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We present a formalism for coupling a density-functional-theory-based quantum simulation to a classical
simulation for the treatment of simple metallic systems. The formalism is applicable to multiscale simulations
in which the part of the system requiring quantum-mechanical treatment is spatially confined to a small region.
Such situations often arise in physical systems where chemical interactions in a small region can affect the
macroscopic mechanical properties of a metal. We describe how this coupled treatment can be accomplished
efficiently, and we present a coupled simulation for a bulk aluminum system.
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I. INTRODUCTION is not significant. More specifically, the computation time for

In performing computer simulations of complex physical the coupled simulation should be on the order of computa-
systems, a premium is placed on accuracy and efficiencyion time required for the accurate method to treat the small
Typically, one of these qualities can be improved at thedetailed region, since the time required for the less accurate
expense of the other. In recent years, a hew approadﬁﬂethOd to treat the rest of the system is typlcally several
has emerged that addresses a class of problems in whigtders smaller; nothing is gained if the coupling is so costly
important small-length-scale phenomena are confined to #at the coupled method takes as long as using the accurate
small region of the system but can have an impact on thenethod to treat the whole system. When the approach re-
behavior over a much larger scale. A typical case is the tiguires coupling a quantum-mechanical method to a classical
of a crack, where localized chemical reactions may affectnethod, additional complications arise because of the pres-
the strength of interatomic bonding, which in turn canence of electronic degrees of freedom in the quantum-
influence in a dramatic way the macroscopic mechanicamechanical region; thus boundary conditions on the electron
properties of the solid. Such problems fall under the rubricvave functions must be imposed at the interface between the
of “multiscale” phenomena, requiring a treatment thatregions. Density-functional theo{FT) provides a signifi-
addresses important aspects at each ScH novel feature cant simplification over more direct quantum-mechanical
of this type of simulation is to use an accurate but computamethods in that the calculation of ground state energies and
tionally demanding method to treat the region of the systenforces requires the minimization of a functional of the elec-
in which small-length-scale degrees of freedom are importron densityp(r) only# Thus, in principle, boundary condi-
tant, and a faster but less accurate method with the smaltions need only be imposed gs(r). This statement only
length-scale physics “coarse-grained” to treat the rest of thapplies to the formulation of the problem that does not in-
system. voke the explicit calculation of electronic wave functions

Multiscale approaches rely on successfully coupling thgthe most common way of implementing DFT actually does
two (or more regions involved, which is referred to asam-  involve individual electronic wave functions, the so-called
less couplingThere is no single notion as to what constitutesKohn-Sham orbitaf3. Coupling an approximate DFT calcu-

a seamless coupling, but generally the coupling should b&tion that is based on the electronic density alone to a clas-
accomplished in such a way that the fictitious boundary besical interatomic potential should be more straightforward
tween the two regions, which only exists in the coupledthan coupling an orbital-based quantum-mechanical method
simulation and not in the real system, does not introduce ango a classical method.

physical consequences. For instance, recently several papersThe present article describes a formalism for concurrently
have dealt with the issue of ensuring that phonons are natoupling a system consisting of two regions, one treated with
reflected by the boundary between the two couplingdensity-functional theorywithout invoking electronic wave
methods>® In the consummate multiscale method, the resultfunctions and the other with a classical interatomic poten-
ing energetics or dynamics is indistinguishable from whattial. Due to the type of approximations involved, the present
would result from a calculation with the accurate methodapproach is particularly well suited for simple metallic sys-
applied to theentire system. This ideal would be achieved tems; we emphasize, however, that this is not an inherent
only if the two simulation methods involved were seamlesslylimitation of our approach, but rather a limitation imposed by
matched at the boundary, and further, only if the part of thehe shortcomings of the methodologies employed for the
system treated by the faster, less accurate method was indegdatment of the various parts of the system, and if these are
free of important small-scale physics. Another important buteliminated the approach could be generally applicable. In
obvious characteristic of a good multiscale method is that th&ec. I, other methodologies for coupling multiple simulation
computational overhead of performing a coupled simulatiorapproaches and their relevance to the present methods are
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discussed. In Sec. lll, the formalism of the present class oboundary typically do not manifest themselves throughout
coupling methods is established. In Sec. 1V, details of implethe system.
menting the methods and achieving efficiency are presented In metallic systems, however, the situation is quite differ-
and some tests of the method are reported in Sec. V. Finallgnt. Bonds are not localized or associated with a distinct pair
we conclude in Sec. VI with a discussion of the results of theof atoms. The embedded-atom pictfr& provides a more
tests. apt description of the situation. In the embedded-atom pic-
ture of a simple metallic system, the density of the system is
approximately the sum of charge densities of isolated atoms,
Il. BACKGROUND and the energetic contribution of an individual atom to the
) system energy is approximately the embedding energy of the
A large number of concurrent multiscale methids a¥om ina ho?rilogenpe%us electrgn gas. This pic?ure, ir?zllarious
approach the pr_oblem of coupling two different 5|mulat|onf0rms,11_13 has been used to great effect to create classical
methods by writing the energy of the whole system as  5i functionals for metals. The success of these potentials in
E[1+11]1=E;[1]+ E[I1]+ EM[1, 117, (1)  capturing the energetics of simple metallic systems, com-
bined with their foundation on density-functional-theory ar-
where here and throughout the article, | refers to the smajuments, makes them ideal candidates for evaludgih |
region where detailed physics are relevant, and Il refers tgn the present formalism.
the rest of the systent,[1] represents the energy of region | The notions of the embedded-atom method can be ex-
with region Il providing appropriate boundary conditions, tended to describe the energetics of a metallic regiegion
Ej[I1] represents the energy of region Il in the same sense) within another metallic regiofregion II); region | is em-
andE[1+11] represents the total energy of the combined sysbhedded within region Il. The exact nature of the embedding
tem. Equatior(1) expresses the total energy of the system agan be formally written in the manner of Eql) with
the energy of region | evaluated with the accurate simulatiorlensity-functional-theory arguments. We first decide which
method 1, plus the energy of region Il evaluated with theions will be associated with region | and which will be in
faster simulation method 2, plus an energy of interactiorregion I, and we will denote those sets of nuclear coordi-
between the two subsystems. Typically, the crux of a multi-nates byR' and R". We denote the set of all nuclei with
scale method lies in its handling &™. Although tautologi- R™'=R'UR". According to the Hohenberg-Kohn theorem,
cal, Eqg.(1) can be rearranged to yield an expression for thehe total system energy, within the Born-Oppenheimer ap-

interaction energy: proximation, is given by minimizing a functional of the total
- charge density:
ENC1L 1] = Ef1+ 1] - Eq[1] - ES[11]. ) 9 'y
This expression contains no new content, and merely serves E[R™"] = min Epe[ p™; R™Y. (3)
p

to define EM[I,11], but nevertheless provides direction to-
wards its calculation.

