec
at sr d ; VH

atsr d + Vpspsr d,

fi jsRi
I − R j

IId ;
ZiZj

uRi
I − R j

II u
+E Vpspsr − Ri

Idratsr − R j
IIddr .

s31d

Both Velec
at sr d and fi jsRd are short-ranged functions in

which the 1/R dependence of the constituent terms
cancel.

Within the second coupling method:s1d we minimize
the energy with respect torI, ands2d we calculate the forces
on all of the ions and update their position. In order to
minimize the energy with respect torI, the derivative
dEint /drIsr d needs to be calculated forr [VI. This derivative
can be evaluated efficiently for the local functionals
like Exc:

dExc
int

drIsr d
= fxc8 srtotd − fxc8 srId, s32d

where fxc8 =dfxc/dr. For the long-ranged Coulombic func-
tionals, the derivative is given by

d

drIsr d
fEH

int + Ee-i
int + Ei-i

intg = o
i

Velec
at sr − Ri

IId. s33d

Evaluating this combined contribution todEint /drI is a
simple matter of evaluatingVelec

at for region II ions located
near the boundary with region I. And so the gradient of the
total energy with respect torI is

dE

drIsr d
=

dEDFTfrI ;RIg
drIsr d

+
dExc

int

drIsr d
+

dTs
int

drIsr d
+ o

i

Velec
at sr − Ri

IId.

s34d

The calculation of the ionic forces proceeds differently for
region I and region II ions. Calculation of the region I ionic
forces is facilitated by the Hellmann-Feynman theorem.30 If
we denote the part of the energyfEq. s12dg that is minimized
with respect torI by GfrI ;RI ,RIIg:

GfrI ;RI,RIIg ; EOFfI + II g − EOFfII g − EOFfIg + EDFTfIg,

s35d

then we have, for the second coupling scheme:

EfRtotg = EclfRIIg + min
rI

GfrI ;RI,RIIg, s36d

and when forces on region I ions are computed, the expres-
sion simplifies:

]EfRtotg
]Ri

I =
]G

]Ri
I +E

VI

dG

drIsr d
]rmin

I sr d
]Ri

I dr s37d

=
]G

]Ri
I , s38d

where the last term in Eq.s37d vanishes because we have
minimized G with respect torI, and soudG/drIurmin

I =0. So
the forces on the region I ions are determined solely by the
terms ofG that explicitly depend onRI; these terms are the
electron-ion energy and the ion-ion energy. Using Eq.s30d,
the force on theith region I ion is given by

− Fi
I =

]EfRtotg
]Ri

I =
]

]Ri
I sEe-ifIg + Ei-ifIg + Ee-i

intfI,II g + Ei-i
intfI,II gd

=
]

]Ri
I sEe-ifIg + Ei-ifIgd + o

j

= fi jsRi
I − R j

IId. s39d

Thus it can be seen from Eq.s39d that forces on region I ions
are given by the sum of the electron-ion and ion-ion forces
present in subsystem I alone, and short-ranged interactions
with region II ions that are nearby region I.

The forces on the region II ions come mostly from the
classical potential, but they have contributions fromEintfI , II g
becauserII is a function ofR j

II . Since we have not minimized
with respect torII , there is no Hellmann-Feynman simplifi-
cation when calculating the forces on region II ions, and all
terms in the interaction energy contribute. The force on the
j th region II ion is given by

− F j
II =

]EfRtotg
]R j

II =
]EclfRIIg

]R j
II +

]EintfI,II g
]R j

II . s40d

Local functional parts of Eint such as the exchange-
correlation energy will have a contribution to the force given
by
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]Exc
int

]R j
II = −E

VI
= ratsr − R j

IIdffxc8 srtotd − fxc8 srIIdgdr s41d

with analogous expressions for other local contributions that
may exist in the kinetic energy functional such as the
Thomas-Fermi energy. These local force contributions are
only non-zero for region II ions with an atomic density that
extends intoVI. It is also worth noting that the integral in Eq.
s41d need not be carried out over all ofVI, but only over the
intersection ofVI with ratsr −R j

IId.
The Coulomb contributions to the region II ionic forces

are given by

]

]R j
II fEe-i

int + Ei-i
int + EH

intg = − o
i

= fi jsRi
I − R j

IId

−E
VI

rIsr d = Velec
at sr − R j

IIddr .

s42d

This contribution also is nonzero only for region II ions near
the boundary ofVI.