The quantum-mechanical/molecular-mechanica@M/
MM) methods are designed to achieve a goal similar to that
of the present method, namely, the coupling of a quantum- Eorilp;RI=Tdp]+Enlp] + Exlp]

In order to be explicit, byEpe{ p;{R}] we mean

mechanical simulation with classical potentials, but in the 77
context of covalently bonded organic molecules. In such sys- + 2 f p(r)Vpsdr —Rjdr + —
tems, bonds are localized and typically can be associated i i< R _RJ|
with two atoms at either end. The strategy often employed in (4)

QM and MM methods to couple quantum mechanics to mo-

lecular mechanics is as followsthe system is divided into \yhere T is the noninteracting kinetic energy functional,
QM and MM regions with a boundary that cuts across covag,, is the Hartree energyE,. is the exchange-correlation
lent bonds; Equ is evaluated for the QM energy, andV,, is the ionic pseudopotential. ThuBper
subsystem, plus additional “link atoms” placed on therepresents the combined electronic and ion-idadelung
MM side of the severed covalent bonds to mimic the systenenergy.

removed from the QM regionEyy is evaluated for the |t plotis partitioned into two subdensities, andp", such

MM subsystem without the link atoms; a@M,MM CONsists  that pot=p!+p', then theEper can be partitioned:
of energy terms such as bond-bending terms that are

left out of Eqy+Epym- A similar methodology was developed tot. tot] — .ol I.pl

QM " =MM E R =E R+ E R
by Broughtonet al® for quantum-classical coupling in or1lP l DF_T[p 1+ Eorlp ]
silicon, the prototypical covalently bonded bulk material. +E"p,p";R,R"], (5)

Such approaches rely on a somewhat artificial partitioning '

of the total energy(e.g., into bond-bending and bond- whereE™ is defined as in Eq(2). By varying the total en-
stretching terms and hence lack a definition that could ergy with respect te', we find that the potential acting upon
be readily generalized. But due to the locality of physicsp' is equal to the sum of the potential from region | alone,
in covalently bonded systems for which QM and MM plus an embedding potenti&k{r) that completely repre-
methods are appropriate, errors introduced at the QM/MMsents the effect of region Il upon region I:
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SEprl P R _ SEpelp':R'] classical potential is;, then atoms that lie within region |
= +Vemdr), and are farther than. from the boundary will experience
a force entirely fromEpg[1]; these atoms feel a force
5E"“[p' PRR!] 6) no diff_erent than corresponding e}toms_in a DFT calcul_atipn
! I’ ! . of region I. The force on atoms in region | that are within
op r. of the boundary do not come entirely froBEpge[1], but

By using different approximations for the terms in Eg),  &lso have contributions fromEy[I+11]-Eg[I]. These
different coupled methods are obtained. Wesolowskicontributions should in principle be corrections to the surface
and Warshel* building on the formalism of Cortong, forces experienced by these atoms fré&x:[!]. Classical
used this partitioning to describe an efficient DFT method. Inpotentials have been developed to mimic the energetics,
their schemeE[l] and E[Il] are treated with Kohn-Sham forces, and geometries obtained from DFT calculations
DFT, but E™ is evaluated with “orbital-free” density func- Of various configurations, including surfac®s; such
tional theory (OF-DFT), i.e., pure density-functional potentials should be particularly apt for the present coupling
theory in which the Kohn-Sham orbitals are not used and thécheme.
noninteracting kinetic energy is approximated with an ex- The implementation of this method demands nothing
plicit functional of the density5-20 This allows E[1] and  beyond what is required for a DFT calculation and a classical
E[I1] to be alternately minimized in the embedding potentialPotential calculation. It should be noted, however, that
of the other. Govingkt al.’ utilized the partitioning of Eq(5) the D.FT CaICU|at|qnaEDFT[I]r Is a nonperlpdlc calc.ulauo.n,
to obtain a quantum chemisttq@C)-DFT coupled method. and if OF-DFT is to be used, special considerations
There Ej[I] was calculated with QCE,[lI] with DFT, may need to be made for the calculation of nonperiodic
and agairE™ was based on OF-DFT. They used this methodSystems?
to explore the electronic structure of molecules adsorbed ) _
on metal surfaces. Recently Klinet al2! have extended B. Quantum interaction energy
this formalism to treat adsorbed molecules in their excited Alternatively E™ can be calculated more accurately
state. with a guantum-mechanical method. Although we only
represent region Il by the coordinates of the ions of region
I1l. FORMALISM Il atoms and calculate the energetics with a classical
, i potential, there is an implicit charge densji}} associated
The present meth(_)d follows in the same vein as the _'aﬁfvith E.[R"] via Eq. (8). Because of this, we can consider
few examples, to achieve a DFT—classical potential coupling, more sophisticated coupling scheme where the interaction
The general idea of the present methods is as foll@&.]  energy is based on density-functional theory. However,
is to be calculated with DFTE,[I1 ] is calculated via a clas- iy order to compute the interaction energy via DFT when
sical potential. A choice can be made for the calculation ofy) we know about region Il is an approximation of its

E™, which results in distinct coupling methods, which we charge density, the traditional Kohn-Sham scheme of DFT

5p! 5p'

Vemdr) =

examine in detail below. is not suitable. In the Kohn-Sham scheme, we start
with a potential and obtain the density and energy of
A. Classical interaction energy electrons in this potential. Instead, we need a means of

calculating the energy of a system of electrons given their

int H H ial-
E™ can be calculated using the classical potential: density. OF-DFT allows us to do this. Thus we can write

EMILNT=Egll+ 111 - Eg[1]- Eg[I]. (7)  down the interaction energy in terms of OF-DFT energy
functionals:
Although this interaction energy is intended to represent the .
same DFT interaction energy that appears in(&j.it is not EMLN]=Eodl+11]1-Egd1]1-Eodll]. (10

contradictory to use the classical potential to evaluate it, At first alance this seems like a useless scheme. because
since the classical potential energy, evaluated for a giveﬂ BT isgused to calculateE™[I 11T, we ma as,well
ionic configurationR, can be viewed as an approximation to L y .
the DFT functional that has been minimized with respect tgUse DFT .to calculate_E[I+II], and thus no computational
the density; that is, expense is saved with the coupled method. But because
of the nature of many of the useful OF-DFT functionals,
E,[R] = min Epelp,R]. (8) this turns out not to be the case. E"[I,Il] is calculated
P with OF-DFT, for typical approximate kinetic energy
This choice of interaction energy results in a total energy ofunctionals the computation in Eq10) will require a
computation time that is on the order of the computation
E[RIOI]:Ed[Rtm]—Ed[R']"”mlin Eorrlp.R'l. (9  time required to computeEqdl], the small subsystem,
P rather than the time required to compuigd!+Il]. This
In this scheme, the forces on all atoms in region Il areis because significant cancellation is implicit Eyd1+11]
identical to forces on corresponding atoms if the classicat-EqdlIl].
potential were used for the entire system; i.e., the DFT The existing approximate kinetic energy functionals differ
region has no effect on these atoms. If the cutoff length oin accuracy and computational efficiency. Moreover, differ-
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ent choices of functional can be made for the evaluation o= w2 (15)
of E[I] and E™, which further increases the number of —

possible coupling methods. This possibility is important

because the degree to which the computatioE®fcan be Howeyer, this interesting possibility is not explored pres-
made efficient depends on the choice of kinetic energyntly: instéad we use the same type of OF-DFT calculation

functional and the functionals that will most efficiently treat 'O the last four terms of E¢(12). It should be noted that in
Eint are not necessarily accurate enough to treat the intera&h's case the last two terms cancel, and then the total energy

tions within E[1]. is given by

Regardless of the choice of kinetic energy functional,  g[R® =E_[R"]+ min[Eod p°: R™Y - Eod p";R"1].
the evaluation ofEM[I,1I] within this coupling scheme o
requires knowing the electronic density of region g¥(r). (16)

In the present methody"(r) is approximated as the sum
of atomic charge densities®(r) centered at the region I

nuclei: . . N
C. Orbital-free DFT and approximate kinetic energy

() = S P — Ri“)' (11) . | functionals
i Orbital-free DFT is a necessary part of the second cou-
pling method, because the electronic structure of region Il is
This approximation is supported by the embedded-atonjepresented only in terms of its density via Effl); thus in
picture of simple metallic systems. In principle(r) could  order to utilize that informationE™ must be based only on
be a nonspherically symmetric density. For example, ifthe charge density and the ionic coordinates. Here we de-
the arrangement of the region Il atoms is always close t&cribe some key ideas of OF-DFT.
the bulk lattice arrangement, then a nonspherically symmet- Hohenberg and KoHnshowed that the ground state
ric charge density that reproduces the bulk charge densitgnergy of a system of electrons moving in an external
when periodically tiled may be more appropriate. Howeverpotential is given by minimizing a density functional. Kohn
in this article p®{(r) is always taken to be spherically and Sharh wrote a useful partitioning of this energy

symmetric. functional:

The density in region Il is never explicitly represented in
the calculation, but is given a precise form via Etl). Thus Elol=T ol +E +E + f V.. 1
region Il is entirely described by the ionic coordinaf¥, Lp]=Tdp]+ Eilp]+ Eddp] e-(Np(r)dr, - (17)

andp", the form of which is needed to evalud", is im-

plicitly determined byR". whereT is the noninteracting kinetic energy functiongl,

The second coupling method is summarized by the eXi_s the Hartree energ¥,. is the exchange-correlation energy,

pression for the energy as a function of nuclear coordinate@nd Ve IS the lonic pote_ntlal. By mtroducmg a set of f'.Ct"
within the method: tious noninteracting particles, we can obtain a set of single-

particle equations, the Kohn-Sham equations, that allow for
E[R = E.[R"] + min[Eqd o R©Y - Egd o' :R" the evaluation of[p] with an approximate,.. The Kohn-
[R®=EalR"] [ [Eorp 1~ Eodp | Sham method results in an exact evaluatiod $p,] for the
density py that minimizesE[p], but the method does not
provide a means of evaluating p] for an arbitrary density

— Eodp';R']+ Eperl ;s R'11. (12

The last term,Epe[p';R'], is written as suchand not as

Eod1]) to emphasize that we could choose to compute i
either with a Kohn-Sham-type calculation or with OF-DFT,
but utilizing a more accurate kinetic energy functional than
the other OF-DFT terms. This would allow for three distinct , - ’ .
levels of accuracy in the calculation: Kohn-Sham accuracy?€€" @pproximated by  explicit density ~functionals
within region I, OF-DFT accuracy for the coupling between constructed to satisfy one or more of these known limits.

regions | and II, and the accuracy of the classical potential if '€ Orbital-free DFT methods are based on minimizing

region II. In this casep' would consist of a set of Kohn- ELP] With Ts replaced with an approximate kinetic energy

Sham orbitals,p'(r) = ¢(r)]% and we would minimize functional. _ _
over theys: OF-DFT methods are typically more computationally ef-

ficient than the Kohn-Sham method. If the approxim&ie
E[R™] = E,[R"] + min[Eod p°; R - Eoep":R"] can be evaluated with an amount of computation that scales
, linearly with the system size, usually denoted by the total

number of atom$N, then minimizingEqd p] will require an
amount of computation linear in the system siz@&(N)
method. Since within OF-DFT all terms of the energy are
plot= > a2+ p", (14) explicit functionals of the density, there is no need for ficti-

i tious orbitals, and the densify(r) is the only represented

The Kohn-Sham partitioning of the energy, EQ.7),
thas turned out to be useful beyond the Kohn-Sham method.
Because a number of limits of the exact noninteracting
kinetic energy functionalT{p] are knowr?® TJp] has

- Eod p'iR']+ Exsl4i;R'T, (13
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variable. Thus, there is no need to solve the single-particl¢his will be discussed in the following section. Although
Scrhddinger equations for the fictitious particles whileOF-DFT methods are more efficient than orbital-based
maintaining their orthogonality, operations that typically re-DFT schemes, and have been successfully used to treat
quire most of the computational effort in the Kohn-Shaminteresting physical system&ee, for example, Ref. 28
approach and scale as a high power of the system sizhey are not as transferrable, and are better suited for
[O(N®) or highell. Moreover, with the density(r) as the metallic systems in which the electronic charge density
only quantity of interest in the system, the OF-DFT methodsdoes not deviate significantly from the uniform density
use less memory than the Kohn-Sham method, since the ldlimit.
ter requires the storage and update of a number of fictitious
orbitals proportional to the system size, each of which con- IV. IMPLEMENTATION OF COUPLING
sumes twice the storagas complex quantitiesneeded for
the density alone. Orbital-free DFT methods can thus be used
to study much larger systems than can be treated with The calculation of the energetics and ionic forces
orbital-based schemé8put with current computer capabili- Wwithin the first coupling scheme described above involve
ties are still limited to systems consisting of a few thousand®nly open-boundary DFT calculations and classical potential
atoms. calculations. As such, it is straightforward to use this method
In addition to computational advantages, unlike the Kohnto perform multiscale simulations that combine the
Sham method, the total energy functioriByd{p] can be Kohn-Sham method for treating region I, and classical
evaluated for a givep(r). This property makes OF-DFT a potentials for t_reating regipn II. We have successfully
suitable candidate for computing™[p',p"] in the second implemented this combination, but we leave the results
coupling method discussed in the preceding section. of these ca_tlculatlons for a future presentation, since they
The number of available approximate kinetic energy funclreat a partlcular aspect of _the coupling lproblem. Currently
tionals is sizable, and the choice of functional is made basel® focus on testing the merits of the multiscale methodology
on considerations of efficiency and the types of systems to bsSelf, and set aside the exploration of possible choices for
treated. Because the systems to be considered are simpft¢ underlying energetic methods. Throughout this article
metals with free-electron-like charge densities, an importanPF-DFT is used to treat region 1. o
property that should be included in the approximate kinetic |f the first coupling scheme is to be used for ionic
energy functional is the correct linear response around uni€l@xation, there are several possible numerical techniques,

A. Classical interaction energy

form densities: the optima'l .chpice depending on Fhe systgm being rela>§ed.
If the partitioning of the system into regions | and Il is
5 8T, 1 (18) such that the time required to calcul&g:+[1] is comparable
sp()op(r) | ol xuina®)’ with the computation time oEy[1+11], then ionic relaxation

A _ _ of the total system may be done by using a gradient-based
where F is the Fourier transform, and (k) is the  minimizer such as conjugate gradient methods or quasi-
Lindhard response function: Newton methods like the Broyden-Fletcher-Goldfarb-Shanno

29 ition-
ke [} . 1 —x2| 1 +x ] (BFGS method<? If, on the other hand, the system partition

Xtind(K) == —5 n|l=—= (19)  ing is such that the time required to evalug!] is con-
2 4 1-x siderably more than that required for the computation of
with ke=(37200)2 and x=k/ 2ke. Eq[I+11], as is often the case, then an alternate relaxation
scheme may be more efficient. The total system can be re-
(Jjaxed by using a gradient-based minimizer on the region |
system alone, while fully relaxing the region Il ions between
ach ionic update of region |. Gradient-based minimizers like