If a more sophisticated kinetic energy functional with a
convolution term such as Eq.s20d is used inEint, then such a
term adds considerable complication to the calculation of the
forces on region II ions, but these contributions nonetheless
die off as we move farther from region I. Thus within the
framework of this coupling scheme, the forces on region II
ions take the intuitively satisfying form of being equal to the
force that arises from the classical potential, plus a correction
force for ions near the boundary ofVI.

If the partitioning of the system between parts I and II is
such that region I requires a much longer computation than
region II, the second coupling method, like the first, allows
for an efficient algorithm for ionic relaxation. We define a
different partitioning of the ions as follows: we denote byRI8

the set of region I ions plus all region II ionsR j
II for which

the interaction force]Eint /]R j
II is not negligible, and we de-

note by RII8 the rest of theRII ions. The point is that the
forces on theRII8 ions only depend on the classical potential
fas seen from Eq.s40dg, and also thatrI does not depend on
the RII8 ions fas seen from Eq.s34dg. Thus the same algo-
rithm for relaxing the system in the first coupling scheme can
be used, but withRI replaced withRI8, andRII replaced with
RII8. That is, before each relaxation step of theRI8, the RII8

are to be fully relaxed.

V. TESTS

In order to test the present coupling methods, we have
focused on a simple coupled system that is readily analyzed.
The system consists of 10310310 cubic unit cellss4 atoms
eachd of crystalline fcc aluminum. The innermost 23232
unit cellss32 atoms totald are considered to be region I, and
all atoms outside are considered to be in region II. Region II,
which is treated with the classical potential, is treated as a
periodic system in order to remove effects of surfaces from
the simulation. So in fact the test system consists of an infi-

nite array of 32-atom Al clusters treated quantum mechani-
cally, embedded in an Al bulk treated by classical potentials.
Obviously, if there is good coupling between region I, and
region II, the entire system should simply behave like pure
bulk fcc Al, making it easy to evaluate the quality of the
coupling. This test system is illustrated in Fig. 2. Addition-
ally, we have applied the quantum interaction coupling
method to a more interesting physical system, a screw dislo-
cation in aluminum.

In all of the present tests, region I is treated with OF-DFT.
However, the particular kinetic energy functional used differs
among the tests. The Al ions are represented with the
Goodwin-Needs-Heine local pseudopotential.31 For all tests,
the classical potential used is the “glue” potential of Erco-
lessi and co-workers,12 which has the embedded-atom
methodsEAMd form:

EfRig = o
i

FFo
iÞ j

rEAMsuRi j udG +
1

2o
iÞ j

fsuRi j ud. s43d

The EAM potential has been scaled both inr and in energy:

Ffrg → aFfrg,

rEAMsRd → rEAMsbRd, s44d

fsRd → afsbRd

with a and b chosen so that the potential yields precisely
the same lattice constant and bulk modulus of fcc Al
simulated with OF-DFT employing the particular kinetic
energy functional used in that test. This is in accord with the

FIG. 2. A cutaway view of the test system. White atoms belong
to region I, and dark atoms belong to region II. For the coupling
method with quantum interaction energy, the regionVI is shown by
the white cube.
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philosophy that the coupled simulation should behave as
if the accurate method were used for the entire system. But
this procedure is also done so that a “fair” assessment of
the coupling itself can be made; we wish to examine errors
in the present coupling methods themselves and the approxi-
mations involved in them, but not the errors coming from a
trivial incompatibility between energy methods. To make
the classical potential even more compatible with the
OF-DFT method, we could redetermine the form of the
classical potential using the method that Ercolessi and
Adams originally used to develop their potential:22 perform
a large number of reference energetic calculations of Al
using OF-DFT, and find the EAM-type potential that
best reproduces these results. This would be a rather in-
volved procedure, so we have chosen to simply scale the
potential.