A significant number of efficient functionals have
been developed that satisfy the linear response limit for
particular chosen average densfty?®?7 Such functionals

often consist of several terms that are local or localize FGS v effective if th dients involved indeed
functionals, such as the Thomas-Fermi energy and th are only efiective It the gradients involved are indee

von Weizsacker functionals, plus one or more Convolutiongradients of an underlyir!g object functio_n. It is not immedi?
terms: ately apparent that such is the case in this alternate-relaxation

scheme, but we can demonstrate it as follows.
The energy calculated with the first coupling scheme, as a
Tklp] :f f(p(r)K(r =r'Dglp(r))dr dr’. (20)  function of all ionic coordinates, is given in E¢Q). A sec-
ondary function that only depends on the region I ionic po-
By choosing the kerneK(r) properly, the approximate sitions can be defined as
functional can be made to satisfy the correct linear response, , o
Eq. (18), around some chosen uniform dengity Numerical E'[R'] = ”F:,',n E[R™]. (1)
tests indicate that among the current available efficient
kinetic energy functionals, the ones of this form areThe useful aspect & is that its gradient with respect ®!
most suitable for simple metallic systems. However, kineticcan be easily evaluated:
energy functionals that contain a convolution part with , o o I
a long-range kernel make the efficient evaluatio&8f1, 11 ] 9E’ - JE[R"™] " IE[R™] IR} min
more computationally demanding; the consequences of IR| IR i (9R}' IR

(22)
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%) Consider the computation of a local termB¥, such as the
exchange-correlation functional within the local density
approximatiofl (LDA):

o= 3 pat

‘:\sf =S Ei)?(;[:J fxc(Pwl)dr _f fxc(pl)dr _f fxc(p“)dr
. Q'

RH

= f | [fxc(Pmt) - fxc(PI) - fxc(p”)]dr ) (24)
FIG. 1. An illustration of the partitioning of the system accord- Q

ing to the coupling method with quantum interaction energy. where f,(p)=pe,(p) and we have used the fact that
XC XC

p"'(r)=p©(r) for r¢Q'. Thus calculation ofEM is an
:(?E[Rtm] (23) integral overQ)' and not the entire system, which demon-
IR strates our criterion for efficiency. Any local functional
of p will obviously be calculated efficiently in the same
manner. We note that when the same kinetic energy func-
Mional is used for the interaction energy afgd 1] (which is
the case for the tests performed in this paptire cancella-
tion exhibited in Eq.(16) occurs. In this case, it is wasteful
to compute the interaction energy as in E84) and then
compute and add oB,[p'], as it exactly cancels the second
term of Eq.(24). Instead, we compute directly the following

where the second term on the right of H2) vanishes
because all derivatives are evaluated at the minimu
of E[R™] with respect toR". This result is analogous
to the Hellmann-Feynman theorefh.The introduction
of the E’ function allows for the following relaxation
algorithm:
(i) Minimize E[R™!] with respect toR" while holding

R' fixed. This only involves the classical potential

E[R]. quantity:

(i) Calculate mip Eperp';R']T and E¢[R'], and the -
forces on the region | ions. Using E@3) the gradient oE’ Exc :f [fxc(p'®) = fic(p")]dr . (25
is obtained. o

(iii) Perform a step of a gradient-based minimization ofSimilar considerations apply to the other parts of the

" . . energy that are simple functionals of the density. The only
(iv) Repeat until the system is relaxed. term that does not fall in this category is the interaction

In this manner, the number of DFT calculations per-|;.atic energy T™, when it involves more sophisticated

fqrmed is gr_eatly reduged, albeit at the expense of more Cla%nctionals with Sc,onvolution terms such as H®O). For
sical potential calculations.

this case, we have developed an appropriate efficient
methodology, the derivation of which is contained in the
Appendix.
Particular attention must be paid to the nonlocal terms of
Implementation details of the second coupling methodeint As usual, cancellation occurs among electron-electron,
require more elaboration. One important point is #lanust  electron-ion, and ion-ion terms, which eliminates long-

be confined to lie within a finite volumeQ. This  ranged interactions. The Hartree interaction energy is given
region should have significant overlap with the region wherepy

p" lies, in order to provide coupling of the two regions.

E/

B. Quantum interaction energy

But if p' were not confined to a finite volunt', it could in N P (O P (30

principle spread throughout the combined system, and during Ey = Ef Wdr dr’

the course of minimizing with respect i@ [Eq. (12)], we

would essentially be performing a DFT calculation of the 1 pp'")+p"()p"(r") )
whole system. On the other harfd} should be chosen large T2 Ir=r'| dr dr
enough so thap' is not artificially confined. In the test sys-

tems we examined, we found that when increasing the size of _ f p'(r)p"(r ,)dr ar’

', a point is reached where the resultsg., the shape qf - Ir=r'|

and the forces on the iohghange little. We found that a

useful .rule for determining the optimal siz_e ﬁf_is the fol- :f P VAl -RYdr, (26)

lowing: Definedp'" to be the surface on whighl' =0. Let the al i

range of the atomic densitigé be R®. ' should be chosen

large enough so that for any pointwithin gp", and any where

point r’ outside of()!, we have|r -r’|>R& The confine-

ment of p' within Q!, and the choice of)', is illustrated in I I (O N

Fig. 1. Vi) = E _r,|dr .
The second coupling method maintains efficiency _

due to the cancellation that occurs whE; is computed. ~ Similarly the electron-ion interaction ener@/} reduces to

(27)
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.ol int int
oE _5EDFT[pvR]+ OEy¢ + oTs +E elec(r_

int _ I - Rl
Eei_fﬂlp(r)zvpsﬁ(r Ry’ )dr ) sy s M) 4

34
+J 2 pM(r =R Voedr =RDdr, (28 (39
j i The calculation of the ionic forces proceeds differently for
region | and region Il ions. Calculation of the region | ionic
where Vo{r) is the pseudopotential representing the ion,forces is facilitated by the Hellmann-Feynman theo&ri.
and we have used Eqll) to expressp'(r) as a sum we denote the part of the enerffyg. (12)] that is minimized
of p3 Finally the ion-ion interaction energy is given with respect top' by G[p';R',R"]:

by
Glp";R",R"] = Eod | + 111- Eod 1]~ Eod 1]+ Epe1],
. 77
E:n't: 2 |R-' I_ R'—'| . (29) (35)
R then we have, for the second coupling scheme:
The combination of all three Coulomb terms can be ex- E[R®] = ES[R"]+ minG[p":R',R"] (36)
pressed as ) B
it int . int | . : and when forces on region | ions are computed, the expres-
By +Eei+Eii= fﬂl p (r)[z Veied! ~ R )]df sion simplifies:
|
JE[R™Y] 4G 8G  Iphin(r
+3 ¢y(RI-R), (30) (R _9G [ 6 omD (59
1)

dR! TR S 8p'(r) R

where we have defined _E

elec(r) = Vat(r) + Vpsp(r) &Ril
where the last term in Eq37) vanishes because we have
R | | minimized G with respect top', and so G/ ', =0. So
#ij(Ri —Rj) = |R'—JR'_'| prs;(r - Ri)p™(r —R)dr. the forces on the region | ions are determined Solely by the
terms of G that explicitly depend omR'; these terms are the
(31 electron-ion energy and the ion-ion energy. Using 84),
the force on theth region I ion is given by

(38)

Both V3,(r) and ¢;(R) are short-ranged functions in

which the 1/R dependence of the constituent terms JE[R™ d

cancel. P -Fi= a[R! t]=E(Ee.i[']"fEi.i[l]’fE'mU +ENLND)
Within the second coupling method1) we minimize ' '

the energy with respect td, and(2) we calculate the forces -2 (E

on all of the ions and update their position. In order to &R!