A. Test of classical interaction energy method

In the first coupling methodfEq. s9dg, the energetics
of region I was treated with OF-DFT, and the kinetic
energy functional used was one developed by Wanget al.20

with a density-dependent kernel and parameters
ha ,b ,g ,r*j=h5/6+Î5/6,5/6−Î5/6,2.7,0.183 Å−3j sin the
notation of Ref. 20d. This functional has six convolution
terms of the form of Eq.s20d. The classical potential was
scaled to match the lattice constants4.033 Åd and bulk
moduluss55.7 GPad of fcc Al obtained by this kinetic energy
functional.

The system was initially arranged in the perfect fcc
lattice configuration. The forces on the region II atoms were
identically zero, since they come entirely fromEclfI+ II g,
which is at a minimum in the initial configuration. However,
the forces on the region I atoms are not zero, as the OF-DFT
and EAM forces do not perfectly cancel each other. The
average magnitude of the forces on the region I atoms was
0.33 eV/Å, and the maximum force on a region I atom was
0.45 eV/Å. These initial forces on the region I atoms are
shown in Fig. 3sad, with the drawn force vectors scaled so
that a force of 1 eV/Å would extend one lattice constant.
Then the coupled system was relaxed. After relaxation, it
was found that the atomic positions deviated from the correct
fcc lattice positions by an averagesover all atoms in the
systemd of 0.004 Å per atom. The average deviation of
just the region I atoms was 0.07 Å per atom. The atomic
deviation is shown in Fig. 3sbd, in which the relaxed
atomic positions for the region I and region II atoms are
drawn as white and black balls, respectively, and the correct
lattice positions are drawn as gray balls of a slightly smaller
radius. Note that only the fours100d layers that include re-
gion I are shown. From this diagram it can be seen that in
general the relaxed atomic positions deviate from the the
perfect lattice positions by bulging out from region I slightly,
with the deviation decreasing with increasing distance from
region I.

B. Test of quantum interaction energy method

The second coupling method was applied to the
same simple test system. The kinetic energy functional

employed was again from Ref. 20, but in this case it was
a functional with a density-independent kernel, with
parameters ha ,bj=h5/6±Î5/6j. A different functional
was chosen for this test because of its simpler form: it
contains only one convolution term of the form of Eq.s20d,
while the functional used in the test of the first coupling
method had six. This makes the evaluation of the
kinetic interaction energy,Ts

int, simpler. Furthermore, this
functional performs well for structures that do not deviate
much from the bulk system. This functional was found
to be inapplicable to the test of the first coupling method,
because in that approach the calculation ofEOFfIg amounts
to an isolated cluster; in that case, there is no embedding
potential from region II and the minimization with respect
to rI does not converge. For bulk fcc Al, however, this sim-

FIG. 3. Test of the coupling method with classical interaction
energy.sad The forces on region I atoms when the atomic positions
are at the perfect lattice positions. The force factors are scaled so
that a vector of length one lattice constant corresponds to 1 eV/Å.
sbd The relaxed region I and two atomic positions shown in white
and black, respectively. The perfect lattice sites are drawn as gray
spheres of a slightly smaller radius.
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pler functional employed to test the quantum interaction
energy method performs quite well, producing an equilib-
rium lattice constant of 4.035 Å and a bulk modulus of
71.9 GPa.

Another aspect of the second coupling method is the
choice of atomic density functionsrat representingrII

through Eq.s11d. Two different choices ofrat were tried. One
choice,rat,gas, was the valence density from a Kohn-Sham
calculation of an isolated Al atom, represented with the same
pseudopotential.31 The other choice,rat,cryst, was again a
spherically symmetric charge density chosen such that the
charge density that results from periodically superposing it
on an fcc lattice most closely matches the charge density
coming from an OF-DFT calculation of bulk fcc Al. The
desired spherically symmetric charge densityrat,crystsrd
minimizes:

E
V

fsdfcc * rat,crystdsr d − rfccsr dg2dr , s45d

wheredfccsr d is an infinite fcc lattice ofd functions, * de-
notes convolution, andV is one unit cell;rfccsr d is the va-
lence charge density of the fcc crystal. In reciprocal space,
this becomes

Vo
Q

uS̃Qr̃at,crystsQd − r̃Q
fccu2, s46d

where S̃Q is the structure factor. This is minimized by
requiring

r̃at,crystsQd =
kr̃Q

fcclQ

kS̃QlQ

, s47d

where k¯lQ denotes an averaging over reciprocal lattice
vectors Q of length Q. This r̃at,crystsQd was then used
to construct a radial charge densityrat,crystsrd that was com-
mensurate withr̃at,crystsQd at the values ofQ where the
latter was defined. The two charge density choices are shown
in Fig. 4.