minimize the energy with respect tp', the derivative

SEM/ 8p'(r) needs to be calculated fo Q'. This derivative  Thus it can be seen from E(R9) that forces on region | ions

can be evaluated efficiently for the local functionalsare given by the sum of the electron-ion and ion-ion forces

A+ES[ID+ 2 V¢RI -R}). (39
j

like Eyg present in subsystem | alone, and short-ranged interactions
with region Il ions that are nearby region 1.
'”t © The forces on the region Il ions come mostly from the
T (r) = 1P = fx(p'), (32 classical potential, but they have contributions frEIf[1, 11]

becausg' is a function ofR!'. Since we have not minimized
with respect top", there is no Hellmann-Feynman simplifi-
cation when calculating the forces on region Il ions, and all
terms in the interaction energy contribute. The force on the
jth region Il ion is given by

where f, =df,./dp. For the long-ranged Coulombic func-
tionals, the derivative is given by

int int int —-R!
e )[E +ESHEN=2 VAL -RD. (33 o R _GEIR"] GEMLIN]

7R R IR

(40)

Evaluating this combined contribution t6EM/ 5p' is a

simple matter of evaluatiny2. for region Il ions located Local functional parts of E™ such as the exchange-
near the boundary with region I. And so the gradient of thecorrelation energy will have a contribution to the force given
total energy with respect to' is by
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int
e

1l
iR

=~ J V ot = R 16 = fLe(p")]dr (4D)
QI

with analogous expressions for other local contributions that
may exist in the kinetic energy functional such as the Y
Thomas-Fermi energy. These local force contributions aregNgs
only non-zero for region Il ions with an atomic density that v
extends intd)'. It is also worth noting that the integral in Eq.
(41) need not be carried out over all &f, but only over the
intersection of)' with p(r —RY}').

The Coulomb contributions to the region Il ionic forces
are given by

1%

SRIES+ BT+ BT == 30 ¥ 6, (R{ - R))
J

- LI p(r) V Vaedr —R{)dr.

(42)

This contribution also is nonzero only for region Il ions near
the boundary of)'.
If a more sophisticated kinetic energy functional with a , .
convolution ternﬁ) such as EO) is used gi]r)(E‘m then such a FIG. 2. A cutaway view of the test system. White atoms belong
. S ! . to region |, and dark atoms belong to region Il. For the coupling
term adds considerable complication to the calculation of the . . ; _
. . - method with quantum interaction energy, the regidris shown by
forces on region Il ions, but these contributions nonetheles%e white cube
die off as we move farther from region I. Thus within the '
framework of this coupling scheme, the forces on region Il )
ions take the intuitively satisfying form of being equal to the Nit€ array of 32-atom Al clusters treated quantum mechani-
force that arises from the classical potential, plus a correctiof@/ly; émbedded in an Al bulk treated by classical potentials.
force for ions near the boundary 6¥. Obviously, if there is good coupling between region I, and
If the partitioning of the system between parts | and Il is"€9i0N I, the entire system should simply behave like pure

such that region | requires a much longer computation thaRUlK fcc Al, making it easy to evaluate the quality of the
region 1, the second coupling method, like the first, allowsCOUPIiNG. This test system is illustrated in Fig. 2. Addition-
for an efficient algorithm for ionic relaxation. We define a @y, we have applied the quantum interaction coupling
different partitioning of the ions as follows: we denoteRYy method to a more interesting physical system, a screw dislo-
the set of region | ions plus all region Il iori&' for which cation in aluminum.

the interaction forc@?E™/4R! is not negligible, and we de- In all of the present tests, region | is treated with OF-DFT.
J However, the particular kinetic energy functional used differs

note byR'"" the rest of theR" ions. The point is that the among the tests. The Al ions are represented with the
forces on theR'"" ions only depend on the classical potential Goodwin-Needs-Heine local pseudopoteritiaFor all tests,
[as seen from Eq40)], and also thap' does not depend on the classical potential used is the “glue” potential of Erco-
the R"" ions [as seen from Eq34)]. Thus the same algo- lessi and co-worker® which has the embedded-atom
rithm for relaxing the system in the first coupling scheme camrmethod(EAM) form:
be used, but witlR' replaced witlR'’, andR'" replaced with 1
R, That is, before each relaxation step of ®e, the R"’ E[R]=2 F[E pEAM(|Rij|)] + EE H(R;). (43
are to be fully relaxed. i i#] i#]
The EAM potential has been scaled bothriand in energy:
V. TESTS

Flp] — aF[p],
In order to test the present coupling methods, we have
focused on a simple coupled system that is readily analyzed. pF*M(R) — pFAM(BR), (44)
The system consists of 2010 10 cubic unit cell§4 atoms
each) of crystalline fcc aluminum. The innermost<2 X 2 #(R) — ad(BR)

unit cells(32 atoms totalare considered to be region |, and

all atoms outside are considered to be in region Il. Region llwith « and 8 chosen so that the potential yields precisely
which is treated with the classical potential, is treated as éhe same lattice constant and bulk modulus of fcc Al
periodic system in order to remove effects of surfaces fromsimulated with OF-DFT employing the particular kinetic

the simulation. So in fact the test system consists of an infienergy functional used in that test. This is in accord with the
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philosophy that the coupled simulation should behave as
if the accurate method were used for the entire system. Bu
this procedure is also done so that a “fair” assessment o
the coupling itself can be made; we wish to examine errors
in the present coupling methods themselves and the approxi
mations involved in them, but not the errors coming from a
trivial incompatibility between energy methods. To make
the classical potential even more compatible with the
OF-DFT method, we could redetermine the form of the
classical potential using the method that Ercolessi and
Adams originally used to develop their potenfilperform

a large number of reference energetic calculations of Al
using OF-DFT, and find the EAM-type potential that

best reproduces these results. This would be a rather in
volved procedure, so we have chosen to simply scale the
potential.

A. Test of classical interaction energy method

In the first coupling methodEq. (9)], the energetics (@
of region | was treated with OF-DFT, and the kinetic
energy functional used was one developed by Weingl?°
with a density-dependent _ kernel and parameters
{a,B,7,p<}={5/6+5/6,5/6—5/6,2.70.183 A3} (in the
notation of Ref. 20 This functional has six convolution
terms of the form of Eq(20). The classical potential was
scaled to match the lattice consta@.033 A and bulk
modulus(55.7 GPaof fcc Al obtained by this kinetic energy
functional.

The system was initially arranged in the perfect fcc
lattice configuration. The forces on the region Il atoms were
identically zero, since they come entirely froBf[I+11],
which is at a minimum in the initial configuration. However,
the forces on the region | atoms are not zero, as the OF-DF1 -
and EAM forces do not perfectly cancel each other. The
average magnitude of the forces on the region | atoms wagp) L4 O
0.33 eV/A, and the maximum force on a region | atom was
0.45 eV/A. These initial forces on the region | atoms are FIG. 3. Test of the coupling method with classical interaction
shown in Fig. 8a), with the drawn force vectors scaled so energy.(a) The forces on region | atoms when the atomic positions
that a force of 1 eV/A would extend one lattice constant.@re at the perfect lattice positions. The force factors are scaled so
Then the coupled system was relaxed. After relaxation, ithat a vector of Iength one lattice constant c_o_rresponds to 1 e\(/A.
was found that the atomic positions deviated from the correct?) The relaxed region | and two atomic positions shown in white
fcc lattice positions by an averagever all atoms in the and black, respectlvely. The perfect lattice sites are drawn as gray
system of 0.004 A per atom. The average deviation of SPheres of a slightly smaller radius.

just the region | atoms was 0.07 A per atom. The atomic . . . .
Jdeviation |gs shown in Fig. (), in evhich the relaxed employed was again from Ref. 20, but in this case it was

. - . . a functional with a density-independent kernel, with
atomic positions for the region | and region Il atoms are _ = . .

. : arameters {«, 8}={5/6£y5/6}. A different functional
drawn as white and black balls, respectively, and the correcRas chosen for this test because of its simpler form: it
lattice positions are drawn as gray balls of a slightly smalle contains onlv one convolution term of the form pof Ha0) '
radius. Note that only the fouil00 layers that include re- hile the f )rllct'onal sed in the test of the first cg ’I'n
gion | are shown. From this diagram it can be seen that iﬁNelthod h:d Isix Tuhis rlnakes the evalua:tion cl)pr Ithge
general the relaxed atomic positions deviate from the th‘g?netic interaction' eneravT™  simpler. Furthermore. this
perfect lattice positions by bulging out from region | slightly. 9Yils pier. ’

with the deviation decreasing with increasing distance fromfunctlonal performs well for structures thz.it do not deviate
region | much from the bulk system. This functional was found

to be inapplicable to the test of the first coupling method,

because in that approach the calculatiorEgf{1] amounts

to an isolated cluster; in that case, there is no embedding
The second coupling method was applied to thepotential from region Il and the minimization with respect

same simple test system. The kinetic energy functionato p' does not converge. For bulk fcc Al, however, this sim-

B. Test of quantum interaction energy method
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0.2 — : — region ', With respect to the choice @', we have found
/ N T P the following general behavior: if)' is chosen to be
-P too small, then after minimization with respectdg there is
an excess buildup of charge near the bounda'ofThis in
turn results in a net attraction of the region | ions toward
the boundary ofQ)'. This is remedied by an increase in
the size of)'. When(! is increased further still, the results
(the ionic forces and') are found to change only very
slightly. We note that regardless of the size @f, the
total density is always found to be continuous at the bound-
ary due to the high energy that the kinetic energy functional
assigns to a discontinuity in the density. In Fig. 5 we
have plotted the total charge density after minimizing
with respect top', with p'' given by (a) a superposition of
p492 and (b) a superposition ofpd°Yst The particular
slice of the charge density is €00 plane that passes
through one of the central atomic planes of the region |
pler functional employed to test the quantum interactioncluster. In(c) and(d) we have plotted the difference between
energy method performs quite well, producing an equilib-these coupled charge densities and the density of this system
rium lattice constant of 4.035 A and a bulk modulus of when computed entirely with OF-DFT. In general, using
71.9 GPa. pYstresylts in a more accurate total charge density. From
Another aspect of the second coupling method is thgc) and(d), it is clear that the superposition pf:c¥strepro-
choice of atomic density functionp® representingp"  duces the pure OF-DFT crystal charge density better than
through Eq(11). Two different choices of? were tried. One pt93s poth for pointsr well within Q', as well as at the
choice, p?:9%; was the valence density from a Kohn-Shamboundary of()'.
calculation of an isolated Al atom, represented with the same It turns out, however, that the forces on the ions, for
pseudopotentiat* The other choicep®¥s! was again a both choices ofp? are comparable. Also comparable
spherically symmetric charge density chosen such that thig the amount of deviation from the perfect lattice positions
charge density that results from periodically superposing iupon atomic relaxation for both choices. The exact numbers
on an fcc lattice most closely matches the charge densitfor these quantities for both coupling methods and the two
coming from an OF-DFT calculation of bulk fcc Al. The choices ofp® are summarized in Table I.

FIG. 4. The two atomic densities used to repregént

desired spherically symmetric charge densjs§"¥*{r) We have also applied this coupling method to study the
minimizes: core structure of the screw dislocation in aluminum. This
system is a prime candidate for multiscale treatment, as the
[(8fecx patensy(r) — pfoc(r)T2dr (45)  core structure depends strongly on both the atomic scale en-
o] ergetics, and on the long-range strain field of the

. o . _ dislocation?®

where §°%(r) is an infinite fcc lattice ofs functions, * de- In aluminum the screw dislocation line lies in thL0]
notes convolution, andb is one unit cell;p*(r) is the va- girection. The multiscale system considered here consists of
lence charge density of the fcc crystal. In reciprocal space, periodic structure along the dislocation liodeling an

this becomes infinite straight dislocation with the minimal period
along this direction, that is, twd110 planes. In the
directions perpendicular to the dislocation line, open bound-
ary conditions are imposed, consistent with continuum
Where~sQ is the structure factor. This is minimized by elasticity theory far from the dislocation core, as explained

0 [Sepev(Q) - P, (46)
Q

requiring below. The dimensions of the regi@li were chosen to be of
e 31.85x31.85x2.85 A in the [112], [11 1], and [110]
paterysy :@uz 47 directions, respectively. This extends slightly beyond the
P Q=—-"", (47) . : : \
S region | atoms and into the region Il atorfsee Fig. €b)].

The EAM region(region Il) extends to a radius of 95 A,
where (---)q denotes an averaging over reciprocal latticeand the atoms between a radius of 85 and 95 A are fixed at
vectors Q of length Q. This p*°¥*{Q) was then used positions determined by the elastic strain field of a screw
to construct a radial charge densji§¥str) that was com- dislocation in a continuous anisotropic material, as calcu-
mensurate withp?c¥s{Q) at the values ofQ where the lated from continuum elasticity theory, using values for
latter was defined. The two charge density choices are showglastic moduli obtained from OF-DFT calculations for bulk
in Fig. 4. aluminum. The geometry of this calculation is illustrated in
The second coupling method was tested on the samgig. 6(a).

system used to test the first coupling method. With the The system was relaxed via the alternating-relaxation
second method, however, we must choose the form o$cheme of Sec. IV B. In Fig.(6) we give the differential
the atomic density representing' and the extent of the displacement map of the resulting screw dislocation, which
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FIG. 5. Results for the quantum interaction energy metkacand (b) are contour plots 0p™ with p'' given by superpositions gff"92
and p2teYst respectively. The boundary 6i' is shown with a dashed line, and the positions of the region | atoms lying in this plane are
indicated by(+), and region Il atoms byXx). (c) and(d) show the difference between these two densities and the “correct” density coming
from a purely OF-DFT calculation of the whole system.

shows the relative displacement along fa#&0] direction of  give this quantity for the screw dislocation as obtained using
neighboring[110] columns of atoms, modulo one Burgers the EAM potential for the entire system. The screw disloca-
vector. Figure €) shows the relative displacement of the tion as described by the coupling method is seen to have a
two (111) planes that contain the dislocation, as a function ofwider extent and is more dissociated into partial dislocations
position along thé112] direction. For comparison, we also than the dislocation described by the EAM potential. The

TABLE I. Summary of the performance of the two coupling methods, and the two choice8 forthe
quantum interaction energy methddnax and F” 2 are the maximum forces on region | atoms and region Il
atoms before relaxation arfd,, is the average force on region | atoms before relaxatigg, andd) ., are
the maximum displacements from the perfect lattice positions upon relaxation for region | and region Il
atoms andl}, is the average displacement of region | atoms after relaxation.