The second coupling method was tested on the same
system used to test the first coupling method. With the
second method, however, we must choose the form of
the atomic density representingrII and the extent of the

regionVI. With respect to the choice ofVI, we have found
the following general behavior: ifVI is chosen to be
too small, then after minimization with respect torI, there is
an excess buildup of charge near the boundary ofVI. This in
turn results in a net attraction of the region I ions toward
the boundary ofVI. This is remedied by an increase in
the size ofVI. WhenVI is increased further still, the results
sthe ionic forces andrId are found to change only very
slightly. We note that regardless of the size ofVI, the
total density is always found to be continuous at the bound-
ary due to the high energy that the kinetic energy functional
assigns to a discontinuity in the density. In Fig. 5 we
have plotted the total charge density after minimizing
with respect torI, with rII given by sad a superposition of
rat,gas, and sbd a superposition ofrat,cryst. The particular
slice of the charge density is as100d plane that passes
through one of the central atomic planes of the region I
cluster. Inscd andsdd we have plotted the difference between
these coupled charge densities and the density of this system
when computed entirely with OF-DFT. In general, using
rat,cryst results in a more accurate total charge density. From
scd andsdd, it is clear that the superposition ofrat,cryst repro-
duces the pure OF-DFT crystal charge density better than
rat,gas both for pointsr well within VI, as well as at the
boundary ofVI.

It turns out, however, that the forces on the ions, for
both choices of rat, are comparable. Also comparable
is the amount of deviation from the perfect lattice positions
upon atomic relaxation for both choices. The exact numbers
for these quantities for both coupling methods and the two
choices ofrat are summarized in Table I.

We have also applied this coupling method to study the
core structure of the screw dislocation in aluminum. This
system is a prime candidate for multiscale treatment, as the
core structure depends strongly on both the atomic scale en-
ergetics, and on the long-range strain field of the
dislocation.23

In aluminum the screw dislocation line lies in thef110g
direction. The multiscale system considered here consists of
a periodic structure along the dislocation linesmodeling an
infinite straight dislocationd, with the minimal period
along this direction, that is, twos110d planes. In the
directions perpendicular to the dislocation line, open bound-
ary conditions are imposed, consistent with continuum
elasticity theory far from the dislocation core, as explained
below. The dimensions of the regionVI were chosen to be of
31.85331.8532.85 Å in the f112g, f11 1g, and f110g
directions, respectively. This extends slightly beyond the
region I atoms and into the region II atomsfsee Fig. 6sbdg.
The EAM region sregion IId extends to a radius of 95 Å,
and the atoms between a radius of 85 and 95 Å are fixed at
positions determined by the elastic strain field of a screw
dislocation in a continuous anisotropic material, as calcu-
lated from continuum elasticity theory, using values for
elastic moduli obtained from OF-DFT calculations for bulk
aluminum. The geometry of this calculation is illustrated in
Fig. 6sad.

The system was relaxed via the alternating-relaxation
scheme of Sec. IV B. In Fig. 6sbd we give the differential
displacement map of the resulting screw dislocation, which

FIG. 4. The two atomic densities used to representrII .
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shows the relative displacement along thef110g direction of
neighboringf110g columns of atoms, modulo one Burgers
vector. Figure 6scd shows the relative displacement of the
two s111d planes that contain the dislocation, as a function of
position along thef112g direction. For comparison, we also

give this quantity for the screw dislocation as obtained using
the EAM potential for the entire system. The screw disloca-
tion as described by the coupling method is seen to have a
wider extent and is more dissociated into partial dislocations
than the dislocation described by the EAM potential. The

FIG. 5. Results for the quantum interaction energy method.sad andsbd are contour plots ofrtot with rII given by superpositions ofrat,gas

andrat,cryst, respectively. The boundary ofVI is shown with a dashed line, and the positions of the region I atoms lying in this plane are
indicated bys1d, and region II atoms bys3d. scd andsdd show the difference between these two densities and the “correct” density coming
from a purely OF-DFT calculation of the whole system.