Flf:'lax d:'lnax
Interaction Floa (eVIR) FL, do A) d,
Classical 0.45 0 0.33 0.12 0.05 0.07
Quantumy?dtgas 0.12 0.27 0.05 0.12 0.15 0.08
Quantumyat.eyrst 0.09 0.37 0.06 0.22 0.26 0.13
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FIG. 6. (a) The multiscale system used to simulate the screw dislocation in aluminum. The dark atoms are OF-DFT atoms within region
', the white atoms are EAM atoms, and the gray atoms are EAM atoms that are fixed at positions determined by elasticity) theory.
differential displacement map of the dislocation core simulated with the multiscale method. The®dgomdicated with a dashed line.

(c) The relative displacement along th&10] direction of the two(111) planes that contain the screw dislocation, for both the EAM
simulation and the OF-DFT/EAM coupled simulation. The locations where the relative displacement equals 1/4 and 3/4 of the full
Burgers-vector slip are indicated, defining the width of the dislocation core.

extent of the dislocation is determined by a balance betweedimensional systemsthe advantage of using the multiscale
elastic energy, which tends to widen the dislocation, andnethod is further enhanced.

the stacking fault energy, which tends to narrow the
dislocation. The EAM potential was scaled such that it
exhibits the same elastic properties as the OF-DFT method,
but the two methods give different values for the stacking The coupling of classical and quantum simulation in
fault energies: the EAM potential gives a stacking faultsimple metals involves a set of challenges quite different
energy of 105 mJ/f while the OF-DFT stacking fault than those for the coupling of covalently bonded materials
energy is lower, at 43 mJ/inThus, the multiscale simula- and molecules, and hence requires a different set of ap-
tion shows that the dislocation core structure is beingproaches. We have presented here two methods for combin-
determined by the energetics of the OF-DFT method inng classical and quantum-mechanical simulation of
the core region, which allows the dislocation to widen. Thesimple metals. Both are based on a similar partitioning of the
amount of widening is quantified by comparing the regionsenergy of the system, but they differ in how the energy
between the locations where the displacement alongf interaction between the classical and quantum-mechanical
the [110] direction reaches the values of one-quarterparts of the system are treated. We have presented numerical
and three-quarters of the Burgers vector, as shown in Figmplementations that allow both coupling methods to be
6(c). This is a clear and quantitative example of how theefficient.

inclusion of the quantum-mechanical description in the Within the first coupling method, in which the interaction
dislocation core region changes the results of the simulatiorenergy is determined from the classical potential, forces in
To give a comparison of the efficiency of the couplingthe classical region are fully determined by the classical
method, had the above calculation been done using OF-DFpotential. Forces in the quantum region are determined
to treat the entire system, the amount of computationaby both classical and quantum energetics, the quantum
time required would have been higher by a factor of 100energetics dominating well within the quantum region. A
For systems where region | is a smaller fraction of the entiranajor practical advantage of this approach is that, if region |
system (which typically is the case for fully three- contains many different atomic species while region Il

VI. CONCLUSIONS
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contains only one atom type, there is no need for a classicaional used is of a more complicated form, containing a con-
potential for each species and their interactions; if thevolution term of the form of Eq.20). That is, we will
various species of atoms are well within region I, thendescribe a method for evaluating

the potential representing them does not matter at all as in-
teractions in this region are treated purely with quantum
mechanics.

Within the second coupling method, in which the
interaction energy is determined via OF-DFT, forces in the _f £L(F)K(F = r")gy(r")dr dr’
classical region are determined mostly by the classical
potential, with quantum contributions to atomic forces
near the boundary of the regions. Forces in the quantum _f fo(NK(r —r")gy(r)dr dr’, (Al)
region are determined fully by quantum energetics. Within
the quantum region, the charge density accurately reproduce . e e
the correct charge density, and smoothly joins with the im-WShl(lere we have defmed‘l(r)=_f(p (r), flz(r)=f(p (r)
plicit density (given by a sum of atomic densitiesf the *+p'(r)), and so on. Then we define two new functions,
classical region. _ _

Test results indicate that the second coupling method F(r) = f1alr) = (1),
yields more accurate forces on the atoms in the quantum _
region than the first method, but that the first method G(r) = 01o(r) = g(r)-
yieIds more accurate forces for the atoms in the classicg||gie thatF(r) andG(r) are zero for points ¢ Q'. Using F
region. This may be due_, to some extent, to the less accuralg s we can reexpress E¢AL) as
OF-DFT method used in the test of the second coupling
method. The first coupling method also yielded a better
relaxed T"“:f F(r) (K G)(r)dr —f f1(r) (K gy)(r)dr
structure, probably due to its better treatment of forces on of of

Tir?t[PlaP”] :f f1(r)K(r =r")gqo(r")dr dr’

(A2)

the classical atoms. However, unlike the first method, the

second coupling method results in a more accurate +j F(r) (K g)(r)dr +J G(r)(K = fo)(r)dr,
charge density within the quantum-mechanical region, o of

allowing for an accurate treatment of physical problems (A3)

such as the introduction of impurities, where the background i
density is important. We also find that a superposition ofwhere we have now defined
atomic charge densities can reproduce the actual charge
density vyeII for a simple mr—;tallic system, gi\{en an.appropri- (K#G)(r) = f K(r =r")G(r")dr’, (A4)
ate choice for the atomic charge density; this allows
for a smooth density transition at the boundary between . o . i )
regions. etc. We point out that if this interaction energy is being cal-
Clearly, an important issue affecting the coupling qua”tyculgted in a coupled S|mu_lat|on in which _the_energ_etlcs of
for both methods is the agreement between forces from thgggion | are calculated using the same kinetic endfgy,
DFT methods; within both methods there are atoms whosEL!] and E™[I,11] being treated at the same level
forces are determined by a combination of quantum and clagf theory), then the final term of EqA3) is equal to and will
sical energetics, and the more closely the two energeticgancel with the corresponding term ! J.
agree, the better the coupling will be. An improvement in the SO with Eq.(A3) we have expresse®" purely in terms
quality of the coupling might be obtained if the classicalof intergrals over(Q'; the problem is now reduced to
potential employed in region Il is optimized to closely repro- efficiently calculating the functiongK:f5)(r) and (K+g,)
duce the DFT energetics; this is also in accord with the mul<(r) for pointsr within Q'. A straightforward integration for
tiscale philosophy that a coupled simulation should act as ieach pointr € Q' is not an option, becaud€(r) is typically
the most accurate method were used to simulate the entiteng-ranged, and thus determiniriff*f,)(r) at one single
system. pointr would require an integration over the volume of the
whole coupled system, which would be highly inefficient.
ACKNOWLEDGMENTS We now describe a method for determinitig=f,)(r), and
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No. F49620-99-1-0272. ciently evaluating convolutions such as Eé4) when the

. convolution kernelK(r) is of the particular form typically
APPENDIX: EVALUATING THE INTERACTION ENERGY encountered in kinetic energy functionals involving convolu-

FOR COMPLEX KINETIC ENERGY FUNCTIONALS tion termst®—2% We will invoke this method to determine

We describe here how the interaction energy can be effitKf,). In this method, the kernel is fitted in reciprocal space
ciently calculated when the approximate kinetic energy funcwith the following form:
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2 ; , We propose the use of Dirichlet boundary conditions. The
— f(p)=p"” _ / value of(K;f,)(r) for pointsr on the boundary of)' can be
- f”d“’rder f-expansion found by evaluating the convolutions, E@\8). Because of
——— 1st-order h—expansion I i X .

the regular nature gb"(r), being the sum of atomic densi-
ties, an efficient method for evaluating these convolutions
exists. The form of the convolution that needs to be evalu-
ated is

1.5 |

(Ki# f)(r) = f Ki<r—r'>f(2 pa%r'—R}'))dr'.
J
(A11)

If f(p) were a linear function, then this would reduce to
15 a sum of pair functions. For many kinetic energy functionals,
P f(p) is not linear, but qual to some power @f f(p):p“.
This leads us to consider a Taylor expansion fgp)
FIG. 7. A demonstration of the Taylor expansion of E412)  about some average densiy This Taylor expansion suffers

compared to a direct Taylor expansionfép)=p'> aboutpy=1. in places wherge''(r) is near 0, which occurs, for instance, in
the center of)'. An expansion that is much more accurate
= =~ down to small values op is obtained if we Taylor expand
Ko = 2 Ki(k, b ylor exp
i

the functionh(p)=f(p)/p and express$(p') in terms of this
(A5) expansion:

~ Pik?
K=z f(E P - R}')) = (2 P - R}'))[h@o) +h'(py)
! i j
whereP; andQ; are complex fitting parameters. The kernels a1 olly
encountered in many kinetic energy functionals are well fit x %p =R =po |+ ’

with this form, with four terms. The kernel in real space can
be expressed as the sum of the inverse Fourier transform of
each term of Eq(A5):

(A12)

In Fig. 7 we illustrate the effectiveness of relatigAl2)
K(r) = S K. compared to expandind(p) directly when f(p)=p*®° and
(r) i(r), o :
i po=1. Although theh expansion is taken only to first order,
(a6)  While thef expansion is taken to second order, thexpan-

e Qi sion is seen to be more accurate at small
Ki(r)=P;8(r) - P,Qi—. Upon substitution of the expansion of EGA12) in the
At convolution, Eq.(A11), we find
Thus(K=f,) can be written as the sum of separate convolu-
tions: (Ki* f2)(r) = [h(po) = poh’ (po) 12 LIP(r - R})
i

(K fy)(r) = E (K f)(r), (A7) +h (o) S LA =R - R!
| i j 1
ik

(Ki*fz)(r)EJKi(r—r’)fz(r’)dr’- (A8)
LP(R) = f Ki(r")p®(R=r")dr", (A13)
Because in reciprocal space tfi€ = f,) satisfy

[k + Q(K; * f,) (k) = P,k »(K), (A9)

L?”(RR')zJKi(r'>pa‘<R—r’>pa‘(R'—r')dr'
in real space they satisfy

[V2 - QK = f)(r) = PiVf(r), (A10) L™ is the convolution of an atomic density with(r).
i.e., they are solutions técompley Helmholtz equations Li(z)(R,R') is the convolution of the product of two
that can be solved with conjugate-gradient-based mettfods;atomic densities withK(r), and consequently vanishes
such methods are efficient and only involve operationgvhen the two atomic densities do not overlap. The integrand
within Q'. The solutions to Eqs(A10) are only well is nonzero only where the overlap occurs. It thus makes
defined when boundary conditions foiK;*f,)(r) are sense to expreﬁéz) in terms of new coordinates, illustrated
supplied. in Fig. 8:
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Mi(Re,Rre) = K{ (IR)P(Rel),
K{(r) = (K *w)(r), (A19)
W(r) = 732rg3eo?,

Summarizing these results, we find that we can approxi-
mately evaluatéK;=*f,) as

FIG. 8. New coordinate®. and R, for evaluating the three- (K, * f,)(r) = [h(py) — poh’(po)]z Li(l)(r - RJ“)
center integrals of_i(z). ]

+1(pg) 2 K/ (|r = 3R} + RODP(R] - Ry,

Mi(Rc-Rrel) = I-i(Z)(Rc_ %RreI-Rc+ %Rrel)- (A14) (k)
(A20)

In the case of a spherically symmetipé{(r), Li(l)(R) is a
function only of |R|, and M;(R¢,R,e) Wwill depend only
on |Ry, |Rrel, andR¢ R, We now argue that the depen-

dence onR.-R,y is weak. We can write the expression
for M; as

where the summation ovéJ,k) indicates that we need only
sum over pairs of region Il atoms with overlapping densities.
The derivation of Eq.(A20) involved several approxima-
tions, and thus is not expected to be precise. We only propose
that Eq.(A20) be used to generate the boundary conditions
for Eq. (A10) that determine théK;:f,)(r) within regionQ)',

and we have found that the resultiqi; = f,)(r) is more de-
M;i(Re,Rye)) =J Ki(Re=1)p*(r = 3Rre)) p?(r + 3Rye)clr. pendent on the source term than the boundary conditions.

Nevertheless, because of the inaccuracies of(Eg0), we
define a new regionﬂ", that contains and extends a bit
beyond()!, and we use Eq(A20) to obtain the boundary

If we expandK aboutR., we find: conditions for pointg that lie on the boundary of!’, and

we solve Egs(A10) for all r€Q', so that the resulting
(Kj*f,)(r) are accurate for all € Q).

(A15)

M;(Re,Rre) = f [Ki(|R) =1 - VKi(RY) ++-°] Thus we have all the pieces necessary to compjjteln
summary, we do this as follows:
X p?(r = 2Re)p%(r + 2R/e)dr . (A16) (@ Using Eq. (A20), we can evaluatdK;+f,)(r) and

(Ki*g,)(r) for pointsr on the boundary of a regioﬁ" that

e ali [
The integrals over the odd powersroiin the expansion oK; Is slightly larger thart).

vanish by symmetry. Thus if we truncate the series at firsho(b) Using those boundary conditions, the Helmholtz equa-

order, the first-order term vanishes, leaving only the zeroth ns (Alf)) are sc>|lyed, yieldingK;f5)(r) and (Ki=g,)(r)
order term: for all pointsr €)' .

(9)Then (Kxf5)(r) and (K:gp)(r) are constructed with
Eqg. (A7), and we can evaluat’E,L1t via Eq. (A3).
Mi(Re,Rre) = Ki(|R)P(IRel), (A17) Ther kernel interaction energhf" also gives a small con-
tribution to the forces on region Il atoms near the 1-2 bound-
ary. By differentiating Eq(A1), we find

P(Rrel) = f pR(r)p*(r - Rye)dr . (A18) g
IR}

= —f V p(r = RP[f1(1) (K * G)(r) + gi,(r) (K  F)(r)

Truncating the expansion df; at the first order is reason- +F'(r)(K#go)(r) + G'(r)(K = f)(r)]dr,

able, becaus&;(r) oscillates around the Fermi wavelength

of the system, a length scale close to thatp8f This ap-

proximate form, Eq(A17) will behave quite badly at small (K#F)(r)= f K(r =r")F(r")dr’, (A21)
R., because&; diverges at the origin, and the radial averag-

ing of this divergence that occurs in EGA15) is not re-

flected in Eq(A17). Thus we replac&;(|R.|) there with the f1ar) =1'(o'(r) + p"'(r)),
convolution ofK; with a Gaussian of unit weight and a vari-

ancer, given roughly by the length scale of the overlap F/(r) = fir) - £'(o"(r)),
regions of the atomic densitigs.e., some fraction of the

range ofp?{(r)]: etc.
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