TABLE I. Summary of the performance of the two coupling methods, and the two choices forrat in the
quantum interaction energy method.Fmax

I andFmax
II are the maximum forces on region I atoms and region II

atoms before relaxation andFav
I is the average force on region I atoms before relaxation.dmax

I anddmax
II are

the maximum displacements from the perfect lattice positions upon relaxation for region I and region II
atoms anddav

I is the average displacement of region I atoms after relaxation.

Interaction Fmax
I

Fmax
II

seV/Åd Fav
I dmax

I
dmax

II

sÅd dav
I

Classical 0.45 0 0.33 0.12 0.05 0.07

Quantum,rat,gas 0.12 0.27 0.05 0.12 0.15 0.08

Quantum,rat,cyrst 0.09 0.37 0.06 0.22 0.26 0.13
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extent of the dislocation is determined by a balance between
elastic energy, which tends to widen the dislocation, and
the stacking fault energy, which tends to narrow the
dislocation. The EAM potential was scaled such that it
exhibits the same elastic properties as the OF-DFT method,
but the two methods give different values for the stacking
fault energies: the EAM potential gives a stacking fault
energy of 105 mJ/m2, while the OF-DFT stacking fault
energy is lower, at 43 mJ/m2. Thus, the multiscale simula-
tion shows that the dislocation core structure is being
determined by the energetics of the OF-DFT method in
the core region, which allows the dislocation to widen. The
amount of widening is quantified by comparing the regions
between the locations where the displacement along
the f110g direction reaches the values of one-quarter
and three-quarters of the Burgers vector, as shown in Fig.
6scd. This is a clear and quantitative example of how the
inclusion of the quantum-mechanical description in the
dislocation core region changes the results of the simulation.
To give a comparison of the efficiency of the coupling
method, had the above calculation been done using OF-DFT
to treat the entire system, the amount of computational
time required would have been higher by a factor of 100.
For systems where region I is a smaller fraction of the entire
system swhich typically is the case for fully three-

dimensional systemsd, the advantage of using the multiscale
method is further enhanced.

VI. CONCLUSIONS

The coupling of classical and quantum simulation in
simple metals involves a set of challenges quite different
than those for the coupling of covalently bonded materials
and molecules, and hence requires a different set of ap-
proaches. We have presented here two methods for combin-
ing classical and quantum-mechanical simulation of
simple metals. Both are based on a similar partitioning of the
energy of the system, but they differ in how the energy
of interaction between the classical and quantum-mechanical
parts of the system are treated. We have presented numerical
implementations that allow both coupling methods to be
efficient.

Within the first coupling method, in which the interaction
energy is determined from the classical potential, forces in
the classical region are fully determined by the classical
potential. Forces in the quantum region are determined
by both classical and quantum energetics, the quantum
energetics dominating well within the quantum region. A
major practical advantage of this approach is that, if region I
contains many different atomic species while region II

FIG. 6. sad The multiscale system used to simulate the screw dislocation in aluminum. The dark atoms are OF-DFT atoms within region
VI, the white atoms are EAM atoms, and the gray atoms are EAM atoms that are fixed at positions determined by elasticity theory.sbd A
differential displacement map of the dislocation core simulated with the multiscale method. The regionVI is indicated with a dashed line.
scd The relative displacement along thef110g direction of the twos111d planes that contain the screw dislocation, for both the EAM
simulation and the OF-DFT/EAM coupled simulation. The locations where the relative displacement equals 1/4 and 3/4 of the full
Burgers-vector slip are indicated, defining the width of the dislocation core.
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contains only one atom type, there is no need for a classical
potential for each species and their interactions; if the
various species of atoms are well within region I, then
the potential representing them does not matter at all as in-
teractions in this region are treated purely with quantum
mechanics.

Within the second coupling method, in which the
interaction energy is determined via OF-DFT, forces in the
classical region are determined mostly by the classical
potential, with quantum contributions to atomic forces
near the boundary of the regions. Forces in the quantum
region are determined fully by quantum energetics. Within
the quantum region, the charge density accurately reproduces
the correct charge density, and smoothly joins with the im-
plicit density sgiven by a sum of atomic densitiesd of the
classical region.

Test results indicate that the second coupling method
yields more accurate forces on the atoms in the quantum
region than the first method, but that the first method
yields more accurate forces for the atoms in the classical
region. This may be due, to some extent, to the less accurate
OF-DFT method used in the test of the second coupling
method. The first coupling method also yielded a better
relaxed
structure, probably due to its better treatment of forces on
the classical atoms. However, unlike the first method, the
second coupling method results in a more accurate
charge density within the quantum-mechanical region,
allowing for an accurate treatment of physical problems
such as the introduction of impurities, where the background
density is important. We also find that a superposition of
atomic charge densities can reproduce the actual charge
density well for a simple metallic system, given an appropri-
ate choice for the atomic charge density; this allows
for a smooth density transition at the boundary between
regions.

Clearly, an important issue affecting the coupling quality
for both methods is the agreement between forces from the
DFT methods; within both methods there are atoms whose
forces are determined by a combination of quantum and clas-
sical energetics, and the more closely the two energetics
agree, the better the coupling will be. An improvement in the
quality of the coupling might be obtained if the classical
potential employed in region II is optimized to closely repro-
duce the DFT energetics; this is also in accord with the mul-
tiscale philosophy that a coupled simulation should act as if
the most accurate method were used to simulate the entire
system.
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APPENDIX: EVALUATING THE INTERACTION ENERGY
FOR COMPLEX KINETIC ENERGY FUNCTIONALS

We describe here how the interaction energy can be effi-
ciently calculated when the approximate kinetic energy func-

tional used is of a more complicated form, containing a con-
volution term of the form of Eq.s20d. That is, we will
describe a method for evaluating

TK
intfrI,rIIg =E f12sr dKsr − r 8dg12sr 8ddr dr 8

−E f1sr dKsr − r 8dg1sr 8ddr dr 8

−E f2sr dKsr − r 8dg2sr 8ddr dr 8, sA1d

where we have definedf1sr d; f(rIsr d), f12sr d; f(rIsr d
+rIIsr d), and so on. Then we define two new functions,

Fsr d ; f12sr d − f2sr d,
sA2d

Gsr d ; g12sr d − g2sr d.

Note thatFsr d andGsr d are zero for pointsr ¹VI. UsingF
andG we can reexpress Eq.sA1d as

TK
int =E

VI
Fsr dsK p Gdsr ddr −E

VI
f1sr dsK p g1dsr ddr

+E
VI

Fsr dsK p g2dsr ddr +E
VI

Gsr dsK p f2dsr ddr ,

sA3d

where we have now defined

sK p Gdsr d ; E Ksr − r 8dGsr 8ddr 8, sA4d

etc. We point out that if this interaction energy is being cal-
culated in a coupled simulation in which the energetics of
region I are calculated using the same kinetic energysi.e.,
EfIg and EintfI , II g being treated at the same level
of theoryd, then the final term of Eq.sA3d is equal to and will
cancel with the corresponding term inEfIg.

So with Eq.sA3d we have expressedTK
int purely in terms

of intergrals over VI; the problem is now reduced to
efficiently calculating the functionssKp f2dsr d and sKpg2d
3sr d for pointsr within VI. A straightforward integration for
each pointr [VI is not an option, becauseKsrd is typically
long-ranged, and thus determiningsKp f2dsr d at one single
point r would require an integration over the volume of the
whole coupled system, which would be highly inefficient.
We now describe a method for determiningsKp f2dsr d, and
sKpg2dsr d can be determined with precisely the same
method.

In earlier work24 we have developed a method for effi-
ciently evaluating convolutions such as Eq.sA4d when the
convolution kernelKsrd is of the particular form typically
encountered in kinetic energy functionals involving convolu-
tion terms.16–20 We will invoke this method to determine
sKp f2d. In this method, the kernel is fitted in reciprocal space
with the following form:
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K̃skd . o
i

K̃iskd,

sA5d

K̃iskd =
Pik

2

k2 + Qi

wherePi andQi are complex fitting parameters. The kernels
encountered in many kinetic energy functionals are well fit
with this form, with four terms. The kernel in real space can
be expressed as the sum of the inverse Fourier transform of
each term of Eq.sA5d:

Ksr d . o
i

Kisr d,

sA6d

Kisr d ; Pidsr d − PiQi
e−ÎQir

4pr
.

ThussKp f2d can be written as the sum of separate convolu-
tions:

sK p f2dsr d = o
i

sKi p f2dsr d, sA7d

sKi p f2dsr d ; E Kisr − r 8df2sr 8ddr 8. sA8d

Because in reciprocal space thesKi p f2d satisfy

fk2 + QigsKi p f2
˜ dskd = Pik

2f̃2skd, sA9d

in real space they satisfy

f¹2 − QigsKi p f2dsr d = Pi¹
2f2sr d, sA10d

i.e., they are solutions toscomplexd Helmholtz equations
that can be solved with conjugate-gradient-based methods;32

such methods are efficient and only involve operations
within VI. The solutions to Eqs.sA10d are only well
defined when boundary conditions forsKi p f2dsr d are
supplied.

We propose the use of Dirichlet boundary conditions. The
value ofsKi p f2dsr d for pointsr on the boundary ofVI can be
found by evaluating the convolutions, Eq.sA8d. Because of
the regular nature ofrIIsr d, being the sum of atomic densi-
ties, an efficient method for evaluating these convolutions
exists. The form of the convolution that needs to be evalu-
ated is

sKi p f2dsr d =E Kisr − r 8dfSo
j

ratsr 8 − R j
IIdDdr 8.

sA11d

If fsrd were a linear function, then this would reduce to
a sum of pair functions. For many kinetic energy functionals,
fsrd is not linear, but equal to some power ofr: fsrd=ra.
This leads us to consider a Taylor expansion offsrd
about some average densityr0. This Taylor expansion suffers
in places whererIIsr d is near 0, which occurs, for instance, in
the center ofVI. An expansion that is much more accurate
down to small values ofr is obtained if we Taylor expand
the functionhsrd; fsrd /r and expressfsrIId in terms of this
expansion:

fSo
j

ratsr 8 − R j
IIdD . So

j

ratsr 8 − R j
IIdDFhsr0d + h8sr0d

3Fo
k

ratsr 8 − Rk
IId − r0G + ¯G .

sA12d

In Fig. 7 we illustrate the effectiveness of relationsA12d
compared to expandingfsrd directly when fsrd=r1.5 and
r0=1. Although theh expansion is taken only to first order,
while the f expansion is taken to second order, theh expan-
sion is seen to be more accurate at smallr.

Upon substitution of the expansion of Eq.sA12d in the
convolution, Eq.sA11d, we find

sKi p f2dsr d . fhsr0d − r0h8sr0dgo
j

Li
s1dsr − R j

IId

+ h8sr0do
j ,k

Li
s2dsr − R j

II ,r − Rk
IId,

Li
s1dsRd ; E Kisr 8dratsR − r 8ddr 8, sA13d

Li
s2dsR,R8d ; E Kisr 8dratsR − r 8dratsR8 − r 8ddr 8

Li
s1d is the convolution of an atomic density withKisrd.

Li
s2dsR ,R8d is the convolution of the product of two

atomic densities withKsrd, and consequently vanishes
when the two atomic densities do not overlap. The integrand
is nonzero only where the overlap occurs. It thus makes
sense to expressLi

s2d in terms of new coordinates, illustrated
in Fig. 8:

FIG. 7. A demonstration of the Taylor expansion of Eq.sA12d
compared to a direct Taylor expansion offsrd=r1.5 aboutr0=1.
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MisRc,Rreld ; Li
s2dsRc − 1

2Rrel,Rc + 1
2Rreld . sA14d

In the case of a spherically symmetricratsr d, Li
s1dsRd is a

function only of uRu, and MisRc,Rreld will depend only
on uRcu, uRrelu, and Rc·Rrel. We now argue that the depen-
dence onRc·Rrel is weak. We can write the expression
for Mi as

MisRc,Rreld =E KisRc − r dratsr − 1
2Rreldratsr + 1

2Rrelddr .

sA15d

If we expandK aboutRc, we find:

MisRc,Rreld =E fKisuRcud − r · = KisRcd + ¯g

3ratsr − 1
2Rreldratsr + 1

2Rrelddr . sA16d

The integrals over the odd powers ofr in the expansion ofKi
vanish by symmetry. Thus if we truncate the series at first
order, the first-order term vanishes, leaving only the zeroth
order term:

MisRc,Rreld . KisuRcudPsuRrelud, sA17d

PsuRrelud ; E ratsr dratsr − Rrelddr . sA18d

Truncating the expansion ofKi at the first order is reason-
able, becauseKisrd oscillates around the Fermi wavelength
of the system, a length scale close to that ofrat. This ap-
proximate form, Eq.sA17d will behave quite badly at small
Rc, becauseKi diverges at the origin, and the radial averag-
ing of this divergence that occurs in Eq.sA15d is not re-
flected in Eq.sA17d. Thus we replaceKisuRcud there with the
convolution ofKi with a Gaussian of unit weight and a vari-
ance r0 given roughly by the length scale of the overlap
regions of the atomic densitiesfi.e., some fraction of the
range ofratsr dg:

MisRc,Rreld . Ki8suRcudPsuRrelud,

Ki8sr d ; sKi p wdsr d, sA19d

wsr d ; p−3/2r0
−3e−sr/r0d2.

Summarizing these results, we find that we can approxi-
mately evaluatesKi p f2d as

sKi p f2dsr d . fhsr0d − r0h8sr0dgo
j

Li
s1dsr − R j

IId

+ h8sr0do
k j ,kl

Ki8(ur − 1
2sR j

II + Rk
IIdu)PsuR j

II − Rk
II ud,

sA20d

where the summation overk j ,kl indicates that we need only
sum over pairs of region II atoms with overlapping densities.
The derivation of Eq.sA20d involved several approxima-
tions, and thus is not expected to be precise. We only propose
that Eq.sA20d be used to generate the boundary conditions
for Eq. sA10d that determine thesKi p f2dsr d within regionVI,
and we have found that the resultingsKi p f2dsr d is more de-
pendent on the source term than the boundary conditions.
Nevertheless, because of the inaccuracies of Eq.sA20d, we
define a new region,VI8, that contains and extends a bit
beyondVI, and we use Eq.sA20d to obtain the boundary
conditions for pointsr that lie on the boundary ofVI8, and
we solve Eqs.sA10d for all r [VI8, so that the resulting
sKi p f2dsr d are accurate for allr [VI.

Thus we have all the pieces necessary to computeTK
int. In

summary, we do this as follows:
sad Using Eq. sA20d, we can evaluatesKi p f2dsr d and

sKi pg2dsr d for pointsr on the boundary of a regionVI8 that
is slightly larger thanVI.

sbd Using those boundary conditions, the Helmholtz equa-
tions sA10d are solved, yieldingsKi p f2dsr d and sKi pg2dsr d
for all points r [VI8.

scdThen sKp f2dsr d and sKpg2dsr d are constructed with
Eq. sA7d, and we can evaluateTK

int via Eq. sA3d.
Ther kernel interaction energyTK

int also gives a small con-
tribution to the forces on region II atoms near the 1-2 bound-
ary. By differentiating Eq.sA1d, we find

]TK
int

]R j
II = −E = rsr − R j

IIdff128 sr dsK p Gdsr d + g128 sr dsK p Fdsr d

+ F8sr dsK p g2dsr d + G8sr dsK p f2dsr dgdr ,

sK p Fdsr d ; E Ksr − r 8dFsr 8ddr 8, sA21d

f128 sr d ; f8„rIsr d + rIIsr d…,

F8sr d ; f128 sr d − f8„rIIsr d…,

etc.

FIG. 8. New coordinatesRc and Rrel for evaluating the three-
center integrals ofLi

s2d.
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